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The modern search for a quantitative microscopic theory of macro-
scopic phenomena dates to the middle of the nineteenth century.
At that time the experiments of Joule and others made it clear that
phenomena like boiling and freezing, heat conduction, diffusion,
etc., have their origins in the dynamics of the atoms and molecules
which are the constituents of matter.

It was also soon recognized that the large disparity in the spatial
and temporal scales between the world of atoms and the world of
Macroscopic experience not only necessitated a statistical theory
but also assured, in analogy to the law of large numbers in proba-
bility theory, that such a theory will give predictions precise enough
to have the force of "law', as in Fourier's law or in the second law
of thermodynamics



The twentieth century saw the development of the subject into a
physically very successful and mathematically very beautiful theory
of statistical mechanics of systems in thermal equilibrium. Statisti-
cal mechanics explains how cooperative behavior of the atoms gives
rise to emergent phenomena such as phase transitions.

The development of a comparable theory for the more complex
world of nonequilibrium phenomena, including in particular those oc-
curring in biological systems, remains a challenge for the twenty-first
century. This will require ‘cooperative behavior’” between physi-
cists, mathematicians, biologists, ...



Microstates: classical

The complete microscopic (or micro) state of an isolated classical
system of NN point particles of unit mass is specified at any time ¢
by a point X in its phase space I,

X = (rq, vy, ...,I‘N,VN)a ri eV C Rd, Vi € Rd.

Given an X at some time tpg, the microstate at any other time
t € R, X(t), is given (as long as the system stays isolated) by the
Hamiltonian evolution which takes place on an energy surface, I'g,
specified by H(X) = E.



A typical (effective, non-relativistic) Hamiltonian for a simple fluid,
say Argon, has the form

1 1
H(X) = 52\7,&24—5 g;qb(l‘ij)
i]

A representative interaction is given by
the Lennard-Jones potential

=)0

The equations of motion

. . o
r;(t) = v; (1), vi(t) == a—cb(rq;j),
.. I'Z'
JFl
with appropriate boundary conditions on
OV preserve the energy and the projection of the Liouville volume,
dl' = HdI‘idVZ', on FE-




Macrostates

To describe the macroscopic state of a system of N atoms in a box
V, say N > 1029, we make use of a much cruder description than
that provided by the microstate X. We shall denote by M such a
macroscopic description of a macrostate. As an example we may
divide V into K cells, where K is large but still K < N, and specify
the number of particles, the momentum and the amount of energy
in each cell, with some tolerance.

Clearly there are many X's (in fact a continuum) which correspond
to the same M. Let I'); be the region in I'y consisting of all mi-
crostates X corresponding to a given macrostate M and denote by
|I'ys| its Liouville volume projected on I'p. Since we are dealing with
macroscopic systems, we should actually think of I'y as an energy
shell of thickness dF < E.



For N large enough and any reasonable choice of M's, there exists
an equilibrium macrostate, Meq, for which |FMeq| ~ |I'g|, the volume
of the whole energy shell. When M specifies a nonequilibrium state,
|y is much smaller. Thus if a dilute gas contains N atoms in a
volume V' then the ratio of |I'y,, | for the macrostate Meq in which
there are (3 +10710)N particles in the left half of the box to |y,
corresponding to a macrostate M in which all the particles are in
the left half, is of order 2N The result is similar if we use K < N
boxes. We will still have that for N large enough |I'yseq| ~ [I'E|. In
fact, we expect that

|FE \ FMeql N e_CN
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The second picture is slightly more faithful. Neither shows the
topology or differences in relative sizes of the different I'y,'s.

The fact that || ~ |I'g| explains why typical properties of macro-
scopic equilibrium systems, i.e. those true for almost all X € Ixq, are
also typical for all X € I'r and can thus be obtained from the mi-
crocanonical ensemble. N.B. We did not have to invoke ergodicity
to justify use of the microcanonical ensemble.



Approach to Equilibrium

Boltzmann (also Maxwell, Kelvin, ...) argued that given this dispar-
ity in the sizes of the I, corresponding to the various macrostates,
the evolution of a typical microstate X specified to be at t = tg in
the phase space region I, will be such that |FM(X(t))\ will increase
fort > tg in a way which explains and describes the evolution towards
equilibrium of macroscopic systems which start in the macrostate
I'vi, M #= Meg, and are kept (effectively) isolated afterwards.

Typical here means that for any I'); the relative volume of the set
of microstates X in I, for which this is false during some time
period 7 during which the macrostate undergoes a macroscopically
noticeable change, but no bigger than the age of the universe, goes
to zero exponentially in the number of atoms in the system.



Boltzmann’s Entropy

To make a connection with the Second Law of Thermodynamics,
enunciated by Clausius in 1855, Boltzmann defined the entropy of
a Mmacroscopic system in a microstate X as

Sp(X) = klog |y x| = Sp(M)

and showed that (for a dilute gas) in an equilibrium macrostate Mg,
Sp(Meq) is proportional to the thermodynamic entropy of Clausius.
Following O. Penrose, I shall call k£ log |I'};(X)| the Boltzmann
entropy of a system in the macrostate M (X).

Thus calling S(E) = klog|l'g|, we have the Boltzmann-Einstein
formula

Prob(X € I'y) ~ e~ IS =S5(D] _, ~[Seq=Sp(M)] o~ Nou

i.e., d)7 is a large deviation function (LDF) for macrostates M in
the microcanonical measure.



The above heuristic argument, based on relative phase space vol-
ume, is a “believable” (and correct) explanation for the behavior
observed in actual macroscopic systems. It is, however, very far
from a mathematical theorem which, as Mark Kac would say, is
what is necessary to convince a skeptic. (It also contains no quan-
titative information about time scales.)

Such a theorem would “derive’” macroscopic equations to describe
the time evolution of macrostates, e.g. of the hydrodynamic density
profile gX(t)(x) = (n(x,t),u(x,t),e(x,t)), x € V from the dynamics
of the microstates X (¢). These would vary on a macroscopic space-
time scale due to the local conservation laws. The derivation of such
time evolution equations is a (possibly the) central open problem
of nonequilibrium statistical mechanics. It is mathematically a very
difficult problem already in the classical domain, let alone in the
quantum one.
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The best result so far is the derivation of the Euler Equations by
Olla, Varadhan, and Yau in 1993. They had to cheat a bit, adding
some noise and making some technical adjustment to the dynamics
which however disappeared from the final equations. The derivation
of Navier-Stokes equations appears to be out of sight (but not out
of mind).

There is also the example of the dilute gas where Lanford proved the
validity of the Boltzmann Equation in the Botlzmann-Grad Limit
— at least for short times, and the (degenerate) case of point
particles moving in a 2-D periodic array of convex scatterers —
the Sinai Billiards — for which Bunimovich, Chernov, and Sinai
proved diffusive behavior — but that is about it, as far as rigorous
derivations of macroscopic equations from microscopic ones for an
iIsolated system.

11



Lyapunov Function for Isolated System

We can say a bit more mathematically if we suppose (assume)
that the time evolution of the macrostate M, given by M; satisfies
an autonomous deterministic equation, such as the Navier-Stokes
equation or the Boltzmann equation. This means that if My, —
M;,, then the microscopic dynamics &; carries FMt inside FMt :
ie. Dy, tlthl C FMt2 with negligible error. The fact that phase
space volume is conserved by the Hamiltonian time evolution implies
that |FMt1| < |FMt2| and thus that Sp(M,) > Sp(M,) for to > t;.
Boltzmann's argument then becomes rigorous.

We have thus derived an ‘““H-theorem” or Lyapunov function for
any deterministic evolution of the macro-variables arising from the
microscopic dynamics of an isolated Hamiltonian system.

N.B. Even if there is no deterministic equation for M; we can still
expect it to be true that for any sequence of macrostates in an
isolated system M;,, Sg(My,) > Sp(My,) for t; > ti, i.e. the second
law.

12



Example: For spatially uniform equilibrium systems the thermody-

namic entropy is extensive
S(E,N,V) =[V]s(e,n).

s(e,.) is a concave function of e.
0s 1 0

1 > 0T
— —) = —(1/T°)— < 0.
Oe T’ 86(T) (1/ )86_

For systems in “local thermal equilibrium” (LTE) with local velocity
field u(x), the Boltzmann entropy

Sp(n.u,e) = /Vs(e(x) _ %mn(x)uQ(X),n(X))dX
— Sl.e

where S} . is the local equilibrium (hydrodynamic) entropy.
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Consider now an isolated system in LTE (with u = 0 and n constant)
in a region V with boundary > and an energy density profile e(x)
satisfying the macroscopic conservation law

Oe .
ot
where J is the heat flux. Assume that J is given by Fourier’s law,
J=—kVT, k(T:x)>0,a tensor
We then have a deterministic evolution for the macrostate

-V -J

M = {e(x)}.
Computing the change in Spg:
dsS d 1
e _ —/ st:—/ (V- J)dx
dt dt JV VT

1 1 1
= _ —J-dZ—l—/J- v-)d _—/ (—)VT- - VT dx,
/ZT y I V= |72 " :

since for the isolated system J - -dXY = 0. This satisfies the second
law iff k > O.

Warning: Do not buy any material claiming to have a negative heat
conductivity.
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We have thus shown that Sp = S; . is indeed a Lyapunov functional
for the heat equation with Neumann (no flux) or periodic boundary
conditions

0 t

e(a—i’)=v-[DVe], D =kdT/0e=D(T :x) >0
Note: If there is more than one system having the same D but differ-
ent s(e) we can use any of them as Lyapunov functions. In fact for
the heat equation with Neumann or periodic boundary conditions,
any concave function of e is a Lyapunov function.

This is useful for certain non-linear diffusion equations with non-
uniform Dirichlet b.c. where the stationary state is one with cur-
rents. The entropy is then no longer a Lyapunov function, but
the LDF computed from the zero range process does serve as a
Lyapunov functional.
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Going Beyond LTE: Dilute Gases

It is clear that the choice of the macro-variables M is essential for
the computation of Sg(X). For systems in LTE, those are specified
by the locally conserved and hence microscopically slowly varying
quantities—precisely those for which one has hydrodynamic type
autonomous equations. For systems not in LTE one has to find
appropriate macro-variables M for the system under consideration:
if possible those which satisfy autonomous time evolution equations.

Following Boltzmann, we refine the thermodynamic M used for
systems in LTE by noting that the microstate X = {r;,v;}, i« =
1,..., N, can be considered as a set of N points in six dimensional
u-space. We then divide up this u-space into J cells Ka, centered
on (ra,va), of volume |A4|. A macrostate M is then specified by
the (coarse grained) number of particles in each N

M={Ny}, a=1,..,J << N.

16



For dilute gases one can neglect, for typical configurations, the
existence of interactions between the particles. The coarse grained
energy of the system in the state M is given by

1fm,ZNavg:E
2 a
> No=N

The phase space volume associated with such an M is then readily
computed to be

I'| = Na(Na!) A Ve

Stirling's formula gives

_ Ng Na \ ~
5tM) {% <|Aa\ |Aa|> B }

17



Using M we can associate with a typical X a coarse grained density
fx ~ Na/|QAq| in p-space, i.e. such that Ny = fZ dxdv fxy(x,v). The
Boltzmann entropy is then given by “

Sp(X) = Sgas(f) = —k | dx [  dvf(x,v)I0g f(x,v)

The maximum of Sgas(f) over all f which satisfy the constraints,
dx/ dvf(x,v) =N
/V R3 I )

1
/V dx /R3 dvimvzf(x, v)=F

IS given by the equilibrium distribution
N
foq = V(zwkT/m)—W 2 exp[—mv2/2kT]
where kT = 2/3(E/N).
In this case Sy coincides with the Clausius entropy

Sgas(feq) = S(E,N,V) = Nk[% logT — log(N/V') 4+ Const.]
18



When f # feq then f and consequently Sgas(f) will change in time.
The second law, now says that for typical X & FM at the initial time
t = 0, will have an M; = M(X;) such that Sp(M(X;)) > Sp(M(X,)),
for t > t/. This means that Sgas(ft) > Sgas(fy), for ¢ > ¢'. This is
exactly what happens for a dilute gas described by the Boltzmann
equation for which

d
ESQaS(ft) > 0, Boltzmann’s H—theorem

i.e. Sgas(f) (the LDF for the M in the microcanonical ensemble) is
a Lyapunov function.

As put by Boltzmann: “In one respect we have even generalized
the entropy principle here, in that we have been able to define the
entropy in a gas that is not in a stationary state”.
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Quantum systems: microstates

Let me turn now to the quantum world, which is, to the best of
our knowledge, the world we live in. The first question to answer
is: what takes the place of the point X € I' as the microstate of a
Mmacroscopic system?

Sad to say there is not, at the present time (almost a century
after the Bohr atom), a satisfying generally accepted answer to
this question. What "everyone” does agree on is that the wave
function W, W € 77, the Hilbert space of the system, is an important
ingredient of the microstate. Let us assume for the present that W
is a sufficiently good description, i.e. it will give, via the usual rules,
the properties of our isolated system.

20



Macrostates: quantum

The next question then is: what takes the place of the Iy, C I'. The
answer, as given by von Neumann, is to first " round” the operators
corresponding to the macro variables so they all commute, then
let 77, be the linear subspace of 7 specified by their simultaneous
eigenvalues, v. Thus W € J7, corresponds to the system being in
the macrostate M,. We then have

with the J%, forming an orthogonal decomposition of the very large
but still finite dimensional Hilbert space J7%, with a basis given by
the energy eigenstates |pqo) with Ey € [E, E + §E].

21



To what extent this “rounding’ can actually be done mathemat-
ically is still an open problem. For example, for a macroscopic
system of Heisenberg spins on a lattice,

(T Yz
oq = (07,07,07),i=1,..., N,

how well can we find three commuting operators m%y;,,a = x,v, 2,
such that

— 0

1
my — — o

as N — oo in a suitable norm? Physically, it certainly seems very
reasonable that we can specify simultaneously all three spin com-
ponents %Zi af‘ with arbitrary small error, ey — 0, as N — oo.

There is a very recent proof of this by a Japanese mathematical
physicist but I have not read it vyet.

22



Accepting this rounding, the orthogonal decomposition of J# cor-
responds to the classical decomposition of the energy shell I'g into
regions I'yy with I'p = UJIs. The analog to the Liouville volume
|[I'ys| is the dimension of J7,, denoted by |J7,|. The Hamiltonian
time evolution preserving Liouville volume now corresponds to the
unitary evolution, obtained from the solution of the Schrodinger
equation, which preserves the dimension of subspaces of 7.

The linear subspace, ¢4, corresponding to the equilibrium macrostate
is again (like in the classical case) characterized by the fact that
its dimension is, for a macroscopic system, almost the same as the
dimension of the whole (microcanonical) Hilbert space,

[Heq| = |HEl

All other |J7,| are much, much smaller.
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The analog of the Boltzmann entropy for the system with a wave
function ¥ € 57, would then be, according (more or less) to von
Neumann®, given by

Sp(v) = log ||
Using this prescription, the reasoning of Boltzmann about the ap-
proach to equilibrium and the microscopic origin of the second law

for classical systems goes through, essentially unchanged, also for
Macroscopic quantum systems.

The only "fly in the ointment” in this analysis is that while for clas-
sical systems the microstate X uniquely specifies the macrostate
M(X) (with possible exceptions of Lebesgue measure zero which
can generally be ignored) this is no longer true in quantum me-
chanics:

A "typical’ wave function W will (in general) not be just in one
linear subspace but will have projections P,|W) %= 0, for essentially
all v.

*One always talks of von Neumann’s Gibbs entropy Sg = —tr(plog p) which gives
zero entropy to a pure state and never of his Boltzmann entropy discussed in
chapter 5 of his book Foundations of Quantum Mechanics.

24



Thus, giving W does not uniquely specify the macrostate of the
system. This is the paradox of Schrodinger's cat, where the W
of the cat clearly corresponds to a superposition of incompatible
macrostates: one in which the cat drank the milk and one in which
it did not.

My only answer to this, at the moment, is that there is always a
“fact of the matter’” about macrostates, i.e. of whether the cat
has drunk its milk or has not. How this “fact of the matter’ for
macrostates is to be understood or reconciled with the autonomous
Schrodinger evolution of the wave function is still very much (as far
as I am concerned) an unsettled matter. I quote from J. S. Bell's
talk in 1989 on the occasion of Julian Schwinger’'s 70th birthday
celebration.

25



" After Einstein and Bohr the most famous person [in the founda-
tions of quantum mechanics] is Schrodinger’'s cat (Fig. 2). Now
Schrodinger’s cat is a quantum cat. It is like the traditional or
classical cat in that it has nine lives; but unlike the traditional clas-
sical cat it can have all of these lives at the same time. This is a
consequence of the superposition principle of quantum mechanics.
If a state A is possible and a state B, then a state A + B is also
possible, and so on. This particular cat is at the same time thin
and fat - it has had supper and it has not had supper. Now this
IS not just an academic possibility - it happens all the time, and
Schrodinger pointed out that it could be realized under controlled
laboratory conditions.”

26
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Bohmian QM: (Q,v)

: 3¢(Q1aaCIN7t) . il h2 2
th 5 = — ]{21 Q—mkvkw + V(q)vy
dQr(t) _ h I Vi (Q1,...,Qn t)
dt mi " Y

“No one can understand this theory until (s)he is willing to think
of ¢ as a real objective field rather than just a ‘probability ampli-
tude.” Even though it propagates not in 3-space but in 3N—space.”

“for instantaneous macroscopic configurations the pilot-wave
theory gives the same distribution [of configurations] as the ortho-
dox theory insofar as the latter is unambiguous.”

J.S. Bell, QM for Cosmologists
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I do not think that too much has changed in the basics although
there is much interesting work going on, e.g. by R. Tumulka on
GRW, since then. Most important the experiments are pushing us
closer to having to face these questions.
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Large Quantum Superpositions and Interference of Massive Nanometer-Sized Objects

O. Romero-lsart, A. C. Pflanzer, F. Blaser, R. Kaltenbaek, N. Kiesel, M. Aspelmeyer, and J. |. Cirac

Phys. Rev. Lett. 107, 020405 (2011)
Published July 7, 2011

A fundamental feature of guantum physics is superposition of states, such as the double slit experiment in which a
particle passes through both slits at the same time to interfere downstream. This kind of spatially separated quantum
superposition has been observed for particles from electrons to complex molecules, but what about larger
macroscopic systems?

The biggest obstacle is decoherence—preparing and measuring a superposition of so many atoms requires
minimizing environmental interactions that would otherwise rapidly destroy this fragile state. Writing in Physical
Review Letters, Oriol Romero-lsart from the Max Planck Institute for Quantum Optics in Garching, Germany, and
colleagues propose a method for creating and obsenving quantum superpositions of objects with millions of atoms.

Romero-Isart et al. consider the case of a nanometer-size dielectric sphere, trapped and cooled in an optical cawty,
which prepares an initially pure quantum state of the center of mass. The sphere can then be released from the first
trap to enter a second cavity, in which a carefully designed laser pulse creates a superposition of the two distinct
spatial positions (similar to a double slit). As the superposition evolves in time, measurement of the particle's center
of mass reveals the interference pattern of the two wave functions centered at different locations. The authors note
that the achievement of a large superposition of such massive objects should enable more stringent tests of quantum
mechanics, especially of thearies predicting a spontaneous collapse of the wave function. — David Voss
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Anyway let me leave this open and assert that the second law of non-
decrease in (Boltzmann) entropy will apply to any time sequence of
macrostates with a typical Wy,. That is, if a system in a macrostate
v1 at time t1, evolves into a macrostate v, at time to, to > t1, then
the entropy cannot decrease, i.e. if

(Wi | Py Wi,) ~ 1 and (W, |Po,|We,) > e,
then
Sp(vp) 2 Sp(vy), i.e. |F4,| 2 |7,

where ¢ is a very small number, e -0 as N — oo.

By typical here I mean with respect to some appropriate measure
on wave functions, as I shall soon discuss.
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I will now describe some recent work in which the difference between
the classical X € I' and W € J7 plays a central role.

Canonical Typicality

Consider an isolated system consisting of two parts. Call them
system 1 and 2 or system and reservoir. Then,

Theorem 1. Let H be the Hamiltonian of the whole system and
let the number of particles in system 1 and 2 be N1 < N». Let
Hp C 74 ® 5 be an energy shell. Then for most W € ¢ with
W] =1,

pr = tro| W) (W] = tro pme,

where pme is the microcanonical density matrix of the whole system
at energy F, i.e. equal weight to all energy eigenstates in J7%.
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There is no analog to this for a classical system where any subsystem
of a composite system in state X(1:2) is also in a unique state X(2).

When the interaction between systems 1 and 2 is weak,
H=~H{®I>,+ 17 ® Hy, then, as is well known,

1 _
tro pme = Ee 5H1,

for = B(F) = dSeq(FE)/dE.
Typicality

When I say “for most V" of the composite system, I mean with
respect to a uniform measure on the unit sphere in . This mea-
sure on “wave functions’ for a system described by a microcanonical
density matrix was considered already by Schrodinger and particu-
larly Felix Bloch. It is analogous to the microcanonical measure on
I'g.

What about measures on W for other density matrices?
38



GAP or Scrooge Measure

Given any density matrix there are many measures p giving rise to
that density matrix

o= [ @) vy,

We (Goldstein, L, Tumulka, Zanghi) have singled out one of these,
called the GAP measure as an appropriate physical one. This mea-
sure can be characterized as follows:

Given p, define a Gaussian measure Mg(d\I}) whose covariance is
p. Then, before projecting on the unit sphere, S(J¢), adjust it by
multiplying p/,(dW) by |[W|2. Then after projection u?, 4 p(dW) still
has p as its covariance matrix.

39



We gave various arguments for preferring it over other measures for
the same p, e.g. if we start with W for the composite system then
there is a “natural’” way to associate a W1 to the subsystem whose
density matrix is pi”, and for most W w.r.t. the uniform measure on
Hr, W1 will be approximately GAP(pq) distributed for sufficiently
large |7745].

Recently we found out, thanks to a referee, that GAP(p) was dis-
covered already in 1994 by Jozsa, Robb, and Wootters who called
it the Scrooge Measure; it is, for a given p, the measure which will
give the least reduction in the Shannon entropy, —>; p; |09 p;, where
p; IS the probability of being in a state W,, after making an arbitrary
quantum measurement on the system.
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Other results, more closely related to the approach to (or at least
prevalence of) equilibrium in an isolated macroscopic quantum sys-
tem are two theorems, "essentially” due to von Neumann in 1929.

Theorem 2: “Approach to equilibrium.”
Let H|pa) = Ealda) and let || < oo, Jleq C 7, Peq projection to
Heq. Assume that

1.) the energy levels are non — degenerate, (1)
and
2.) "eigenstate thermalization”

(pa|Peq|da) > 1 — 22 Va=1,...,dim ., (2)

then any Wg € 5 with ||[Wg|| = 1 will, in the "long run,” spend
most of the time in thermal equilibrium, i.e.,

>1—¢,

1
lim inf—‘{o <t <T:{(WV¢|Peq|Ws) >1— a}
T— 00

for all € > 0.
41



Proof. (simple)

- 1 T
Time average f(t) = |lim — t) dt
ge () = lim ~ [ 1)
dim ¢ dim o7 _y
Yo = Z Coz|§ba>a Py = Z e’ aca|¢a>
a=1 a=1

(Yt| Peqlypr) = %@“E;:Eﬂ)iczcﬁ@dpeq [P3)
o, af

— Z ‘Coz|2 (ba|Peql|oa)

Thus, (Y¢|Peqltyy) > 1 — e for (1 —e) of the time.

42
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Condition (1) can be relaxed while Condition (2), "eigenstate ther-
malization” (Srednicki), seems very strong but it is clear that if it
does not hold then there will be initial states of the isolated sys-
tem, namely energy eigenstates, which are out of equilibrium and
will never change.

Of course one can argue that macroscopic quantum systems are
never in pure eigenstates but have initial states which do lead to
thermal equilibrium (Reimann).

Be that as it may there is another theorem which says that if we
consider a sufficiently large class of Hamiltonians, and give them
a ""uniform” weight, then "most” of them will indeed have the
property of " eigenstate thermalization.”

43



Theorem 3. Let the energy levels E, have non-degenerate gaps,
l.e. By —E,# E5— Eg. Let {¢a} be a "random” orthogonal basis
of s with uniform distribution, and let H = Y, Ea|da){(dal. Then
there exists a number Dg(e) such that if dim 7 > Dg(e) and

dim %q
dim 7
then condition (2) is typically satisfied, i.e.,

>1—¢,

PI’Ob{<gba|Peq|gba> >1—2¢ Va= 1,...,dim<%”} >1—c¢.

Of course this is no guarantee (in fact quite unlikely) that realistic
Hamiltonians H = K 4+ V are typical in this way. The theorem (a
modification of the result of von Neumann in 1929) does suggest
that eigenstate thermalization may be true (at least approximately)
in many systems. It presumably fails in systems with quenched
randomness when the eigenstates are localized.
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Open Systems

Consider first a classical system with Hamiltonian H(X) in contact
with k£ thermal reservoirs. It is convenient to represent the reservoirs
by stochastic (boundary) terms. This is clearly an idealization: it
implies in particular that there is no influence from the system on
the state of the reservoirs as far as their future effect on the system
goes.

The ath reservoir is at temperature T, = B;l. It acts on the system
impulsively by producing “jumps” from X’ to X at a rate Ko (X, X").
The ensemble (probability) density u:(X) will satisfy the Markovian
evolution equation

O (X)

= (H
ot ( ,/Lt)

T Z/ Ka(X, X)pi(X') = Ka(X', X)pe(X)| dX'.
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Think of (infinite) non-interacting particle / phonon / photon reser-
VOIrS.

17
4 N
14 System 15
. /
13

If there was only one reservoir at temperature T,, then the stationary
state of the system would be given by the canonical distribution

o o ¢ BaH (X)),
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Detailed balance for transitions caused by the ath reservoir then
corresponds to

Kao(X, X" = e PeHX) L (X, X,
where

Lo(X, X" = Lo (X', X).

More generally, the requirement that
/ [Ka(X, X")e Pl X) (X, X)e Pl (0] ax’ = 0

is sufficient for having the canonical (grand-canonical) ensemble
density be a stationary state of the system when it is in contact
with only the ath reservoir.
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Entropy Production
The Gibbs entropy of the system at time ¢ is given by

S(ut) = —/Mtlog prd X.

This quantity is no longer conserved by the evolution, but its change
does not have a definite sign. What is true however (and easy to
show) is that

s &
o = —+ Z BaJa
dt =1

k /
Z / Kao(X, X’)e—ﬁaH(X)
a=1

: {,,a(X/) [Iog va(X'") — log ya(X)} + va (X)) — z/a(X)} dXdXx'
where J, is the flux of energy to the ath reservoir from the system

Jo = /qut(X)/ H(X) — H(X")| Ka(X', X)dX’,
and

Vo (X) = P (X) (X)),
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The quantity BaJa may be interpreted as the rate of entropy pro-
duction in the ath reservoir and o as the *“total entropy production”
in system plus reservoirs.

A similar result holds when the effect of the reservoirs is represented
by Ornstein-Uhlenbeck processes.
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In the stationary state

ds d(H)
=0, <— =Y Ja=0

and

Ost — Z /BaJa Z O
a=1

For £k = 1, there is no net energy flow or entropy production in
the stationary state. In fact, for the case of a single reservoir at
temperature T = [3_1, o is just the rate of change of the (negative)
relative entropy w.r.t. the stationary state u

d
= — S (um) >0
e (pe|mr) >

where 1w ~ exp(—8H).

This increase in relative entropy is true for all Markov processes,
but it does not in general help very much when the stationary state
L IS unknown.
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For k = 2,

1 1
Jp=—Jo=—J and sO ost = J — > 0,
1 11

i.e. the energy flow, if any, will be from the hotter to the cooler
reservoir (from left to right for Ty > T5).

But, how will the flux depend on the system Hamiltonian H and on
the K,'s?

This is still very much an open question.
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