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Ruelle’s proof of the existence of a phase transition in a classical continuum system composed of two kinds of
particles with hard core repulsions between them (the Widom-Rowlinson model) is here extended to the case of soft

potentials,

In a very interesting recent paper Ruelle [1] proved
for the first time the existence of a phase transition in a
classical continuum system with finite range potentials**
The system consists of a mixture of two types of parti-
cles, to be called, A and B, in two dimensions. (The ex-
tension to higher dimensions is staightforward.) The in-
teraction potential between two particles of the same
species is zero and between two particles of different
species, separated by a distance 7 is u(r) = o for r <R;
=0 for » > R, i.e. there is a hard-core exclusion, of dia-
meter R, between an A and a B particle [3]. In view of
the fact that this is the only known continuum system
with finite range potentials that can be proved to have
a phase transition, it is worthwhile to question whether
this singular potential is really essential to the proof,

In this note we extend Ruelle’s result and prove the
existence of a phase transition in this type of system
even when the repulsion between the A and B particles
is not infinite. We merely require that,

ur) = Wforr<R;=0forr >R,

w>0 M

*Supported in part by A.F.0.S8.R. Contract No, F44620-71-

C-0013 and by National Science Foundation Grant GP31674X.

**Previously such proof was available only for continuum
systems with very long range, van de Waals type, potentials,
c.f. ref. [2] and for the ideal Bose gas.
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Ruelle’s proof is based on an extension to this con-
tinuum system of the Peierls [4] argument for lattice
systems: our proof utilizes Ruelle’s method. To apply
the Peierls argument the system is confined to a box
A with some boundary conditions which we shall de-
note by b, . The correlation functions of the system
at reciprocal temperature $, and fugacities z , , and zp,
are obtained in the usual way from the grand canonical
ensemble probabilities. In particular the average densi-
ties of A and B particles are given by

Py Bz, 2550, b ,)= a=A,B,

=za%z (nZ 25,25 A.0,)/V (A,

where Z is the grand-partition function and V' (A) is the
volume of A.
When A = o0 in a siutable way, it is well known that

lim V(A InZ(g,z,,25:A,0,)= 6 (B,2,,2)
A oo

exists and is independent of the boundary conditions
for all positive z, , z; and § [5]. Since the limit
pressure m(B, z , , ) is independent of the boundary
conditions and since the interparticle potential is sym-
metric in A and B, the limit pressure is therefore a sym-
metric function of z, and zy. The thermodynamic
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limit of the densities exists and is equal to

m o, (Bzy zpiA b=z, 5 BBz, )=
— oo «

= Py (ZA' ZB)a

whenever dn(B, z , z)/z,, exists*. When this last equal-
ity holds (which it always will when z, and zy are suf-
ficiently small [7]) then clearly p, (B, z,2") = pg(B, z', 2)
and in particular the densities of A and B particles are
gqual in the thermodynamic limit when z, =z =
independent of the boundary conditions. We shall show
however, that for certain intervals of z and 8,

limy , po(B, 25525 A, bp) withz, =2z =z does
depend on the boundary conditions, which implies in
turn that the derivatives of the limit pressure with re-
spect to the fugacities have discontinuities asz, —> zp
and thus the existence of a first order phase trans1t10n
is established,

To be specific we shall show that for the boundary
conditions b7} , considered by Lebowitz and Gallavotti
and by Ruelle, corresponding to the exclusion of B-
particles from within a distance R of the boundary of
A, pp(Bz, 2, A bY) — pp(B, 2, 2, A, b)) > > 0 uni-
formly in A for some domain, given by eq. (4), of the
(z,B) plane, Cleatly, the situation would be reserved,
and there would be a higher density of B particles, if
the boundary conditions were changed to exclude A
particles from the vicinity of the walls. Hence if we
write generally z, = zexp(p#) and zg = zexp(-fh) the
thermodynamic pressure m(8,z,4) will have a disconti-
nuity in its derivative with respect to 4 at 2 = 0, for the
specified range of § and z.

The Peierls-Ruelle argument. We shall use the geo-
metric definitions and constructions given by Ruelle.
The reader should regard Ruelle [1] p. 1040 as being
inserted here verbatim except for one change; Ruelle’s
upper bound for the probability of a contour v is re-
placed by

p(y) <exp {}zld® [(36m +25) exp (-pW) — 11}. (2)

To prove (2), let X be any configuration of A and B
particles producing a contour I'(X) and let y be an
outer piece of I'(X). Also, let G, be the union of all
3d+/2 by +d+/2 squares (d = R73\/2) which have as
their diagonals the segments of y of'length d. Let G,Y
fx:x € Interior (y), d(x,'Gy) <R} where d(*;*) is the

*We are using here the fact that InZ is a convex function of
B, InzA, and Inzp [6].
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Euclidean distance.

The problem we face in proving (2) is that when
W = oo (Ruelle’s case) one could be sure of the following
fact:(*) both G, and G,'Y contain no A particles. Other-
wise there would be an A-B overlap and the energy
would be infinite. In our case (*) is false, but we can
conclude (**): of xE€G_ =G, UG, thend(x;B) <R,
where B is the set of coordinates of the B particles in
X.

Define C, = {X:vy is an outer contour of I'(X)}.
Given XEC we define the configuration X' in which
all A and B coordinates are the same as in X except
that all A particles in G/ are removed. We write X' =
\I/,Y(X) and note that \If7 is a many to one mapping,
Now define D, = {X:X€C, and ¥, (X) = X} and, for
YeD,, define £, (Y) = {X: XeC, and ¥, (X)=T},
Clearly Zxec, = EYeD EXEE Y). If U(X) is the
total potentlal energy of a conflguratlon X, and if
Ny (X) is the number of A particles of X in G, then,
for XEE (V), UX)=>U(Y) + Wn,y(X) because of
(**). Thus

Z(y)= EXEC’Y exp [-BUX)]< (3)

<exp [zV(G,) exp(—fW)] Zxep,, exp[-AU)],

where V(G,) is the volume (area) of G, The sum over
X €D, in (3) will be denoted by Z'(y).

For X €D_, we follow Ruelle and define a class X*
of configurations: (a) All A particles in Interior () are
changed to B particles and vice versa; (b) A particles
are placed in an arbitrary manner in G . The essential
new point to notice is that no new B particle is within
a distance R of the new A particles in G, because X
had no A particles (which are converted to B particles)
in G_. Thus Z'(y)/Z <exp [-zV(G,)] by Ruelle’s
proof and
p()=Z (VZ <exp {[V(G",) exp(-pW) — V(G )]}.
A very crude estimate gives V(G' ) <I[nR? + 2\/2Ra’ +
4d?] where i is the length (number of segments) of v,
while M(G,, )"71&72 Thus, (2) is proved.

To complete the proof of the existence of the phase
transition we again refer the reader to Ruelle who shows
that for these boundary conditions p, —pp =¢>0
uniformly when the argument of this exponential in
(2) is small enough at the minimum value of / (=12).
Thus if z is Ruelle’s upper bound for the critical z,
we obtain a phase transition in the (z,8) domain de-
fined by
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z[1—(36m +25) exp (-BW)] > zp. )

Remarks:(1) Eq. (4) shows that there is always a phase

transition for sufficiently large z if W > 1n (367 + 25).

In other words, there is a temperature above which
our method does not yield a proof of a phase transi-
tion, It is not implausible, however (as mean field
theory indicates), that there is a phase transition for
all values of 8 provided z is sufficiently large. We have
been unable to settle this question rigorously.

(2) Ruelle’s remark, that his proof can be extended
to include small (compared to R) hard cores between
all the particles is valid here as well.
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