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Abstract. We study a d-dimensional coupled map lattice consisting of hyperbolic
toral automorphisms (Arnold cat maps) that are weakly coupled by an analytic map.
We construct the Sinai—Ruelle-Bowen measure for this system and study its marginals on
the tori. We prove that they are absolutely continuous with respect to Lebesgue measure if
and only if the coupling satisfies a non-degeneracy condition.

1. Introduction

There has been much interest recently in time-invariant measures of physical systems
evolving under certain types of non-Hamiltonian deterministic dynamics. These dynamics
are chosen (invented) with the intent of making these measures model the behavior of
stationary non-equilibrium states of real physical systems: e.g. the ‘Gaussian thermostated’
dynamics [EM]. An interesting example is provided by the Moran and Hoover model of
electric-current-carrying systems [MH]. A particle moves on a torus among fixed obstacles
under the influence of an external electric field E and a thermostat which keeps the energy
fixed (it would otherwise grow indefinitely). A very striking (initially surprising) result
of the numerical simulations was that the stationary phase space density in a Poincaré
section looked very ‘fractal’, i.e. singular with respect to the reference Lebesgue measure.
The singular nature of the invariant measure was later proven rigorously (under suitable
hypotheses) for E # 0, at least when E is small [CELS]. Further computer simulations
and rigorous results strongly suggest that thermostated stationary measures are indeed
generically singular with respect to Lebesgue measure [R99]. They correspond to the
Sinai—Ruelle-Bowen (SRB) measures for these systems [G95].
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The singular nature of these non-equilibrium measures, is a consequence of the
modeling by deterministic dynamics. Alternative modeling of non-equilibrium systems,
using some stochasticity, yields stationary measures which are absolutely continuous
with respect to Lebesgue measure [BLR]. This has raised some questions about
the consistency of these different modelings of such stationary non-equilibrium states
[HHP, H, Le, BDLR]. Fortunately the answer is that for systems containing many
particles the different models can yield the same physical behavior. The reason for this
is that relevant observable properties of macroscopic physical systems correspond to sums
of functions which depend only on the coordinates and velocities of one or a few particles,
e.g. the electrical current is a sum over the velocities of individual particles. Their steady-
state values can therefore be computed from the reduced one- or two-particle distribution
functions and we expect these induced measures to be absolutely continuous with respect to
Lebesgue measure even when the measure in the full phase space of the system is singular.
It is the purpose of this paper to show, by explicit example, that this is indeed to be expected
generically.

To do this we consider the reduced distributions or induced measure for a very idealized
dynamical system made up of an infinite collection of Arnold cat maps of the two torus,
indexed by a d-dimensional lattice. This dynamical system has typically an invariant
measure which is singular with respect to Lebesgue measure. We prove, however,
that under general conditions, the projected measure on a single torus is absolutely
continuous with respect to Lebesgue measure. Note that our result is for a projection
on an explicitly given surface on which the measure is singular in the absence of coupling
to other systems—not just for a ‘typical’ projection. This requires some conditions on
the interaction which we specify—those excluded are very special. They are essentially
uncoupled systems.

2. Definitions and results

The dynamical systems that we consider in this paper are coupled map lattices [PS].
The phase space of such a system is given by a Cartesian product over a d-dimensional
lattice = Z¢ of finite-dimensional manifolds A/. In our case, N is the two-dimensional
torus NV = T = R?/Z? and the full phase space is 7 = T, equipped with the product
topology. We will construct the systems via finite-dimensional approximations, letting
Ty = T where Qy = (Zy)? and Zy consists of integers of absolute value strictly less
than N.

The dynamics in a coupled map lattice is defined by first fixing a dynamical system on
each separate A and then coupling them appropriately. In the case at hand, let A : T — T
be the Anosov dynamical system defined by the linear transformation A € GL2(Z) with
|det A| = 1. We can define the uncoupled map A : T — 7T and respectively on 7y by
letting A act on each copy of T. More precisely, denoting by ¢ € T the points on the
two-dimensional torus and by ¥ = (¥})jcq those on 7, we set (AW); = AW;. The use of
the same symbol for the map on T and for the uncoupled map on 7 is done to avoid too
cumbersome notations when no confusion can arise. The Lebesgue measures dyr on each
torus and their product W, are invariant under A.
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To describe the coupled map, let f : 7 — R? be a map and define A : T — 7T by
(AV); = AY; + F{(V), ieQ 2.1

where
Fi(¥) = f(z4V) (2.2)

and 7 defines the Z?-action on 7 by (ti¥)j = Witj. The pair (A, 7) defines the coupled
map lattice dynamical system.

To proceed we need to make assumptions on f. We suppose the coupling is weak and
local, i.e. that F; depends weakly on W; for j far away from i. A convenient way to encode
this is to assume f is holomorphic with derivatives with respect to W; decaying rapidly
with i. This condition can be formalized as follows. Given two positive constants « and 3,
let Tj o5 C C2/7? be the complex neighborhood of T; = R?/Z? c C?/Z? defined by
ImW; ;| < el j = 1,2, where ¥ = (Wi, ¥i2) € C2/Z% and |i| = Y4_, lix.
Moreover, let R be the Cartesian product over i of the Tjq, . If O is the space of
holomorphic functions f : R — C, equipped with the norm

[flloo = sup | f(¥)] (2.3)

YeR

we will consider the dynamical system, defined in (2.1) and (2.2), for f € O with || f|lco
sufficiently small.

This infinite-dimensional dynamical system will be studied via finite-dimensional
approximations which we now define. Letting Ry be the Cartesian product of the Tijy g
fori € Qu and givenan f € O we let fy be the map defined on Ry given by

In(w) = f(UP)

where W” € R is obtained by extending W € Ry periodically to R. We define the finite-
dimensional approximation Ay to A by (2.1) and (2.2) where t is the action of translations
modulo (2N — 1)Z)4, i.e. we impose periodic boundary conditions on 2. Observe that
A maps the set Py C R of periodic points of period N to itself. Thus, identifying Ry
with Py we have

Ay = Alp, . (2.4)

We define the SRB measure for Ay (respectively A) to be the weak limit of
(1/m) Y5y Amy ((1/n) Y} A¥m) as n — oo of the normalized Lebesgue measure
my (m) on 7Ty (7) if such a limit exists. Our first result concerns the existence of an SRB
measure for A.

THEOREM 1. There exists an ¢ > 0 independent from N such that given f € O with
I fllco < € the dynamical system A (Ayn respectively) admits an SRB measure jL (Jun).
The weak limit of uy as N — oo exists and is equal to jv. The measures Ly and . are
C*®-smooth in f in the ball || oo < € of O in the sense that [ T d is C*-smooth for
any C®°-smooth T depending on finitely many variables V.

Remark. The existence of the N — oo limit of the SRB measures has been proven before
[JP], with less stringent regularity assumptions than here. However, we need more detailed
structure of the measures and have to go through the construction.
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Let P be the projection of 7y to the torus at origin T and P*u the induced projection
of uy on T. We want to address the question of whether this projection is absolutely
continuous with respect to the Lebesgue measure on T.

Definition. Ay is degenerate if for all W € 7y the unstable manifold of W is a Cartesian
product of curves y;(¥) lying on the ith torus.

An example of a degenerate map is the uncoupled map: in this case the curve y;(¥, &) =
Wi + eT& for £ € R where Ae™ = Aje™ with Ay > 1. More generally if we choose
f(¥) = g(P)e™ with g : 7 — Ritis easy to see that the map A given by (2.1) and (2.2)
with such an f has the same unstable foliation as A. In this case we will say that A is
coupled through the unstable manifold. We can characterize all degenerate coupled maps
through the following proposition.

PROPOSITION 1. Ay is degenerate if and only if there exists x : T — T such that
X oAy o X~ = Ay where (X(W)); = x(¥;) and Ay is coupled through the unstable
manifold.

Our main result can be formulated as follows.

THEOREM 2. Foreach2 < N < oo if Ay is not degenerate then the projected measures
P*uy are absolutely continuous with respect to the Lebesgue measure on T. Moreover, if
A is degenerate, then Ay is degenerate for every N and if A is non-degenerate then Ay
is non-degenerate for N large enough.

We close this section with a remark concerning the fractality of uy. The Hausdorff
dimension of puy will generically satisfy dimgpuy < dim7y. In fact from the
Kaplan—Yorke formula [FKYY] one obtains the upper bound

wn ()

min

dimpp puy < dim 7Ty +

2.5)

where Apipy is the minimum Lyapunov exponent of Ay and n(W¥) = —log (det DAy (V).
Generically we expect that uy(n)/Amin > §dim 7y for some constant §. Indeed it is
easy to show that for a generic perturbation of A acting on T u1(n) > 0, see [BGM].
Adding a small enough coupling we will have uy(n) =~ Nui(n) while Apiy is almost
independent from N. Theorem 2 asserts then that, notwithstanding this extensive loss of
dimensionality of the attractor, the projected SRB measure is still absolutely continuous.

3. The conjugacy
We start by constructing a conjugacy X : 7 — 7 of the coupled map A to the uncoupled
one A:

XoA=A0X 3.1

Observe that from (2.4) it follows that Xy = X|p, conjugates Ay to Ay.

Givenamapx : 7 — RZlettx : 7 — (Rz)Zd be defined by translations as
(tx)i = x o t—j. With this notation we have that 7 = tf. Hence, guided by translation
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invariance of our map A we look for a solution of (3.1) in the form X = Id + tx with x a
solution of the equation
Tx = fdd + tx) (3.2)

where T is the linear operator defined by
Tx=x0A—Aox. 3.3)

From general theory, we expect that the solution x will not be a differentiable function of
W but only Holder continuous. Given a function g : Ty — R? let dj denote the Holder
derivative
1g(¥ +vj) — g(V)
8jg(W) = sup !
vj |Uj [Y

where y < 1 and the supremum runs over vectors having a non-zero component only at
the jth position and of length no larger than unity. From now on we fix y < 1 and, to avoid
cumbersome notation, do not indicate the dependence of the estimates in what follows on
y as well as on « and 8. Moreover we will use C to indicate the constants that appear in
all the estimates.

Let &£ be the Banach space of Holder continuous maps x : 7 — R? with norm

Il = llxlloo + Y e P28 1o (34)
J

where in this case ||x[oc = supyc7 [x(¥)|. We then have the following.

PROPOSITION 2. There exists an ¢ > 0 such that given f € O with || flleo < &, (3.2)
has a unique solution in € with | x|| < C|| fllco. Moreover, x is analytic in f in the ball

[ flloo <&

Proof. Let us define Hx = T~! £(Id 4 tx). We want to show that H is a contraction in the
ball B = {x||lx|| < R||f oo} for a suitable R.

It is easy to find an explicit representation for T~!. Let e*, A* and e~, A~ denote the
two eigenvectors of the matrix A and the corresponding eigenvalues, with AT > 1 and
A~ = (det A/AT), where |det A| = 1; eT and e~ are the unit vectors in the direction of
the unstable and stable manifolds of A at each point y € T?. Expressing vectors v € R?
in this basis as v = v+e+ + v_e~, we have

(T W) = > A" x (A7) + Y A (A1), (3.5)
n=0 n=1

From this expression it follows immediately that the norm of T~! as an operator in £ is
bounded by

4
IT e < ———. (3.6)
’ —(1-y)
1— A7

We now claim that the function s, (V) = f (¥ + tx(V)) satisfies

hxll = Clliflloos  hx — hyll < Cll flleo lx = y1I. (3.7
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To prove the first inequality in (3.7) we write
1
Ihe (¥ + vj) — by (W)| = Z/ dt i f (W) (v k + x (T_k (¥ + ) — x (1K V)
k Y0

where W' = W + rvj + tex (¥ + vj) + (1 — H)Tx(¥) and vjx is the k component of v;.
Then, using |3k f| < e P £ |l s, which follows from (2.3), and

[x (t—k (W + vj)) — x(t—kW)| < 7" [|8j—k X005 (3.8)
where we set n = |vj|, we get

> e BPUTY | (W 4 vj) — k(W)
j

=/l ( S e Bl 3 (BBl 5y ||OO>_ (3.9)
j ik

From (3.4) we infer [|§j_kx[lco =< e~ /D=l x|I. Hence by a use of the triangle
inequality the right-hand side of (3.9) is bounded by

Cliflloo + 1 fllsollx ] D e PPK < €|l fllao (X + [1x]). (3.10)
k

The second inequality of (3.7) can be proven as follows. Observe that

1
hy (W) — hy (V) = /0 dt o f (W +7x (W) + (1 = )ry(¥) (x (W) — y(mW)) (3.11)

so that
e = hyll <Y 0 fAd + 7x + (1= HTy)[[lx = vl (3.12)
k
Combining (2.3) with a Cauchy estimate we infer that, for ¥ real,
|9k d; f(0)] < e PURIHIDY £l (3.13)
Proceeding as above this implies that
I fAd + 7x + (1 — DY) < Ce PM|| £l (3.14)

and (3.7) follows. Equations (3.6) and (3.7) establish the contractive property for
suitable R. By the Banach fixed point theorem we have a unique solution of (3.2) which is
analyticin f. O

4. The invariant manifolds
In this section we will construct the two invariant manifolds W+ (W) defined, for every
point W € 7, by the property

W) = {\Iﬂ

lim [AT'W — AT =0}, (4.1)
n—oo

where |W| = sup; |¥i|. We observe again that the stable and unstable manifolds of .4y are
given by the periodic points in W= (¥). We will give below a unified construction of these
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sets for N < co, N = oo referring to w* (W). For convenience the N-dependence of the
various objects will be suppressed whenever possible.
We shall look for W+ (W) in terms of an embedding

£ e R — ST(E) e RHY 4.2)
(S50 means Q = Z4) such that the action of A is given by
ASG (&) = STy (LE(W)E) 4.3)

where £* (W) are linear operators on R®¥. For N = oo we mean by the latter the vector
space loo(Z9).

We want to use (4.3) to study the regularity properties of ST as a function of W, £ and A.
We expect on general grounds ST to be at most C* in W. Thus, since A occurs in (4.3)
coupled to W, low regularity can be expected for S also as a function of .A. However, it
will be convenient to have maximal regularity in .A and this can be achieved by looking for
the solution to (4.3) in the form

SEE) =w 4+ AT (), 8) (4.4)

where X is the conjugation constructed in §3. Equation (4.3) implies the following
equation for X*:

AX () + XE(W, £)) = X(AV) + XYE(AY, LEW)E) (4.5)

where £ = £ o X and the previous problem is clearly not present. Indeed, we will show
that (4.5) has a solution X'* that is analytic in f and in & as well.

To state the main result of this section we need to introduce the space where (4.5) will
be solved. Let Dy be the complex domain Dy = {£ | |§j| < 1,Vi € Qu}. Let B be the
Banach space of maps X : Ty x Dy — (C?)**¥ which are Holder continuous in ¥ and
analytic in & equipped with the norm

1% = sup (nxiuoo + :e<ﬁ/4>ij||Djxi||oo> (4.6)
; .
J

where D = (§j, a,gj) and the infinity norm is intended in both ¥ and & for ¥ € 7y and
& € Dy. The following proposition describes the local stable and unstable manifolds.

PROPOSITION 3. There exists an ¢ > 0, independent of N < oo such that given f € O
with || f|| < € the local stable and unstable manifolds W* (W) are given by real analytic
embeddings

ST Dy - RHW.
S$ are translation-invariant: S;'I_Eq, (1i§) = S$ (€) and are given by (4.4) with X* € B and
1X% = A&l < Cll flloo-

Moreover X* are analytic functions of f in the ball || f ||lso < € of the Banach space O.
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To describe the global result let D be the Banach space of C* maps £ from 7y to the
linear operators on R*N equipped with the norm

I£]| = sup (Z ePIOI| Lijlloo + ) ePIK ||6k£ij||oo). (4.7)
A ik

PROPOSITION 4. With the assumptions of Proposition 3, the global stable and unstable
manifolds W+ (W) are given as real analytic embeddings

Syt R — RH™
that satisfy (4.5) with L € D and
1€ = Azl < Cllf oo 4.8)
Moreover, Sif can be extended to a complex neighborhood of (R?)SV .

The rest of this section contains the proofs of these two propositions.
We start by separating the linear part in & from the rest in X* (W, £), i.e. we write

XEW, &) = xF(W)E + X5 (P, 8). (4.9)

Observe that x* (W) is a linear map from R®N to Ty7Zy. We will choose as a basis on
Ty 7y the one formed by the vectors e;” and e;r .
The matrix x* (W) satisfies the equation:

AxT (W) — xF AW LT = DF(X (W) x T (D). (4.10)

From now on we will consider explicitly only the unstable (4+) case and drop the +
superscript. Identical considerations hold for the stable manifold. It is easy to see that
(4.10) alone cannot fix uniquely x and L. In fact if the pair x (¥), L(V) is a solution of
(4.10) then, given any non-vanishing function/ : 7y — R,

X () =1(W)x(¥), L(P) = I(A—\D)E(‘I’) (4.11)
[(¥)
is also a solution. To resolve the above ambiguity we fix x4+ = Id where the subscript +
refers to the component along the unstable directions and, with a slight abuse, we denote
the — component y_ by x. Thus x is now an Qy x Qu matrix. Writing the matrix
HY) = DF(X(¥)) in the & basis as

DA= (AﬂiIiH** A+1IZ++ H) 4.12)
it follows that
Ay +Hyy +Hi_x (W) — L(V) =0, (4.13)
H_ L+ (Ajrl + H__)x(¥) — x(AW)L(¥) =0. (4.14)
Now setting )
LV) =AL1d+ L(P) (4.15)
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we can solve (4.13) for £(¥):
L(W) = Hyy + Hyx (V) (4.16)
and substituting this in (4.14) we get
Tix(W) = H__x(¥) + H— — x(AV) Hyy — x (AW Hip x (W) = F(x, W) (4.17)
where T is the operator
(T1)(¥) = Ay x (AP) — AT X (¥). (4.18)
We solve this equation in the Banach space D with the norm equation (4.7). The inverse

of T is given by

oo
T x(W) =) A" 'y (A7) (4.19)
n=0
from which follows that T is a bounded operator in D. Note that due to the extra
power of Ajrl compared to (3.5) we could work in C'. This gain is not useful because
F(x,¥) e C“.
The solution of (4.17) proceeds analogously to what was done in the previous section.
Writing it as x = Tl_lF(x) we show the right-hand side is contraction in || x| < Cep.
This follows in a straightforward fashion using the following lemmas.

LEMMA 1. D is a Banach algebra:
lxnll < 20 x inll. (4.20)

Proof. The claim follows from the simple estimates
> PP Gyl < D PR gl < il @.21)
J jl
and in a similar manner

3 Bl g ()

jk
< Z(e(’s/z)‘i_k‘lak)(illImjl + e(ﬁ/z)li_”|Xil|e(ﬂ/2)|l_kl|aknlj|)
ikl
<2xMlnl. (4.22)
O

LEMMA 2. Fori, j = & we have H; j € D.

Proof. Note first that from (2.3) we get

|0 Fi(P)] < CIlf lloge™ K (4.23)
and
|01k Fi (V)] < C| f [|soe IR (4.24)
for ¥ € R. It follows that
BkH ()| = | Y Tl xSk Xa(W)| < Ca™ || fI|3 e~ P/PIH. (4.25)
1
These are summable when multiplied by the exponential factors in our norm. a
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We can summarize the above discussion in the following proposition.

PROPOSITION 5. There exists an € such that given f : R — R with || fllee < &, (4.10)
has a unique_solution x = (I, x=) with x— € Dand || x-|| < C|lflloo- L is given by
(4.15) with | L|| < C||floo. Moreover x and L are analytic in f in the ball || f oo < €.
Let us finally consider the remainder X in (4.9). Using (4.10) we deduce

X(AY, L(V)E) — AX(V, £) = G(V, £, X) (4.26)

where
GV, & X) = F(X(W) + x (W)€ + X (W, §)) — F(X (W) — DF(X (W) x (W)E. (4.27)

Let T, be the operator

ToX (W, £) = X (AW, L(W)E) — AX (W, £). (4.28)

Thus we need to solve the equation

X =T5'G(X) (4.29)
in the Banach space B with norm given by (4.6). First we need to control the inverse of T
given formally by
o0
(T, ') (W, £) = ZA”/'\?(A’”’]\I/, L(W)E) (4.30)
n=0

where L V) = ]_[?;11 L(A™'W). Recall that X vanishes at £ = 0 together with its first
derivatives, i.e. we want to solve our equation in the closed subspace By of 55 of functions
with this property.

LEMMA 3. The map
F: X > AXA™ "W, L(0)7 e 4.31)
is a bounded map from By into itself with norm strictly less than one.

Proof. From £ = Ay + L and |£| < C| f|loo We infer that if £ € Dy then L(¥)"!£ €
pDy with
p= s —Clflle) "
Hence by a Cauchy estimate, taking into account that X' (W, &) vanish to second order for
& =0, we get
IFX; lloo < A i lloo
for A = A4 p? < 1 provided || f || is chosen small enough.
For the second factor occurring in the norm equation (4.6) we write

D PV DA (AT, L(9) T E) oo
J

< p? ALY PG H W, ) o
J

+0 Y ePIR5 (L) T Dkllooe PP 0 B(W, £) oo
k.1j

+p Y eBPRTN L) T jllooe PP IM g KW, £) [0
j.k
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where the factors p2 and p come from a Cauchy estimate on pDy. By the definitions of
the norms (4.6) and (4.7) the sums may be bounded by

(P2AY 4+ plLCw) MDA

and since
L) < Ay = Cllf o)™

the claim follows with || f] small enough. O
Hence T, has a bounded inverse in By as long as y < 1.

Next we turn to the study of ||G||. Note that G is well defined: the argument of F in
(4.26) is in its analyticity domain if C|| f||coc < . Moreover, we want to prove that

1G] < Clfllocl Xl I1GX) = GO < ClifllocIX = V| (4.32)

so that we can conclude our proof, invoking again the Banach fixed-point theorem.

To prove the above estimates we must bound both the derivatives in & and the Holder
derivative in W of G. It is easy to see that the £ derivatives bound follows easily from
Cauchy type estimates like (4.23) and (4.24). To bound the Holder derivative in W we
observe that for both of the above estimates it is enough to study the first term in the
definition (4.27) since good estimates were already proven on the other two terms while
proving the existence of X and x. To this end, using H(¥, X) = H(X(¥) + x (¥)& +
)E(\IJ, £)), we can write

H; (P, .)E') — Hi(¥ + Sy, A_’)
1
= Z/ dt OH; (V) - (vj,k + (X (¥ +v5) — X(¥))
— Jo

+ (X (W +1j)E — X (W)E) + (X (¥ + vj, &) — X(¥, £))), (4.33)

where we have set

W' =tk (X (P 0)) 4 X (P 08+ (U 405, 6)+ (1 =D (X (9)+x (9§ +X (W, §))
(4.34)
and proceed like in (3.10). The second inequality follows from

HW, &, X) — H(V, £,))

1
= /0 dt F (W + X (V) + x (WE +1tX W) + (1 = H V(W)X (P) — V()
(4.35)

and again we can conclude like in (3.12). By the Banach fixed-point theorem we get
a solution of (4.29). Combining the solution of (4.10) and (4.29) we obtain a proof of
Proposition 3.

To prove Proposition 4 note that the analyticity domain of X in £ is independent of W.
Equation (4.5) implies

XU, 6 =AXA' W)+ x A7, A7) le) — X (v) (4.36)
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so that by Lemma 3 the right-hand side provides analytic continuation of the left-hand
side to pDy with p = (A4 — C| flleo). Iterating this formula n times we expand the
domain of X'* as long as X (A~'W) + X*(A~1W, LT (A~1W)~1&) is in the analyticity
domain of A. Since A = A + F the imaginary part of X may expand each step by a factor
A4+ + Cep. Hence, for Re é € p, Dy with p, = (A4 — C1e0)", we can take Im& € r, Dy
with r, = (A4 + Cae9)™". Thus X7 is analytic in £ in such a neighborhood of RSN,
Furthermore, since Wz (W) = X 7(W; (¥)), as follows immediately from the definition
of the unstable manifold, the continuity of X and density of W(;r (W) imply that W;f[(\IJ) is
dense in 7y.

5. The SRB measure

The SRB measure is constructed in a standard way using a Markov partition. Since we
want to have a construction uniform in N and also keep track of analyticity properties
in that limit we cannot refer directly to standard constructions. However, we assume the
reader is familiar with the various standard definitions concerning Markov partitions and
thermodynamic formalism and will use them freely without comment [R78].

Let O = {Qi}1,...m be a Markov partition of the two-torus T corresponding to the
linear map A. We recall that the Q; are standard rectangles in R? with sides parallel to the
vectors e*.

Let Sy = {1,...,m}*. Then Q = {Q,}sesy Where Qs = Xicqy Qs is a Markov
partition for A acting on 7y and

Q= {Qlsesy, s =X(Qy) (5.1

is a Markov partition for A.

As usual, a Markov partition allows us to conjugate A to a subshift of finite type on a
symbol sequence space. Let y = SI% and denote its elements by 0 = {o;};cz Where
o; € Sy is written as 0; = (0;(j))jeqy- The fact that Q is a Markov partition implies that
the set

Plo) =) A"(Qs) (5.2)
ieZ
contains at most one point. Let Xy be the set of all o such that P (o) contains exactly one
point (we will call this point P (o) with a small abuse of notation). The Markov property
of Q and the way we constructed it imply that there exists an m x m matrix M with
M;; € {0, 1} such that o € Xy if and only if My, (j),0;,,) = 1 foreveryi € Zandj € Qy.
We equip Xy with the metric

d(o, o'y =Y 27106, (G) — o/ (). (5.3)
ij
PROPOSITION 6. The map P : Xy — Ty is given by Py = po 1_j where p : Xy — T

and
|p(o) — p(a")| < Cd(o,0")"

for a suitable Hilder exponent 1. Moreover, P conjugates A to the shift T on Xy, where
(To)i = 0i-1.
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Proof. Let Py(o) be the map associated with A. It is clear that Po(c) = pg o 7—j and
that po depends only on the value of o at the origin o of Z¢. For this map the time part
of the estimate is a simple consequence of the hyperbolicity of A. Our theorem follows
immediately from the fact that P(c) = X (Pp(o)) and the Holder continuity of X proved
in §3. O

Observe that if we consider the metric on 7 given by
dw, ') = 27w —w), (5.4)
J
then P is a Holder function from ¥ to 7.
The SRB measure is constructed in the standard fashion by studying the Jacobian of the
map A restricted to the unstable foliation. Recall that the local unstable manifold at W is

given by the embedding (4.2). We will use as a basis of the tangent space T W (¥) the
vectors ng, Jj € Qu. In this basis the Jacobian of A restricted to the unstable foliation is

given at the point W by det £(¥). Thus, let us define
AT(W) = —log det(AT' L(X 7' (W) (5.5)
where the constant Ajrl was inserted for later convenience, and let
ht (o) = AT (P(0)).

PROPOSITION 7. AT and h™ can be written as a sum of local functions as follows:

)= AMmw) (5.6)
iEQN
and
ht(e) =Y h(zo) (5.7)
iEQN

with A and h Hélder continuous with constants uniform in N. Furthermore,
M) — A(W)| < Cl fllood (¥, W')" (5.8)

and

|h(o) = h(a")| < Cl fllocd(a, a")". (5.9)
Proof. Writing

AT(W) = Trlog(1 + L(X (¥)AL") =Tr Z ( ll)t E(X(\Il))z

we can define

DY (L(X (W 0,0
W) = Z(Z)(( (¥))")

N
i=1 AL
From Lemma 1 and Proposition 3 we get |[A(V)[lcc < Cllflloo and [|§iA(V)]leo <
Ce~ B/ £l o from which (5.8) follows immediately. Equation (5.9) is an immediate

consequence of (5.8) and Proposition 5. a
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The SRB measure of our system will be given in terms of a Gibbs state on Xy. Let m
be the maximum entropy measure on Xy and let us define the ‘Hamiltonian’

T
Hr(o) = Z Wt (o). (5.10)

i=—T
Moreover we set
1
il (do) = — e in(do) (5.11)
Zr

where Z7 = [ eHT dm.
PROPOSITION 8. The weak limits

R R L _
lim —ZAI]{VmN=MNa lim &7 = jan
=l T—o0

n—oon
exist and uy = Ppy. Furthermore, uy and [iy converge weakly to measures (. and fi
as N — oo and n = Pi.

Proof. For any finite N the maps AT and 4™ are Holder continuous. For instance

AT (P) — AT ()| < Z (7 V) — A(5j¥)| < C(N) supd (¥, 5j¥')"
j J

and the last distance is bounded by C(N)d(W¥, ¥’), as is readily seen from (5.4).
The Bowen—Ruelle theorem [Bo] yields the claim for (1/n) ZZZI A]]‘Vm N-

The claim for 17 can be proven similarly, but let us prove a more general result that
comprises both the T and the N limits. Consider the Hamiltonian

T
Hrn@)= Y > h(zi (o). (5.12)

i=T jeQw

Givena o € Xy let 0" € Xy be defined as 6" (j) = 0;(j) for |j| < n and o/ (j) = 0;(0)
for |j| > n. Write

n(N) n(N)

ho) =h@®) + ) (h(e™) = h@" ™)) =} ha(o) (5.13)

n=1 n=0

and then do a similar telescoping sum in the time directionf for each h" (o) arriving at

h(o) =) hg(o) (5.14)
R
where R are sets of the form {(i, j) | |i| < m, |j| < n} € Z x Qy and hr depends on o

only through its restriction to R. The Holder continuity expressed by (5.8) of 4 implies

lhgl < Cll flloce™4® (5.15)

T Some care should be paid here to take into account the compatibility matrix M. This is a standard construction,
see e.g. [G99].
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where d(R) is the diameter of R. For the full Hamiltonian we get now

Hr n(0) =) hg(o) (5.16)
R

where R are rectangles similar to the ones appearing in (5.14) but centered arbitrarily in
[T, T] x Qx. For the existence of the limit

lim lim ¢""¥m (5.17)
N—>oo T—o0

(in any order, indeed) we refer the reader to e.g. [BK] where it is proven in our set-up
provided that || f]lc is small enough. We should warn the reader that standard high-
temperature expansion methods cannot be used when the interactions have a decay as in
(5.15) where only the diameter of the set R occurs (one needs the volume of R). See [BK]
for a discussion of these subtleties.

Finally we have to prove that limy_, o uny = . To do this one can use the symbolic
map P. Some care should be paid to the fact that P is not one-to-one. Indeed the points on

the set
oo
Q= J o2
n=—oo s
have more than one symbolic representation. Hence we need to show that for every s and
N we have uy(0Q;) = 0. For N < oo this is evident while for N = oo it follows from a
standard argument [JP].

6. Decomposition of the SRB measure

6.1. Coordinates on rectangles. In order to study the projection of the SRB measure on
finitely many tori we need to express it in terms of our parameterization of the stable and
unstable manifolds constructed in §4. To do this we will introduce new coordinates on the
rectangles Q. For W € Qj let

WEW) = wEWw) N Q. (6.1)

Let us fix an arbitrary point v; on each basic rectangle Q; of the 2-torus. Observe that
Q; = U; x S; where U; and S; are segments in the direction of e™ and e~, respectively,
containing ;. We set W, = (Usi)jen € Qs and call ¥y = X (W) the center of Q.
From the fact that Q; is a rectangle we know that for every W € Q; there is one and only
one W' € W, (W) such that ¥ € WS+ (¥’). Hence there exists a unique £~ € RSN such
that ¥’ = Sy, (67) and a unique g7 € R such that W = S, (¢%). Thus we have a
one-to-onemap ¥ € Q; — (§7,¢& ) e RSN x RN whose inverse we will, with slight
abuse, denote by WV (67,5, 1), i.e.

N g— +
WNE gD =S @, 62)
W can be viewed as a continuous map My — 7y where My is a compact subset of
Sy x R®N x RN given by

My ={(E", 5, 6D s eSn, " €In(),§7 € In(s,€7)) (6.3)
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where
In(s) = (Sy.)~" Wy (W) (6.4)

and
INGs, E7) = (SEHT' W), W' =5, ). (6.5)
Denoting the points in My by m, we have by translation invariance (see Proposition 3)
N (m) = Wl (z_im).

It is easy to see from the properties of the maps Sif that there exists an r independent of N
such that My C Sy x CN x CN = My where CY is the cube of side r centered at the
origin of RSV

Setting C> equal to the r-cube in R®? and giving it the topology defined by the metric

d &)= 275 - g (6.6)
j
and Soo = {1, ..., m}® with the metric
d(s, sy =" 27WsG) — 5" (6.7)
j

we have that C2° and S, are compact metric spaces. We can view M as a compact subset
of M.

The following proposition summarizes the important properties of the function U,
PROPOSITION 9. There exists an r such that WY can be extended to a function from M N
to T, still denoted by WV, For everys € Sy, WN (67,5, &) is one-to-one from CN x CN
into its image. Moreover \I/(])V converge as N — oo uniformly to a Hélder continuous
function V. Finally, for each (£, 5), Wo(€ ™, 5, ET) is analytic in £T for |Im&j| < 1.

Proof. The extensions follows from the fact that £ and £~ are global coordinates on the
unstable and stable manifolds. Moreover the image of C¥ x C under W¥ is close to Qy
for every s, from which the one-to-one property follows.

The regularity property in & immediately follows from Proposition 1 while the
regularity in s is a consequence of the construction of the center Wy, see definition after
(6.1). |

Let us spell out the correspondence between the coordinates (67,s,£7) and the
symbolic representation. Define
Cs ={oloo = s}, (6.8)
i.e. the set of all the sequences o that agree with s at the position 0. On C; we have
. + . .. . .
coordinates o+ € Sj% = E?\E] where Z* are the strictly positive (negative) integers and

(cr_,cr+) o Vsvat

is one-to-one X X E; — Cy. Clearly P(Cs) = Qg and given a point 6 € Cg with
P(6) = V¥ then
W (W) ={P@GE",s,.0M)ot € T},

6.
Wy () ={P( ,s,6")o~ € 3} 69
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Now the map ®y given by
On(o) = Wy (P(o)
gives the desired correspondence between the two coordinate systems.
6.2. Decomposition in finite volume. Our goal is to find a representation of the SRB
measure in terms of the coordinates (£, s, £€7). Let us define
VN = OnfN.

We will decompose the measure fty in a convolution of different probability measures
and then discuss their image under the map ® . Since the volume N is kept fixed in this
subsection, we will omit it in the notation. Recall that & = lim7_, o [LT with

1
il do) = —e"" O m(do).
Zr
Write 0 = 0~ Vs V o and decompose the maximum entropy measure as
m(do) = m(do~|s)m(do¥|s)b(ds) (6.10)

where i (do®|s) is the measure /% on Z}j\; conditioned on s and b is the counting measure
on Sy. Similarly decompose the Hamiltonian

Hr(o) = H} (o) + Hy (o)

into terms depending mostly on the 6 or o ~:

T T
Hf (o)=Y h*(t'o), Hy(o)=) ht( o). 6.11)
i=1 i=0
Define on EIT] the probability measure, depending parametrically on s and o ~:
1 +(o— +
~T +y H Vm 3+
s g-do™) = e @VsYo i (do T s) (6.12)
where
ZT(s,07) = /eH+<“‘VSV“+>n'1(da+|s). (6.13)

Letos = 0, Vs Vo, be the symbolic representation of the center W, of O and set
Ir(o)=H; (0) — Hy (6~ Vs Vo).

We can then write our measure as

il (do) = eIT(“)ﬂio,(d0+)ﬁZ (do")b(ds) (6.14)
where
7 - .
il (do™) = %eh’r @ VsVo) m (do |s). (6.15)
T

The following proposition characterizes the images under ® of “sTa— , il and Ir.
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PRrROPOSITION 10.

(a) The limit fi5 s = lim7 0o /15:0_ exists, and Vs g~ = O 5- is the normalized
Lebesgue measure |Jy (s, €7)| "V deT on Jy(s, £7) where £ is given by ©(c~ Vv
sV O’S+) = (¢7,s,0) and |Jn(s, E7)| is the Lebesgue measure of Jn (s, E7).

(b)  The limit iy, = lim7_ ﬁsT exists, and vy = Oug is a positive Borel measure of
finite mass on Iy (s).

(c)  The functions Iro®! converge uniformly on My to a Holder continuous function
T, s,EY). The function Z(E~, s, &) can be extended to a Holder continuous
function M N-

Proof. Since these claims are rather standard we will be brief.
(a) Let

T T
Hr(o) =Y h(t'o)+ Y h™ (7o)
i=1 i=0

where 1~ (1 7'0) = A~ (P(0)) with
AT (W) = —log det(AZ L7 (XL (w))). (6.16)

Define the measure

1 —
il (do) = Z—e”ﬂ‘”na(do)
T

and its image 7 = ©n’. Itis well known that b = lim7_.», b’ exists and is absolutely
continuous with respect to the Lebesgue measure with a continuous density. Thus, its
restriction to Qy is given in the & + coordinates as

Us(dET, dET) = gs(ET,ET)dET dET

with g continuous.
On the other hand, we may decompose v as we did i above and get

B(det, de™) = LETIE Dy (g (dET)

for some Borel measure vs and continuous Z. Hence we conclude that Vg ¢— is absolutely
continuous with respect to the Lebesgue measure on Jy (s, £7):

Vs g-(dET) = fi g~ (6T)dET

where f; - (§ *) is continuous in all variables.
Let now A, be the map A restricted to the unstable manifold. We get then

(Auvy ) (@E) = det( LT (W(E, 5, )7 fie-(E1) dgf, (6.17)
where A(W(E™,s,£T)) = ‘I-’(“;:l_,slaé]—i_)'
From the definition of jis ,- (6.12), one concludes that T - = z(s, af)eh+usl)af

where we have set to = o7 and z(s, 0~ ) = lim7r o0 Z7—1 (s, cr’)Z;1 (s,07).
From this it follows that

(Auvg e-) &) = 2(s, ) det(LT(W(E ™, 5, 6N fre- (&) de; (6.18)
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so that we have fS1,Ef($1+) = Z(s,é_)fs)é_-f@*‘). We can now fix s, &~ and choose

S—n, &2, and J_, C J(s—,, EZ,,) so that A maps J_, bijectively onto J (s, £ 7). It follows
that

foe €N =126 8701, e €D
i=1

with an € J_,. By expansiveness of A, the intervals J_, shrink exponentially and the
right-hand side of the above equation converges to a £ T-independent limit. Clearly this
limit is fixed by the fact that v ¢- is a probability measure.

(b) In statistical mechanics terms g is the Gibbs measure for spins ¢~ in the
half-space of negative time, with s V o™ as boundary conditions in non-negative times.
The T — oo limit then follows from exponential decay of interactions guaranteed by the
Holder property of ™.

(c) We have

T
TE.s.67) = lim 3 aF (AT (WY E 5. 67)) = F AT WV E5.0)). (6.19)
i=0

By Holder continuity of A+ the summand is bounded in absolute value by
CNdAT (WM E 5,67, AT (WY (E 5.0 < C(N)27™,

Hence the limit as 7 — oo exists. The extension follows immediately from the
representation (6.19). O

To summarize, the SRB measure for Ay in the m = (§7, s, £7) coordinates can be
written as
det

—_— 6.20
|J(s,§7) ©20)

v(dm) = ™1 e (EDb(ds)vg(dET)

6.3. Decomposition in the infinite volume limit. 'We are interested in the limit as N —
oo of the above measures but to study the projected SRB measure we will decompose vy,
extracting from it a finite-dimensional part £y, of the unstable coordinate £+. Thus let us
fix an integer M and for N > M write R®N = R®M x RN\2m and £+ = (&), &1)
accordingly. The actual value of M we need to study the projected SRB measure will be
fixed in the following section. We can rewrite (6.19) as

T
InGm) = lim 3 GFAT WY E 5. 60) = AT AT N E s 0.69))
i=0

T
+ fim 3 OF AT N E s 0.60)) — AT AT WY ET5.0))
i=0

= JIn(m) + Kn(m") (6.21)

where the triple (67, s, £1) was denoted by m’. Let M/, be the set of all m" = (£, s, £1)
such that (£, s, &1, £y) € My for some &y. Clearly M}, C Sy X C;N’M = /T/l\}, where
C;N’M is the cube of side r in R$N/¥  Given §J- € C,N’M, we set

{Em | (Em, ED) € In(s, €)Y = Iy(m') c ¢ (6.22)
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while, given )y € C f’l , we set
(g1 1 Em D) € InG, ET) = (s, 67, &) < CN M. (6.23)

Finally, let the projection of the set Jy(s, £7) to the éL—direction, ie. to RSN\ pe
denoted by J ﬁ (s, £7). Clearly we have

I &= | JnG. & Em)

EmeCM
We may then rewrite the SRB measure (6.20) as
N (dm) = pn (dm')9 (dEn), (6.24)
where
det

on(dm') = e/CN(m)1Jﬁ(s)g_)(fl)b(dS)VNs(déi)m

oN dey) = eIV (En) dEn.

Clearly for every finite N and every continuous function 7y on My we can write

/ Ty (myvy (dm) = / pw(dm') / 9 (dy) Ty (m).

We now want to show that we can take the limit of this identity.

PROPOSITION 11. There exist a bounded Holder continuous function J on M, a Borel
measure p(dm') of finite mass on M’ and a Borel set J(m') in CM such that given a
continuous function T on M, we have the decomposition

f T(m)v(dm) = f pdm') f By (dEry) T ()

where
O (dEar) = €7 ™1y (Err) dEp.

Proof. We show first that the functions Jy converge to a bounded Holder continuous
function on M. For this observe that

AN ET s E) =AY E s, (0,60)
=Y @YV E s ) = @YY E s, (0,E0)). (6.25)

iEQN
By the Holder continuity of A (5.8) we have

@GN ET, s, 7)) — A@mEV(ET, s, (0,61)))]
< Ced(m¥N (™, 5, 1), ¥V (7,5, (0,61)))

< CS<22—1'|iji(s—, 5,60 = WE s, O, sim)
J

14
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From the regularity property of W at fixed (s, £7) we infer
W (6705, 8F) — W (6715, (0.67))] < Cemeditieam (6.26)

so that
N ET, s, 7)) — ATV (ET, s, (0,65))] < Cue (6.27)

uniformly in N. Observe finally that from (6.27) we get
AT N E, s, 60)) = AT AT WY ET, s, (0,65))) < Cue e (6.28)

because \I/N(é_,s, (O,él)) and \I/N(E_,s,§+) are on the same leaf of the unstable
foliation. Convergence follows from convergence of A, A and WV, o

We will next prove that the masses of the measures py are uniformly bounded, i.e. that
pn (M) < C with C independent from N.
The set Jy (s, £7) can be written as

InG. &) =[] Ini(s.67)

iEQN

where
Ini(s, €)= {7 | N (m) € Uy}

where U; is the interval spanning the unstable side of the rectangle Qg of the Markov
partition of the linear map A. Moreover Y¥(m) = X '(WN(£~,s,&T)) is a Holder
continuous function such that |3¢,, YiN (m)| < Ce=Pll,

Let us define the functions (RT(¢1)); = Ciié,fiL where the CijE = 1+Ce~lll for suitable
C and w. We can then define the two sets

Ky(s,§7) = R*(Jy (5,57, 0)).
From the property of the function Y it follows that, for suitable C and w we have

Jn(s,E7,6m) C Ky(s,67) forevery &y € CM,
Ty (s, €7, Em) D Ky (s,£7) forevery &y € CY,.

From this it follows that
/e’CN(m/)leL](S)E_)(él)déL S/eICN(m’)lK;(S)g_)(gl)d%.L
/eIN(m)le(s,E_)(§+)dé+ ze*CJ/e’CN(m/)lK}\_](S’E_)(%‘f)IC%Z(éM)dSLd“;:M.

The following lemma will allow us to compare the right-hand sides of the two above
inequalities.
LEMMA. For &L e CN'M we have |Ky (s, £=, RE(ELD)) — Ky (s, €7, L) < C.
Proof. Kn(s, &, &%) is given by (6.21). We can write

Kn(s, 67,60 =) Kni(s, 67, &),
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We start bounding the term with i = 0. We have
Kno(s, €7, REED)) — Kno(s, €7, 65))
< TN ET s (0, RTED)) — AT (WY EL s 0.60))
<Y @YY E, s 0, REED)) —A@¥V(E s, 0,65 (6.29)

We may now proceed as after (6.25), replacing (6.26) by
W (675, (0, REGED)) — W (67,5, (0,67)) < Ceme ikt gmel
and bounding (6.29) by Ce. As in (6.28) we obtain that
KCni (s, 57 RE(ED) = Knis, §7, 60 = Ce™ Ve,
which yields the claim. O
Using the above lemma it follows that
felCN(m/)ljﬁ(s,E*)(éL)dsl e
feIN(m)le(s’%_,)(é+)d€:+ -

The boundedness of the measure py (dm’) follows from the above estimate and the fact
that v(dm) is a probability measure.

Let T (m) now be a continuous function on M. Form € M define Pym € M to be the
point that coincides with m on Qy and is extended periodically outside Qy, i.e. Pym is
also in M ~; see comment before (2.4). Set Ty (m) = T (Pym). The continuity of T and
the weak convergence of vy imply

/T(m)v(dm)leim /TN(m)vN(dm).

Decomposing as in §6.2, we get

[ ramvam = gim [ onsnaae [oe- @

with
T(m) = X" 7T (m)
and
det

UN,s, 6= = TN m 1JN(s,§—)($+)m-

By the weak convergence of both measures,
[ ramvam = [ basyias) gim [ oy gt Tvom.
N—oo
We can rewrite the last limit as

lim /VN,S,S*(d§+)%N = lim /pN,s,S*(dgL)gN(m/)
N—oo N—oo
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where
gn(m') = / 1y oy En) Ty (m) dEng.

Now let

K= () [Ivea): (6.30)

N>K ieQn/Qx &

i.e. we take the union over N > K and m’ such that Pgm’ = Pxgm’. Note that JX (m’)
depends on m’ only through Pgm. Set

Ky = / 1k oy &) T (m) dEpg.

By compactness there is a subsequence of the measures pp ¢~ that converges weakly
to some p, z—. Moreover, gK (m’) are bounded measurable functions in C ,K , hence they
can be approximated by continuous ones on sets whose complements have arbitrary small
Lebesgue measure and thus arbitrarily small py ; ¢- measure, uniformly in N. Hence we
get the limit

tim [ oy @€ o) = [ o ey o
We need to estimate
f P56~ dED) ((gn (m) — g% (m')))
= f PoN.5e- (dEL) - / Ly oy ED T () = 1k (o ED T X (m)) dEpg.

By continuity of 7', we have that ||fN - TK loo = 0as N, K — oo. Thus it suffices to
show

/pN,s,E—(dél)/(IJN(m’)(";:M) - le(m/)(SM))fK(m)déM (6.31)

tends to zero as N, K — oo. Since Jy(m') C JX(m’) the difference between the
characteristic functions is non-zero only if there exists a j € Qy and m’, m’/, with
Pgm’ = Pgm’, such that

Yi(Pnm', Em) ¢ Uy,
Yjon', En) € Uy;.

Moreover, on the support of py s s~ we have
Yi(Pym', én) € Uy
for some &j;. Recall that Yj(m) = §j+ + €j(m) and for K > |j| we have
|&(Pym’, §3) — €0, Er)| < Cee™ KD
and for |j| > M

lej(Pym’, Ey) — €j(Pym’, Exp)| < Cee U=,
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Thus we may conclude that (6.31) is bounded by Ce=“X and therefore
lim / PN.ss-(dED)gn(m') = lim / ps.e- (€)X (m).
N—oo K—oo

Since Pg41m’ = Pxyim’ implies Pxm’ = Pxm’ we get JK+1(m’) ¢ JK(m’). Defining
the measurable set

Jm'y =I5 ")
K
we get by dominated convergence

lim g (m') = f 1y Ex) T (m) dépy

K—o0

whereby the proof is completed. g

7. The projected SRB measure

We now turn to the study of the projected SRB measure and to the proof of Proposition 1
and Theorem 2. We work with general N < oo and suppress the N-dependence if no
confusion can arise.

Recall that Wy : M — T is the projection to the torus at the origin of Q expressed
in the (£, s, £T) coordinate representation for W. W is continuous on M and for fixed
s, £~ is real-analytic in £+, Let T () be a continuous function from T to R and M < N
to be fixed later. By definition of the projection and Proposition 11,

fTT(l//)P*M(dI//) =/T(‘I‘0)M(d‘1‘)=/p(dm/)/d$M T (Wo(m', m))a(m’, &m)

(7.1)
where we set
a(m'. &) = 7™ 1wy En). (7.2)
Let w,, (dv) be the image under Wy of the measure [(m’, Ey7) = a(m’, Epr) déy, ie.
o (A) = 1(Wo(m', )71 (A)).
Then (7.1) may be written as
| renpuan = [ oan) [ om@nrw) (1.3)

and we need to study next under what conditions the measure w,,’ is absolutely continuous
with respect to the Lebesgue measure on the torus T.

In the & coordinates of T we have g = (Y, ¥ ™) with T = & + O(e). It will
be convenient to change coordinates on M by solving &y in terms of ¥ . Thus write
&Ev = (%0, &) and let f,,¢ be the inverse of §y — Yt (m’, &), ). Then the map V¥ o fve
provides coordinates (m’, £, ) on M and in particular we get for ¢ = ¥y o Sve

pm' &,y ) =WF YT’ &) (7.4)

where 1/~ is continuous in ' and real-analytic in £, ¥+. The measure w,, is the image of
ao fyve dy™ d§ under the map ¢. Our objective is to show that provided a non-degeneracy
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condition is satisfied wy, is absolutely continuous with respect to the Lebesgue measure
dy+ dy~. Since a is bounded it suffices to show ¢ (dy+ d&) is absolutely continuous.
Clearly, the absolute continuity fails if the function ¢~ in (7.4) is constant in &.
This turns out to be both a necessary and a sufficient condition, as we will now set out
to prove.
Let & = (¢1,&) sothatm € M is givenby m = (£, 5, &, ¥1). For a multi-index
n = (nj)ie\o denote by |n| := > |ni| and by supp n the set of i such that nj # 0.

PROPOSITION 12. Suppose that for some m € M, there exist integer k > 0 and a
multi-index n # 0 such that
a{;,+ PP (m) # o. (7.5)

Then for every m € M there exists k(m) > 0 and n(m) # 0 such that (7.5) holds.
Moreover there exists an integer M such that we may assume supp n(m) C Qp and
In(m)| < M for all m.

Proof. Suppose for some m no such k and n exist. By real analyticity of ¢ in ¥+ and
£ this means ¢(£~, s, £, Y1) is constant in £ for all . Going back to the coordinates
(§7,5,&™) we infer that the rank of the map Dg+Wo(§7, 5, §™) is one for all £ on the
domain. Since the map £+ — Wo(£7, s, £T) equals the projection P to the origin applied
to the embedding S$, given by Proposition 4, with W' = W (£, s, 0), it follows that the
rank of D§+PS$/ (¢1) equals one for all é* € R¥. But the image of R® under S$, is
dense in 7 so by continuity the rank equals one for all ¥ € 7. This in turn implies that
¢, s, &, 1) is constant in £ for all s, £, v, i.e. the condition (7.5) holds nowhere.
This takes care of the first claim.

The second claim is non-vacuous only for N = oo. Thus suppose for all m € M,
k(m) > 0 and n(m) # O exist such that (7.5) holds. By continuity it holds in a
neighborhood of m with the same k(m) and n(m) and thus by compactness of M we
infer the existence of M < oo. g

We continue now the study of the measure w,,, supposing the condition (7.5) holds.
We choose the M in (7.1) as in Proposition 12. Given a point m = (m’, £, ¥7T) let us fix
k(m) to be the smallest of the k satisfying (7.5). Then we may write, for (£, %) in some
neighborhood U (m) of the origin,

Yo EHE T YD) — YT E P = D e €y
with f real-analytic in (£, Y1) and f(m’, £, 0) a non-constant function.

LEMMA 4. There exist a neighborhood V (m) of the origin in R®*M such that the image
of the Lebesgue measure under the map F : V(m) — R? given by (£,yF) —
(W, WH Fm', &, ¥T)) is absolutely continuous with respect to the Lebesgue measure
in R2.

Proof. See Appendix A. O

By compactness we may cover J (m’) by a finite number of such neighborhoods and
conclude the absolute continuity of w,, for each m’:

o (dV) = o (V) dy
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with w,, () non-negative and integrable. Thus (7.3) becomes
/T T ()P u(dy) = /,O(dm/) /T o (YT (Y) d. (7.6)

Since, by construction, f wpy (Y)dy < C for all m" we can conclude, by the Fubini—
Tonelli theorem, that P*u(dv) = n(¥) dy with n(y) = f p(dm"Yw,y (¥) in L1(T).

We will now turn to the proof of Proposition 1, i.e. we will characterize the systems for
which the projection is singular.

LEMMA 5. Suppose (7.5) is violated. Then the unstable manifold is a product of curves
WH (W) = Xjcq %i(V)
where yi(¥) : R — Tj is an embedding to the torus ati € Q2.

Proof. From the proof of Proposition 12 we know that the map DPS\‘; (&) has rank 1
for every & € R®N. Thus the vectors vj(V¥, £) = 8giPS$ (€) € R? are parallel. Since
vo = (0, 1) + O(ep) # 0 there exist functions Aj (W, &), real-analytic in £ € U, such that

Vi = AiVo. (7.7)
Let P be the orthogonal projection in R**¥ to the unstable space ET of Ag and let
fo =PTs].

Since Sjl,' is a real-analytic embedding in RV and P is one-to-one on the image of
Sjl,' we conclude that fy is a real-analytic diffeomorphism of R®~. Let us change the
parameterization of W (W) using fy, i.e. let S(E = S(E o qul and v; = 8giPS$. Then

P56 =¢
and hence P*3; = §jo. On the other hand, by (7.7)

B = 0P8 =veo f5' D Ao qulagiquj‘.
J
Thus, combining these identities with PTv, # 0, we infer that Zj Ajo f ~13, fj*] =0.
Therefore v; vanishes identically for i # o. Hence PS’$ (&) depends on & only through &,.

Let 7; for i € Qu be the translation (1;W); = Wi and on & similarly. Then
P;Sy(€) = PS},(ni§). Therefore, PiSy (§) = yi(V, &) for a y; satisfying the claim
of the lemma. O

Denote by O = X (0) the fixed point of A. Observe that, due to the periodic boundary
conditions, all components of O are equal to the same value Y. Thus all the curves y; (O)
are identical. Since the restriction of A to the € 7-periodic points of 7 is Ay we may infer
that xo W' (¥0) C WT(O). Thus y;(O) = W;" (¥») and we have obtained

WH(0) = xq W (o). (7.8)

Let A = X' AX where X = xqo X;. Then (7.8) 1rnphes w+ 0) = xj WA (0) where
Wt (W) and W '+ () are the unstable manifolds of the map A and of the linear torus map A.
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Due to the density of WX (0), we get that forany W € 7
WHW) = xq Wi (W). (7.9)

Indeed given ¥ € 7 we can always find a sequence of points W, € Wt (0) such that
lim, 00 ¥, = W. Observe that W (¥,,) = xq Wi ((¥,);) because W+ (¥,) = W+ (0).
Let now Wj‘ (W,,) be the sphere of radius r and center W, in w+ (V). Due to the
continuity of the unstable foliation, it follows that, for every positive r, VT/;" (W,) converges
to Wt (W). This proves (7.9).

Observe now that, for every ¥ = (Ci€i+)ieQ e W+ (0), we have that j(W) = (Ci/ej_)ieﬂ9
where we can write ci’ = At + £i(W) with f defined and continuous on W+(0).
If ¥ ¢ WT(0) we can again approximate it by a sequence ¥,. The continuity of the
map A implies that the limit of f(W,) exists and is independent of the chosen sequence.
Finally, we obtain N

(AV); = AY; + fi(W)ey,

which proves our proposition. a

8. Perturbative characterization of singular couplings

Proposition 1 gives a geometric characterization of the singular couplings. This charac-
terization, however, is not directly testable for a given interaction 7. We want to discuss
here a more practical although less general way to decide whether a given interaction F
is singular. For this purpose we will write 7 = ¢G with G = O(1) and ¢ small. From
Proposition 12 and its proof we get immediately the following lemma.

LEMMA 6. Given G if rank(0, DPS$ (0)|e=0) # 1 then there exists g, depending on G but
not on N, such that for all ¢ < &g the coupled system Ay, given by (2.1) and (2.2) with
F = &G, is non-degenerate.

It is rather easy to compute explicitly d DPS{I,|r (0)]e=o0-
LEMMA 7. Ifrank(agDPS\Jg 0)]e=0) = 1 then d,+ f~(¥) = 0.
Proof. Observe that the first order in ¢ of the matrix dg 8ngS$ (0) is the 2 x 2 matrix
obtained by selecting in the 2Q x  matrix x (), see §4, the rows relative to the + and
— directions of W, and the i,j columns. If rank (9, DPS$ (0)|¢=0) = 1 then for every i and j
we have det(d; g 8ng5$ (0)]e=0) = 0. By the choice of the 4+ part of the matrix x T (¥),
see comment before (4.12), we get that, to the first order, det 0, 8ng5$ (0) = O for every
f unlessi =oorj=o.

Expanding (4.17) at first order in &€ we get that

det(9, 0 BEOPS};(O)lg:o) = (Tl_laerf_)(\ll).

But Tf] is a bounded linear operator, see §4, so that we must have d,+ f~(¥) = 0,
which proves the lemma. O
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A. Appendix

Proof of Lemma 4. Suppressing the m’-dependence and denoting ¥ by v, we need to
study the image n of Lebesgue measure under the map

FE W) = W, v* fE9)

in some neighborhood U of the origin of R? x R. By assumption, we may write for some n

[(2,0) =) agz* + O(z"t)

la|=n
where not all a4 vanish. Thus A(z) := Z|a\:n agz® is a homogeneous polynomial of
degree n that does not vanish identically and so there exists v € RY, |v] = 1, such that
h(v) # 0. Choosing an orthogonal matrix O such that Oe; = v where eg = (0, ..., 1) we

see that we may assume without loss that a(o
defining the function

n # 0. Writing z = (u1, ..., uq—1,s) and

.....

8(‘/’: u, S) = asf(zv W)

we may write
g u.s) = b (Y, u)s"
r
so that in a neighborhood V of the origin of R?~! x R there exists a constant B such that
br (¥, u)| < B".
Moreover

by(0,0) =y #0,
b,(0,0) =0, forr <n.
Choose p > 0 such that
D110, 0)s + by y2(0,0)s% + -+ | < y/2

for |s|] < p. Moreover let D = {s € C | |s| < p}. Then the holomorphic function
£(0, 0, s) has an n-fold zero at 0 and no other zeros in D. Furthermore

ly1
1£(0,0,s)| > 7/)"

for |s| = p. By continuity there is a neighborhood U of zero in R?~! x R such that for

u,y)eU
Iyl
|g(uv 1//7 S)' 2 T}On
for |s| = p. By Rouché’s theorem g(u, ¥, s) has exactly n zeros in D (counted with
multiplicity) when (u, ¥) € U.
Fix (u,v¥) € U and let s1,...,s, be the zeros of g(u, vy, s) with multiplicities
ni,...,ny inD. Then []; [(s — s;)™| < (2p)" for |s| < p. Therefore,
g, ¥, s)
$(s) = Sl
H,’ (s — s
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is analytic in D, has no zero in D, and is bounded in absolute value from below by
vl a7l
20 [@o) = 5

on dD. By the maximum principle

ly|
2n+2

@(s) >

forall s € D.

Fix now ¥ = 0. From the preceding discussion we infer that the function s —
W F((u,s), ¥T) has m(y) < n critical points s; (1) and therefore k < m(yT)
critical values v;”. The function

(W YT) = /ds S — W Fw,5), ¥

is smooth in the complement of these critical values. Let v~ € U; \ ¥, where U; is a
small enough neighborhood of ;. Let s; be a critical point giving rise to the critical value
Y; . Integrating over a small neighborhood V; of s; we get

J

J

sy - WHEf(u, ), 1) = / dsS(W™ — ¥ — (W Hka;(s)(s —s)™)

4

where « (s) is bounded away from zero in V;. Performing the integration we obtain

n @ty =Y a; Lyt T — )
j

where a; is bounded in ¥~ € U; and the sum runs over the critical points s; giving rise
to the critical value ;. Hence, for each ¥+ = 0, n, (¥, ¥ ™) is integrable in ¥~ with
integral bounded by 1. Thus, by the Fubini—Tonelli theorem, it is integrable in (¥, ¥ ™)
and by the same theorem the function

Nt Y = / du ()

is integrable. It is the density of our measure 7 since the n measure of the set ¥+ = 0
vanishes. The claim is proved. a
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