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On a Random Matrix Models of Quantum Relaxation

J. L. Lebowitz, A. Lytova, and L. Pastur

ABSTRACT. In paper [7] two of us (J.L. and L.P.) considered a matrix model
for a two-level system interacting with a n X n reservoir and assuming that the
interaction is modelled by a random matrix. We presented there a formula for
the reduced density matrix in the limit n — oo as well as several its properties
and asymptotic forms in various regimes. In this paper we give the proofs of
assertions, announced in [7]. We present also a new fact about the model (see
Theorem [2.0]) as well as additional discussions of topics of [7]

1. Introduction

The model considered in [7] can be viewed as a random matrix version of
the spin-boson model, widely used in studies of open quantum systems (see e.g.
review works [8], [12] and references therein). We mention here that one of the first
models of this type, namely the model where the classical system is represented by
a harmonic oscillator coupled linearly with the oscillator reservoir, was considered
by N. Bogolyubov in 1945 [3], Chapter IV.

We recall now the model, proposed and discussed in [7]. Let h,, be a Hermitian
n X n matrix with eigenvalues E]("), 7 =1,...,n. We characterize the spectrum of
hy, by its normalized counting measure of eigenvalues

(1.1) v (A) =0ty xa(E); / W(dE) =1,
j=1

— 00
where ya is the indicator of an interval A C R. We assume that ué") converges
weakly as n — oo to a limiting probability measure vy, i.e. that for any bounded
and continuous function ¢ : R — R we have:

(1.2) im [ W (dE)p(E) = /

n—oo
— 0o — 00

oo oo

vo(dE)p(E), / vo(dE) = 1.

— 00

Let w,, be a Hermitian n x n random matrix, whose probability density is

(1.3) Q! exp{—Tr w%/2},
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where @), is the normalization constant. In other words, the entries wj, 1 < j <
k < n of the matrix w,, are independent Gaussian random variables with

(14) (wje) =0, (wy;*) =1, jk=1,...n, (Rw;r)*) = ((Swjr)*) = % j#k,

where the symbol (...) denotes here and below the expectation with respect to the
distribution (I3). This probability distribution is known as the Gaussian Unitary
Ensemble (GUE) [9].

We define the Hamiltonian of our composite system S, ,, as a random 2n x 2n
matrix of the form

(1.5) H™ =56 @1, + 15 ® hy, + v0° @ w, /n'/?,

where 1; (I = 2,n) is the [ X [ unit matrix, c* and ¢® are the Pauli matrices

. (01 . (10
= \10/)7 Lo -1 )

the symbol ® denotes the tensor product, and s and v are positive parameters.
The first term in (3] is the Hamiltonian of the two-level sytem Si, the second
term is the Hamiltonian of the n-level system (reservoir) S, and the third term is
an interaction between them. Thus s determines the energy scale of the isolated
small system (2s is its level spacing), and v plays the role of the coupling constant
between S; and S,,. We write the Hamiltonian H in the form

(1.6) H™ = g™ 4+ ™,

where

Hé") =50° @1, +12®@hy, MM =po*® wn/nl/27
and choose the basis in C2®C" in which the matrix Hé") is diagonal:
(L7) (HS)aj e = A bapdie, A =B +as, o=+ jhk=1.n
Assume that at ¢t = 0 the density matrix of the composite system Ss ,, is
(1.8) G (BLY,0) = p(0) @ P,

where p(0) is a 2 x 2 positive definite matrix of unit trace and Py, is the projection

on the state of energy E,(C") of the reservoir. Let u(™(t) be the density matrix of
the composite system Sy, at time ¢, corresponding to the initial density matrix

p (0) of (IL8):
n n n n n n itH ™)
(1.9) p () = U () (B, 00U (), U™(1) = ™

Then the reduced density matrix of the small system is defined as
(1.10) PUNEN Z“am a,d =+,

i.e. p(™ is obtained from the density matrix (T3] of the whole composite (closed)
system by tracing out the reservoir degrees of freedom. It follows from Theorem
2.1 below that the variance of the reduced density matrix vanishes as n — oo, i.e.
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that p(™ is selfaveraging. This allows us to confine ourselves to the study of the
mean reduced density matrix p() (E,(cn), t):

(1.11) B0 = () = 3 T (B, 0)ps4(0),
Jj=1 By==+
where
(1.12) TS (B 1) = 3 (U a0 + UL, (1)
j=1

is the "transfer” matrix, an analog of the influence functional by Feynman-Vernon
[12].

Notice that we can equally consider the factorized initial condition uc (ﬁ, 0) in
which the microcanonical distribution Py of the reservoir is replaced by its canonical
distribution e=#H:" / Zé"). We have evidently

n
(n)
(1.13) H(B,0) = Y e B ul (B, 0)/2"
k=1
It is also easy to write the corresponding reduced density matrix.

2. Selfaveraging of Reduced Density Matrix

THEOREM 2.1. Let p(™ (E,(cn),t) be the reduced density matriz (LI0) of the
composite system Sa ., = So + Sy, given by (L) — (I.4). Then we have

2t2
(2.1) Var{ﬁa"g( ("),t)} SRR S
n

To prove the theorem we use the following facts.

PROPOSITION 2.2. (Poincare-Nash inequality) If a random Gaussian vector
X = {§J}J | satisfies conditions (&;) = 0, (&) = Cj, j, k = 1,.., p, and functions
@19 : RP — C have bounded partial derivatives, then

(22) COV{(I)l,(I)Q} = <((I)1, (1)2)> — <(I)1><(1)2>
< ((OV®1, V1)) {(CV 2, VP2)) 2,
where ,
(CVD, VD) = Y Cjx(VP);(VO)y.
Jk=1
For the proof of the inequality see e.g. [2], Theorem 1.6.4.

PROPOSITION 2.3. (Duhamel formula). If My, My are n X n-matrices, then
t
(2.3) M)t _ Mt +/ Mi(t=3) N (M1 +Ma)s g
0

The proof is elementary. Notice, that Duhamel formula allows us to obtain the
derivative of the matrix U (t) with respect to the entry wy,, I,m =1, ...,n of the
matrix w,, in (L3):

ou'™
(2.4) Wasnlt) _ / Z Ut —s)U™ (s)ds.

aH)lm
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PROOF. (of the Theorem [21)). By using the Poincare-Nash inequality (2.2])
with

(I)l( ZUW(’Z 6_7 Ué:;ﬁk( )a X = {wlm}?,mzlv C= 17127

differentiation formula (I?ZI)7 and then Schwartz inequality, we obtain
(2.5) Var{ ka 5] Ua],ﬁk( )}

v
< =
n<

U,gz 5J / ZUOZ)M —t+s) U(Z)m ﬁk( s)ds
21)2t n
</ Z’Uik nl

2
Z Ua(:; a(—t+s) U'g/k)zsj (t)

Z U'gz nl t_ S U(Zm 53( )dS Ua] ﬁk( )

2
ds

)
—Kkm 53 a?ﬁk( t)

and here and below all the sums over the Latin indices will be from 1 to n, and the
sum over the Greek indices will be over . Notice that

(2.6) Z|U£’;m u(—5) Z\UWZ)M t—s) =1,

and

ot s) Uéﬁ{b ‘ 3 <Z U (—t+ UG (t — s))

J1,J2

(n) (n) (n)
ka 631( )U(;p 77@ Z|ka 631 <L

Hence, we have by (23)), (2.6), and 21):

n 422
Var{ZUM] U(ijﬁ( )}S ! , a,0==+.

n

Now, taking into account (II0) and the fact that p(0) is a 2 X 2 positive definite
matrix and of unit trace, we obtain (21). O
3. Equilibrium Properties

We begin by considering the equilibrium (time independent) microcanonical
density matrix of the composite system Ss ,,:

(3.1) Q(\) = 5(\ — H™) /Tr SO\ — H™M) .

Following a standard prescription of statistical mechanics, we will replace the Dirac
delta-function in (31I) by the function (2¢)~!x., where x. is the indicator of the
interval (—¢,¢), and € < A. Then the reduced microcanonical density matrix, i.e.
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the microcanonical density matrix of Sy ,,, traced with respect to the states of Sy,
is the 2 x 2 matrix of the form

7(n)
(32) W) = 2
D 5—xVss(A)
where
(3.3) 7 (A) = (2en)” Z A= H™) i

The corresponding canonical dlstrlbutlon of the composite system is
(3.4) e PHn /Tr e PHn
and the reduced distribution of the small system is

ffooo e Pryn) (dX)

(3.5) - o
D=t ffoo efm’/aﬁs 2y

where (cf (33)
(3.6)  v(A) = () (A an—s, () =07t xaH™)ajq,

and xa is the indicator of an interval A of the spectral axis.

THEOREM 3.1. Consider the 2 x 2 matriz measure v of (3.8). Then
(i) there exists non-random diagonal 2 X 2 matriz measure

v = (Vb Yo rmt
such that the weak convergence:

(3.7) lim v =

holds with probability 1;
(ii) if

falz) = / T @) g0

A=z
—00
is the Stieltjes transform of vy, and vy is defined by (IL3), then the pair fo(z), a =
+ is a unique solution of the system of two coupled functional equations

(3.8) falz) = /700 E + sa ioidfi)ﬂf—a(z)’ “mE

in the class of functions analytic for Sz # 0, and satisfying the condition S fq(z) -
Sz >0, Sz #0;

(111) nonnegative measures v,, o = =  have the unit total mass, v,(R) =1,
and if the measure vy of (I2) is absolute continuous and sup () < oo, then v,

A€ER
a = =+ are also absolute continuous, and we have
(3.9) Vo () < sup vg(p);
neR

(iv) for any A € R with probability 1 there exists the limit of the reduced micro-
canonical distribution

(3.10) lim w™ = w,

n—oo
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where
v
(3.11) w(A) = >t Uss(N)
and
Ate
- _ va, va — 5_1 Ve )
(3.12) oy = Bany (M) = (2¢) /H- (du)

analogous formulas are also valid for the limits of the reduced canonical distribution
23).

REMARK 3.2. The limiting measures v,, o = =+ can be found from their
Stieltjes transforms fo, o = £ via the inversion formula [1]:

(3.13) va(A) =7t lim [ Sfa(A+ir)dA
T— A

To prove the theorem we need the following auxiliary fact.
PROPOSITION 3.3. Let ® be a C! function of n x n hermitian matrix, bounded
together with its derivatives. Then we have for the GUE matrix w,, of (I3):
0P (wy,)
(3.14) ¢ ) = (@(wn)wiy )

8wjk
The proof of proposition follows from ([3)-(L4) and the integration by parts for-
mula.

PROOF. (of the Theorem [B]). Denote

(3.15) GM(z)=H™ - 27, 240
the resolvent of (LH) and set

_ -1
(3.16) go,y =n Z Ga]m

It follows from the spectral theorem for Hermitian matrices that g((;;) is the Stieltjes

transform of V(()Z) and in view of the one-to-one correspondence between measures
and their Stieltjes transforms (see [I], Section 59) to prove the weak convergence
B0 with probability 1 it suffices to prove that with probability 1 ggf,) converges

t0 0a~ fo uniformly on a compact set of C\R. Denote

(3.17) ff{;)( ) = <gav - Z aJ 7

For further purposes it is convenient to start by considering the functions
an o0 =1 S 0)

where the matrix U™ (t) is defined in (IEI) By the spectral theorem for Hermitian

matrices u((lny) is the Fourier transfrom of uf;;) and féz)(z) is the generalized Fourier

transform (see e.g. [11]) of u((;ﬁy) (t):

ay ay

(3.19) f<">(,z)=r1/ e M )dt, Iz <0.
0
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Notice that the matrix <U(")(t)> is diagonal with respect to the Latin indices.
Indeed, since w,, in (LI) is the GUE random matrix whose probability law (I3
is unitary invariant, we have for any unitary n x n-matrix U:

(exp{it H™Y}) = (exp{it(HS +vn~120" @ Uw™U*)}).
In particularly, for any diagonal unitary matrix U = {e%¥i ik} p=1 With distinct
¢; €[0,27), j =1,...,n we obtain

((exp{itH ™ })aj o) = €'~ (exp{itH ™ })aj o1

This implies

(3200 (ULak(0) = Us (0050, UGR5(1) = (explitH ™oy s).
Hence we can write (B.I8) as

n 1 n
(3.21) () = — Ls v o
Jj=1
It follows now from (23], 24), (L), and (3I4) that
itH ™ itHS™ $H™ 3 r(n) itH™
(8.22) (M) = () i / ds (/= (Wt

) i(t=s)ALY "
= ¢ 5a@+ﬁ/ ds /7P UL, 55(5)

m

— NG g, ——/ ds ei(t=9)g )/ dTZZ US’Lm,,m S—T)Ug)jﬁj(7')>.

Hence taking into account (3:20) and (B:2I]), we obtain:

t
(3'23) UO(tZ)J( ) /0 ds ei(t_s)k‘(”) T(%)J(S)

t
+ ety § wg — U /0 ds it=oA )/ dTZu Y,I,)@J»(T),

where
T‘(l% J = __/ dr Z Z 70¢m vm S - T)Uiz)j)gj(T)% (U =U - <U>)

By using Schwartz inequality and inequality ([334) below we have that

Cs?
(3.24) }Taﬁj(s)} < meYoR

Here and below we use the notation C for all positive quantities that do not depend
on n, t, z and indexes.

We will use the notations G§") (), f™(z) and R§n)(z) for the generalized Fourier
transforms (see (B8.I9)) of the 2 x 2-matrices

(3.25) UJ"™ = {U;(0}as=t, u™ = {ugg (}ap=s, 15" (1) = {ri3; (D }ap=s-
We have from the spectral theorem, (318), B20), and BI3) (cf GI9))

(3.26) G;n) (2) = i—l/o e—iztUJ(n) (t)dt = {<G0tjﬁj(2)>}a,5:i’ Sz < 0.
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This, 81I7), and (323) lead to the matrix relation:
(E(n) + 507 —z — 020" f ")( Yo ””)GE")(Z) =1+ Rg-")(z).

Since the resolvent G(™)(z) possesses the property 3z3(G™ (2)z,z) > 0, Vo € C?,
the matrix f(")(z) possesses the same property V¢ € C2, and

S((BM 4507 —z—0%0" [ (2)07)¢,€) = —Sz|¢|P—v?(f™ (2)07¢, 07€) = —Sz]|¢] .

Thus the matrix EJ(-n) 507 — z — v20” f(M)(2)o® is invertible, its inverse

(3.27) FOE, 2) = (B + 50 — 2 = v%0" fM)(2)0") !
admits the bound
(3.28) 1FM (BN, )| < 19271,

and equation for G;") (z) takes the form

(3.29) G\ (2) = FIE, 2) + FNES, 2) R (2).
Applying to the equation the operation n~! Z . we obtain in view of (L)

B30) 106 = [ A aE) )+ 121“(" AR).

Since the resolvent G (z2) is analytic if 3z # 0 and bounded from above by |3z|~,
we have the bound

(3.31) 1/ ) < 18217

implying that the sequence {f()(2)},>1 consists of functions, analytic and uni-
formly bounded in n and in z by 5y ! if |3z| > 19 > 0. Hence there exists analytic
2 x 2 matrix function f(z), Sz # 0, such that ||f(2)|| < |Sz|7!, and an infinite
subsequence {f(™)(z)}r>1 that converges to f(z) uniformly on any compact set
of C\ R. This and estimates (3:24), (3:28)) allow us to pass to the limit ny — oo
in (330) and obtain that the limit of any converging subsequence of the sequence
{f™(2)}n>1 satisfies the matrix functional equation

(3.32) = [ " (B f(E. 2),
where
(333)  f(B.z) = (450" — 2~ 20" f(2)o®) ", ||[f(E,2)]| < |32~

The equation is uniquely soluble in the class of 2 x 2 matrix functions, analytic for
Sz # 0, and such that S23(f(2)€,€) > 0, V€ € C2. Indeed, for any two solutions
f1, fa of the class, and g = f; — fo we have

g(z) :/ v (dE)[E + s0” — z—v*0” f1(2)0"] IUQng(z)Ux
x [E+ 50" — 2 —v*0" fo(z)0™] 1,

and by ([[2), B33) we obtain inequality ||g(2)|] < v?|S2]|72||g(2)|| from which it

follows that g(z) = 0 for vz < 1, hence for any Iz # 0 by analyticity. The

solution of (832) is diagonal, fos = fadas, and pair f,, o = =+ satisfies system
B3). This follows from the unique solvability of (8.8). We can rewrite (3.8) in
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the form f,(2) = f2(z + v?f_a(2)), where f0(2) is the Stieltjes transform of the
unit non-negative measure v§'(E) = vo(E — as). Since f0(z) possesses the property
lim, oo 7| f2(in)] = 1 and |S(z + v2f_a(2))] > |S2], then lim, oo n|fa(in)| = 1
and f,(z), @ = * are Stieltjes transforms of the unit non-negative measures v, ()

BI3) (see [], Section 59).
In addition, the Tchebyshev inequality and bound (B3] below imply that for

any € >0

" " 1 " 202
P{|f(§m)(z) - g(()m)(z)| > 5} < ;Var{ggv)(z)} < €2TL2|%Z|4'
Hence the series

Y P () — ol (2)] > €}

converges for any ¢ > 0, |Sz| > 7o > 0, and by the Borel-Cantelli lemma we have for

any fixed z, |Sz| > 1o > 0, lim,—oo g((w (2) = fay(z) with probability 1. With the
same probability this limiting relation is valid for all points of an infinite countable
sequence {z;};>1, |Sz;| > no > 0, possessing an accumulation point. Hence on

any compact of C\ R with probability 1 lim, e g ( ) = favy(2), and we have the
weak convergence ([B.7)) with the formulas (1))- (BEI)
Let us prove assertion (ii) of theorem. It follows from the ([B.8])

. e (s + 02/ (2))dE
Sfalz) < sup vo() IR e e

= msup vy ().
peR

We have now by (313

Vo (D) < |A] sup v (p).
JUSN
This implies (ii). To prove (iii) we notice that by (ii) measures v,, « = + are
continuous. Thus we can pass to the limit n — oo in B3], written as

7N = v (A e h - ).
This and (3.2) imply BI0)-(BII). O

LEMMA 3.4. Under the conditions of Theorem [3]]

" 2t2
(3:34)  Var{U( 0} <—,  Var{ul)()} < —.

aj, vk

2 2 2
- Var{g{?)(2)} < ——=

(3.35) Var{GaJ ()} < Sz £ 0.

n|Sz[*’ n?|3z|*’

PROOF. Acting as in the case of Theorem 2Tl we obtain ([B.34]). The differen-

tiation formula for the resolvent

oG"

« ﬁk: n
L = Z Ga] Kl G(fnm ﬁk( )
8wl
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following from the resolvent identity, together with Poincare-Nash inequality (2:2))
imply the first inequality in (B35):

Var{Ga] vk:( )} S Z‘ZGa],nl G(—nnm Bk( )|2>

v? v?
S Z<; aj, nl ‘ Z|G—Nm,ﬁk > S TL|%Z|47 Sz > 0.
The second inequality in (338 can be proved by a similar argument. O

We will return now to functions of variable ¢ and find the n — oo limits of the
sequences {U;") (t)}n>1 and {u™(t) =n~? > U;n) ) }n>1-

THEOREM 3.5. Consider the 2 x 2 matrices {U;n)(t)}nzl and {u™ () }n>1,

defined in (3.23) and (321]) and choose a subsequence {EJ(:)} that converges to a
given E of the support of vy of (I2). Then there exist the limits

(3.36) Ug(t) = lim Um(t), ult) = Tim u™(t),
where
i : i Ne—in
(3.37) Ug(t) = —/ e f(E,2)dz .= — lim e f(E, 2)dz, ¥n>0,
27T L 27T N—oo —N—in
(3.38) Us)| =1 V>0,
and
(3.39) u(t) = - / dz it / vo(dE)f(E, )
2w L —00

with f(E, z) defined in (333):
(3.40) fup(E,2) = fu(E,2)005, falE,2) = (Ba—2—0"f_o(2))"!, By = E+as.

PrOOF. It follows from ([3.20]), (3:29)), and the inversion formula for the genere-
lized Fourier transform [11] that

where

342 QUL = - [ e FOELY 2)d = Vst

+ ;—ﬂ_ /L eiztf(n)(E§:),Z)[E — EJ(:) + UQO,m(f(n) () — f(z))Uz}f(E,Z)dz

The resolvent identity yields
! +
z—F z—-F

and we have for sufficiently big n = |Sz|:

In

[s0% + (B — EV) +026° {0 (2)0”] f (B, 2),

In

IF(E, 2)]| <

n n 2
(3.43) IF™(E, 2)]| < ToE

2
2 |z — B|
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This together with (331]) allow us to pass to the limit under the integral in the
r.hs. of (842) and to show that it vanishes as n — oo. Moreover, we conclude
that integral in the r.h.s. of ([B.42) is bounded uniformly in n and V¢ > 0. The
uniform boundedness of the matrix Ug(t) follows from the equalities (Ug)ag(t) =
(UE)aa(t)dap and

; 2
Up)ae () = eiFat L/d itz v f-a(2) '
Ue)aat) =t o & = () (B — 2)
Hence Q(")(EJ(-:),t) converges to Ug(t) as n — oo and is uniformly bounded in n
and t. This together with (341)), (3:24) and equality ||U]§") (t)|| =1, ¥t > 0 give us

B31) and (B38).
To prove ([B:339) notice first that we have from (330)

(3.44) 27T/dze / F(E, 2)

o [ae [ OaB e - 18,2

- / *1ZQ(" n) it —8) ;n)(s)ds.

We integrate by parts with respect to z in the first integral to obtain in view of

3.40)
1 o ('n,) izt 1+ szl—a(z)
-5 - vy (dE) /L dz e Fo— 2= f o)

It follows from (3.32)-B.33) and ([L2) that ||f(2)|| = |2| 71 (1 +0(1)), |2| — oo and

|2 (2)]] <|Sz|~2. Thus the integral with respect to z is bounded and continuous
function of E. This and the weak convergence V(()n) to vy (see (I2)) yield the

convergence of the first term of the r.h.s. of (8.44]) to the r.h.s. of (3:339).
Furthermore, by using (3:43), (331)) and (L) we obtain

b () (2 — f(z
/_ Vén)(dE)Ale|||f ( +E) f( +E)||

|22

(n) dx N () iy » }
SC{/IEIZTV0 (dE)+~/|w|ZAI2+77 |y|<A+T||f (v —im) = fly =)l -

For any € > 0 choosing consequently A = A(e), T = T'(e, A), No = No(e, A, T),

and taking in account (L2), and convergence f (")(2) to f(z) on any compact set

in C\ R, we obtain that the second term of the r.h.s. of ([B44]) vanishes as n — oc.
At last (324) yields for the third term of the r.h.s. of (844):

[ as Ci12||/dze 0 f0 (52|

/Odsc—s é"><dE>{||UE<t—s>||+/Ldz||f<“><E,z>—f(E,z>||},

n —00

and taking into account (3:38), (3:43), and (B31) we conclude that the term also
vanishes as n — oo uniformly in ¢, varying on a compact interval. ([
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4. Time Evolution

We will prove now the main general result of [7], a formula for the limit as
n — oo of the expectation (ILTT) of the reduced density matrix (II0) of our model
formula (4.7) of [7].

THEOREM 4.1. Consider the model of composite system, defined by (I1l)-(13).

Choose a subsequence {E,(c:)} of eigenvalues of h,, of (I3) that converges to a certain
E € supp vy. Then we have for the limit as n — oo of the expectation (I.I1]) of the
reduced density matriz (II10) uniformly in t varying on a finite interval:

1 .
4.1) pas(E,t) ;= lim P(n) E( t) = dzo dzlelt(’z?*“)
’ 2
nmee (27T) Lo L1

o fa(E,21) [s(E,22)pa,6(0) + v* f_o (B, 21) f=5(E, 22) fa,s (21, 22) p—a,—5(0)
1 —vfas(z1,22) f—a,—5(21, 22) ’
where Ly = (—oo +in1,00 +in1), Lo = (—00 — g, 00 —inz), m1 > 0, 2 > 0;

(4.2) fonl(z122) = / vo(dE) f5(E. 21) (B, 22)
with fo(E,2) defined in (340).

PRrOOF. In view of (LI it suffices to prove the following expression for the
average transfer matrix ([L12)):

(4.3) Tapys(E,t) := lim T(ﬁ) (BN

_ d d ’L’t(227zl)fa E
(%)2 /L2 22/L1 zie pro(E, 21, 22),

where the ”two-point” functions fag,ﬂ;(E , 21, 22) are analytic in z; and in z9 outside
the real axis and have the form

(4.4) Tupys(E, 21, 22) = f3(E, 21) f+(E, 22)
X (8e, 30,5 + V700,806, (21, 22))[1 = v* f5.1 (21, 22) f—p,— (21, 22)] "

Acting as in the proof of the Theorem[31] i.e., by using the Duhamel formula (2.3]),
(BI4) and differentiation formula (24 we obtain the relation (cf ([B.22]))

n " n n i (n) n
(4.5) To(zﬁ)’yé(E( )t t) = Z <U(§¢j,)ﬁk(_t1)U’§k,)6j(t2)> = "M 6’75U(§¢ﬁ),kn(_t1)

j=1

ts

o ’02/0 ds el(t2 K / dr Z Ttinﬁ —K, 6 E(:)v l1, T)u(—nv)n(s - 7—)
o ilta—aAl (n) (n)

+v2/0 ds e'(t27) m/o dr U_Zﬁ,k (=7 )Koznﬁ, B GE)

ta
+/0 ds "2~ S)’\vknT(rg s(t1,8),

n 1 " - n n
(4.6) Kéﬁ)ms(tl?h) = Z Z <U0(¢J)ﬁm( tl)U»(ym) 5J(t2)> |Kéﬁ)75(t1,t2)| <1,
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and

(4.7) rgﬁ)w(tl, t)

- E Z [_/ dr Z Z U(*n'ym wm (t2 — T)Uirz)kn,éj (T)Ué?,)gkn (—t1))
J

t1 °
+‘/0 dTZZ<U(:llzkn,ﬁk )U(?y)m 6](t2)U(§Z,)nm(T_tl)> .

It follows from Schwartz and Poincare-Nash inequalities and estimate ([3.34]) that

(cf @29))
(4.8) ) 5t 1) = O(n™Y/2),

Let Té’é)w(E, z1,22), Sz1 > 0, S29 < 0 be generalized Fourier transform of T(ﬁ) s(E t1,to):

~(n . & iz 1 > —iz n
Téﬁ)w(E,thz) :Z/O dty e m(;/o dtz e 2t2Téﬁ)75(E,t1,t2)>,

so that

Téﬁ)w(E t1,t2) = / dz?/ dz itz tlzl)T(n) s(E, 21, 22),
Ly

where L1 = (—oo + inp, 00 + 1771), Ly = (=00 — i, 00 —ing), m1 > 0, 2 > 0. In
view of relations

Ua(g)ﬁk( —t1) = U(ik)m (t1), G&Z?ﬁk(’zl) = G((Jj;c)ﬁj (z1)
we have

i /0 dty U (—t1) = Gy (21)

and (L3) yields

(4.9) T J(E, 21, 2)
1

=T L [G&’Q,kn (21)655 + 02 ) fﬁ?ﬁ(@ﬁi’élm(ESZ), 21, 22)
— —

Ykn

+ 02 Z G(inlzﬁ_’kn (zl)K( ) sz, 22) + ;“4023)75(217 22)} .

Here K™ and 7™ are generalized Fourier transforms of K™ and (™ of [@0) and
([@0) respectively, and as it follows from (4.6]) the absolute values of Ké%)v 5(21,22)
are bounded uniformly in n by |Sz1|71|Sza| 7L

To write (@9) in the matrix form for any fixed pair «, 3 we denote K n) Sa%),
7:{;;3) the 2 x 2-matrices, which eritries are (I?(%))vé = f{(%)'vé etc., and Kaé") are
2 x 2-matrices with the entries (K;ﬁ(")),ﬂ; = Kg% 50 1,0 = £, 50

TOEZ)(E(”) 21, 22) = f(n)(E,(g:) )“fw)(zl,zz) R (Ek:,ZQ)

G ()l + 02> G () Ko™ (21, 20) |



14 J. L. LEBOWITZ, A. LYTOVA, AND L. PASTUR
Plugging expression ([3.29)) for G;{;’Z)(ZQ) we obtain
(4.10) TS(EM, 21,20) = RO)(E, 21, 22)

+ fOED, ) | £ (B, +v2Zf< (B ) K™ (21, 2) |,

where reminder Rénﬁ) (E,g:),zl, z9) is a 2 x 2-matrix, and according to (3.24]), [L.3),

and uniform boundedness of K (™ (21, z) and f(™) (E,(T?), z), we have

@10 i A 2zl =0, lim 30 RGER, 21,2l =0
m=1

Applying the operation n=! 3" _ to [@I0) with k, = m we obtain:
(4.12) KU (21,22) —vzz/ WdB) fO) (B, 20) f (B, 20) K™ (21, 22)
+/Oo N dE) f0) (B, 21) f(B, 2) + 1ZR") EM™ 21, 29).
This implies that for any fixed «, 3, v, § the limiting values IN(agvg(zl,ZQ) =
lim,,—o IN{(SZ,),Y(;(Zl, z9) and I?a)_@_w;(zl, z9) satisfy the system of linear equations
Kopys(21,22) = for (21, 22) [apdys + v Ko, -5, ,6(21, 22)]

where fgy(21,22) are defined in (42]). Solving this system we obtain

f-8.+(21,22) [0, 30 5 + 02 f5.1(21, 22) 00,05, 5]
1- U4fﬁ »,(21, 22)f-p, ’Y(Zla 22)

Now we return to the variables t1, t2. It follows from (£10) and (£I1) that

(4.13) Ko _p—ys(21,22) =

1 .
(414) Taﬁvé(Eutlut2) = lim —2/ d22/ le ez(tQZQ—tlzl)
)% JL, Ly

n—oo (2T
< |1 ED 01D B )
P ST ) B ) R o2
and we have to prove the equality:

(4.15) Taﬁryg(E tl,tz / ng/ dzle (t2z2—t121) fg(E Zl)f,Y(E 22)
Ly
X [0apbys + v Ka,—p,—.5(21, 22)]

which together with ([@I3]) yields (£3)). Notice that for any fixed non-real z1, 22 the
integrand of ([d.I4]) tends to integrand of ([@I3]), but it has no an integrable majorant.

Because of this fact we replace K é",)_i_u 5(21, 22) in (@I4) by the corresponding entry
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of the r.h.s. matrix of (ZIZ) to obtain

Topys(Est1,t2) = (Ur)pp(—t1)(UE) vy (t2)d0p0ys

. 1)2 n i(tozo—1t12 n n n n
+ lim WZ/V(S )(d,u)dZdele (t2z2—t1 l)fiﬁ)ﬁ(E,(cn),zl)fﬁu)(E,(cn),ZQ)

n—oo

< LFSD (y 20) F05 (s 22) + 0% > PO (2 £, (1 22) Kooy = (21, 22)].

K1,V1

Here we denote fy(()") (dp)dzodzy = [ v$™ (dp) J1, d%2 [}, dz1. Now it remains
to prove that the following expressions

[ i deadea 1B, 1) — (B2 OB 22 oy 20) £, 22),
/ygm (dp)dzodz f(E, 20) (B, 20) [f™) (1 21) = £, 20)] £ (s, 22),

/ v (dp)dzadz (B, 21) f (B, 22) f (1, 21) f (1, 22) [K ™) (21, 22) — K (21, 2)],
/Z [ = vo) (dps) /L dz; /L da1 f(E, 21) f(E, 22) f(py 21) f (11, 22) K (21, 22),

where K (21, 25) = K(%),Y(;(zl, 29), vanish as n — oo.

Since ||f™ (u, 21)|| < n; " and there exist n;, i = 1,2 such that || f(™)(u, 22)|| <
2]zo — p|7L, ||f(”)(E,(£),zi)|| < 2|27, Sz > i, then the norm of the first
expression is bounded by

! n > n d
(P17 e) - |+ 1B - B) [ v ><du>/L =

L . _ ld=]
m Jr, |21 |2 - » |22l[22 —

We have by Schwartz inequality

/ |dza] - (/00 dx /00 dx >1/2 oo
Lo |22||22_M| o — o0 $2+77% — 00 (x_ﬂ)2+n§ 772.

This and the uniform convergence of f(™ to f on a compact set of C \ R imply
that the first expression vanishes as n — oco. Treating similarly the remaining three
expressions we prove that they tends to zero as n — oc. 0

5. Van-Hove Limit

In this section we study the limiting case, where the coupling constant v of the
system-reservoir interaction tends to zero, the time ¢ tends to infinity while the
transition rate, given by first order perturbation in the interaction, is kept fixed
[4], 5], 6, 10]. In terms of (3] this corresponds to making simultaneously the limits

(5.1) v—0, t—oo, T=tv® (fixed

after the limit n — oo, i.e., in formula ([@T]).

We note that this limit as well as several other important topics of the small
system-reservoir dynamics were considered by N.N. Bogolubov in 1945 [3] in the
context of classical oscillator interacting linearly with the oscillator reservoir.
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THEOREM 5.1. Let the Fourier transform vy(u) of the density vy of the measure
vo in (LZ) be absolutely integrable function:

(5.2) /jo 170 (w)|du = co < o0,
(5.3) o(u) = /_00 e By (E)dE.

Then the diagonal entries of the limiting reduced density matriz in {{.1]) in the van
Howve limit are

(54)  pali(BT) =

[Vé(E) (0) + Vv (E — 2as)

2T T (B e &) o

4o Ta(B) Vé(fa?;)as) paa(0) — e~ Ta(B) Vé;Ea_(;?S)p—a,—a(O)
where
(5.5) Lo(E) =27 W) (E) + vy (E + 2as)];
and the off-diagonal entries are
(5.6) PZ{{Q(Ev ) = paﬁa(O)efzomten(fo(E+2om+z'0)ffg(Efzotsfio))7

where fo is the Stiltjes transform of v):

fe) = [T gs 0

LEMMA 5.2. In conditions (23), (23) of the Theorem [5 1] next statements for
the functions fo(z), o = £ are valid:
(i) supg.>o [fa(2)] < co,
(ii) limy—o 23 fa(A+i0) = H(A — as), A€ R.

PRrOOF. Estimate (i) follows from the representation of the functions f,(2),
Sz > 0 in the form

(5.7) fa(z) =1 /0 h ein(—astzto* foa(2) g () dy

and condition $zSf,(2) > 0. It also follows from (B.2)), (B.7) that
(5.8) q}li% fa(2) = fo(z — as) = Z_/OOO e G (wydu, Sz > 0.
Hence

(5.9) hm \rfa()\ +40) —3?/ e NG () du = v (A — as).

PROOF. (of the Theorem [.1]). By using equalities (see (£2))

0 fa

oot 0r=mm e da=faln) — fulz),

fa a(zla 22)
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and by using analyticity of the integrand of (£I) in z; and in 29, we can write
the following representation for the diagonal entries of the limiting reduced density
matrix

(5.10)
pea(Ert) =2 dzs | dere % fo (B, 21) fu(E, 22)
d —itdz U45fa5ffafa(EaZl)fa(Esz)
zZ9 z1€e
v v 02(6z 4+ 020 fo +v20f_0)
p o, *0‘ / dZQ/ dZ —itdz 1)25fa(52+’UQ(SfQ)f,Q(E,Zl)f,a(E,ZQ)
C@2n? v 02(8z + 026 fo + 020 f_4)

=1 (E,t)+12(E t) +13(E 1),

where LY = {21 : S21 = v®m }, LY = {22 : Szo = —v?m2}, m1 and 1y are arbitrarily

chosen positive constants.
To compute the limit (5.1]) of I7(E, t) we change variables to ¢; = v™2(z; — E,),
j=1,2, and by Lemma [5.2] we have

Pa, a(o) e~iTG eiTC2
el A bow sy o e A rowy o ey
e TG ei7C2
<1+fO(E—|—2a$—|—iO) <2<2+f0(E+2a5_10) 0(1)

Computing last integrals by residues and applying equality

(5.11) Jo(A+140) — fo(A —i0) = 2miv)(N)
we obtain
(5.12) vH—lim I (E,t) = pow(O)e—%w()(E+20¢5)7

where the symbol ”vH-lim” denotes the double limit (5.]).
Changing variables in I3 (E,t) to (o = v~ ?(20 — E_s) € Lo = {¢ : S¢ = —np},
G =v"%(z1 —22) € L1 = {C:SC=m + 1o} yields

0fa(C1+0fa)
(G2 + §fa+0_a)

(5.13)  I¥(E,t) == “"“ /dCQ/L ¢ e_”<1<1

Cz + fa(E_a +02G) G+ G+ fa(E_a +02(G + ()

It follows from (5.2) that the absolute value of integrand of (5.14) is bounded from
above by

c c
GGl + Gl VAF+ (0 + m2)2 VA3 + 03/ (O + A2)2 + 177
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where ¢ > 0 does not depend on v, A; = R¢;, j = 1,2. Now Schwartz inequality
yields for any B > 0

A% g =
VAZ+ 1/ + )2+ 1

d)\l d;
:2/3 /\/ 1)2+1l\/(>\2+%)2+1
—2</B dkl/ (A2 — 3t)2 C)Z?(Awﬁ)ﬂ)i)
S ) <

This allows us to pass to limit in integral (B.I3]) by using (5-8) and ([EII):
vH—1lim I3 (E t)
p a,—al / A / e 2miv(E — 2as) (A + 2mivy(E — 2as))
A (A1 +2mi (V) (E) + V) (E — 2as))
1
Xt Jo(E —2as—i0) "M+ A2+ fo(E —2as +i0)°

Here integration path in A; encircles zero from above. Computing last integrals by
residues we have

BB v _ V(/)(E - 2048) _ —1I'_.(E) V(/)(E - 20(8)
(5.14) vH-1lim I3 (E,t) = 2mp_a,—a(0) [71“&@?) e T B

Treating similarly the term I3 in the r.h.s. of (EI0) we obtain
(5.15) vH—lim IY(E, )

v (E) 4 e—Ta(B) v (E + 2as)
Fa(E) La(E)

Now the assertion (5.4) of theorem follows from the (&.10), (5.12), (5.14) and (GI5).

Consider now the off-diagonal entry of (A1)

= 27Tpa7a(0) |: :| _ pa7a(0)e—2ﬂ'7’u6(E+2a5)'

(5.16) pa,—a(E,t) = pa,—a [/v dZQ/v dz1e” % fo (B, 21) f_o(E, 22)
itse V' fa,—a (21, 22) Foasa (21, 22) o (B, 21) f-a (B, 22)
+ /“ d22 /“ d21e 1- 'U4fa.,7a(zla Z2)f7a,a(zla 22)

pa)_a / d2’2/ dz e—ztéz fa,—a(zlvZQ)f—Ot(E721)fO¢(E’ZQ)

1-—- v4f0¢,7a(217 ZQ)ffa,a(Zla 22)

= —pa,—a( ) v v pa,—a(o) v
= “ony [IV(E,t) + I3(E, t)] + G IY(E, ).

To find the limit of IY(E,t) of (5.16) we change variables to (; = v=2(z; — Ea),
(o =v"2(20 — E_,). This yields

(5.17) IV(E,t) = exp(—2asit) J7,
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where
eiTCQ e*’L‘Tgl

i = /L2 i~ G2+ fa(E-a +v2(2) Ly aa G+ f-a(Ba+ Uzcl),

and by ([&.8)

6iT<2d<2 e*i‘l’(ldcl
5.18) vH—1lim J{(E,t) = - -
(5.18) v im J{ (E,t) /L2C2+fo(E—2O<S—20)/L1C1+fo(E+20<S+ZO)

= (27)? exp{iT((fo(E + 2as +i0) — fo(E — 2as —i0))}.

We have similarly:

(5.19) I3 = exp(—2asit) J3,

S
Jv:/ d / d 67175{ o, —Q o,
2 Ly Cl Lo CQ 1- U4fo¢,—af—a,o¢

1 1
X : '
G+ f*a(Ea + UQCI) G2+ fa(E,a + 1)2(2)
Here we denote fs, = fa(Fa + 021, E_q + v?(2) (see @2Z)). By using the

relations:
f o 5fa,7a f o 5](‘7&,04
T2+ 0f—ae) Y —das +02(6C+ 6 fa—a)’
where 63, = f3(Eo +v%C1) — fy(E_o + v?(2), we obtain

; a0 fa,- 1
5.20) JY = d / d e—zréC v o,a9fa,—a
( ) 2 /Lz G2 L G 1_U4fo¢,—af—a,a G _C2+5f—a,a
1 1

Ot FaBat20) Gt falBat G

Notice that
260

|fo¢,—a| < '02(771 +772), (67 +.
Hence
. 20 \? 1 .
|1 — v faﬁfafa7,a| > 1-— <m) > 5, if nj > 200,

and integrand of (5.20) is uniformly bounded from above by integrable function
C(|¢1 — ¢2l|¢]|¢2]) ™. This allows us to pass to the limit in the integral in (5.20)
and obtain that

(5.21) vH-lim J2 (B, t) = 0.

Treating similarly the term I3 (E,t) of (510) we obtain

(5.22) vH-lim IY (B, t) = 0.

Now assertion (50) of the theorem following from (G10)-(E22]). O

According to (5.0) the off-diagonal entry of the reduced density matrix in the
van Hove limit does not vanish but just oscillates as const-e~2/$!, The exponential
that determines these fast oscillations (recall that ¢ — 00) is the same as in the zero
coupling (Ss-isolated) limit of our model (IH]), where the reduced density matrix is

pap(Er,t) p2=o= e~ po5(0),
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hence is again const-e =225t if o #£ 3, (a = —f3).

In the case where the two-level system models a continuous quantum mechan-
ical degree of freedom associated with a potential with two wells (see e.g. [8] for
examples and discussion), the above oscillation reflects the phase coherence between
the quantum mechanical amplitudes for being in the left and right wells, a pure
quantum mechanical effect. In this case our result means that an environment,
modeled by a random matrix, does not destroy the quantum mechanical coherence,
at least in the weak coupling regime corresponding to the van Hove limit.

However, from the statistical mechanics point of view the absence of decay,
moreover, fast oscillations, of the off-diagonal entries of the reduced density matrix
seems not too natural. In this connection it worth noting that the fast (”micro-
scopical”) oscillating behaviour of p.g, a # [ can be converted into a decaying
behaviour by several modification of our initial setting.

One of them is to assume that the spacing 2s of our two-level system is random
and continuously distributed, although concentrated around a certain 2sy. In other
words, it is necessary to assume that the two-level system is the subject of a certain
(even small) noise.

Another modification is to replace the van Hove limit

(52?)) thm p(Eat) |v2:7'/t
by
t+At
. -1
(5.24) tﬂool,lIAIltﬂoo(zﬁt) /tht P(E 1) |y2—y jpy dtr.

If At =t, we just replace the limit ¢ — oo by the Cesaro limit (time average limit),
a rather often used procedure in statistical mechanics. However the off-diagonal
entry vanishes even for ¢ — oo, bat At/t — 0, although with a smaller rate of
decay. One can view this as an assumption on a sufficiently large (macroscopic)
measurent time: s7! << At << t.
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