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We consider a generaldimensional quantum system of non-interacting particles
in a very large(formally infinite) container. We prove that, in equilibrium, the
fluctuations in the density of particles in a subdomaAirof the container are de-
scribed by a large deviation function related to the pressure of the system. That is,
untypical densities occur with a probability exponentially small in the volumé, of

with the coefficient in the exponent given by the appropriate thermodynamic po-
tential. Furthermore, small fluctuations satisfy the central limit theorem 2080
American Institute of Physic§S0022-2488(00)01803-X]

I. INTRODUCTION

Statistical mechanics is the bridge between the microscopic world of atoms and the macro-
scopic world of bulk matter. In particular it provides a prescription for obtaining macroscopic
properties of systems in thermal equilibrium from a knowledge of the microscopic Hamiltonian.
This prescription becomes mathematically precise and elegant in the limit in which the size of the
system becomes very large on the microscopic sdaleg not large enough for gravitational
interactions between the particles to be relexardrmally this corresponds to considering neutral
or charged particles with effective translation invariant interactions inside a container and taking
the infinite-volume or thermodynamic lim{TL). This is the limit in which the voluméV| of the
containerV grows to infinity along some specified regular sequences of domains, say cubes or
balls, while the particle and energy density approach some finite limiting vafughis limit
provides a precise way for eliminating “finite size” effects.

It is then an important resu(a theorem, under suitable assumptjoosstatistical mechanics
that the bulk properties of a physical system, computed from the thermodynamic potentials via any
of the commonly used Gibbs ensemblesicrocanonical, canonical, grand canonical, )eticave
well-defined “equivalent” TLs'~3 These free energy densities are furthermore proven to be the
same for a suitable class of “boundary condition&t), describing the interaction of the system
with the walls and the “outside” of its container. When this independence of bc is “strong
enough,” the bulk free energies also yield information about normal fluctuations and large devia-
tions (LD), in particle number and energy, inside regiohshat are macroscopically large but
significantly smaller thai. The restriction td A |<|V| means that we deal here wisemi-local,
rather than global, LD.

The purpose of this note is to study semi-local LD for quantum systems. This seems interest-
ing since the real world is quantum mechanical, with the classical description being an essentially
uncontrolled approximation, albeit a very good one in many circumstances. For classical systems,
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the theory of such semi-local LD is well develop&d.In contrast, for quantum systems, only
results on global LD are availabté *°which are augmented by a theory of normal and anoma-
lous fluctuations for local observabl¥'s!?

In this paper we consider the semi-local LD in the number of particles for the simplest
continuum quantum systems, namely the ideal quantum fluids. Their normal fluctuations will be
shown to be a corollary of our LD result.

A. Classical systems

We begin by considering a classical systemNoparticles of massn in a domain, say a
cubical boxVCRY, interacting with each other through a sufficiently rapidly decaying pair po-
tential ¢(r), e.g., a Lennard-Jones potential. The Hamiltonian of the system is then given by

R !
HINVib)= 50 2 it 5 2, (i) + 2 uslr), (1)

wherep, eRY, r,eV, rij=Iri—r;|, anduy(r;) represents the interaction of tiih particle with
the world outside of the boundary &f. This boundary interactiofiindicated here and in the
sequel byb) is in addition to the action of the implicitly assumed “hard wall” which keeps the
particles confined t&. The dynamic effect of the latter is to reflect the normal component of the
particle’s momentum when it hits the wall. However, sometimes it is convenient to replace it with
periodic boundary condition’$,dropping the boundary term, in (1.1).

For a macroscopic system in equilibrium at reciprocal tempergduaad chemical potential
M, the grand canonical Gibbs ensemble then gives the probability density for finding eMactly
particles inside/CRY at the phase poirXy=(r1,p1,...,fn,Pn) = (Ry,Py) e Tn=VNX RN as

(N1~ th~Ndexp[ — B(H(N,V;b)— uN)]

V(Xn|ﬁiluavfb): E(B,MlV,b) (|2)
Here E is the grand canonical partition function
2= (N!)‘l)\ngeB“NJ dry . drye AR AR = > efNQ(B,N|V,b),
N=0 Vv N=0
(1.3)

andQ(B,N|V,b) is the canonical partition function. We us&", h being Planck’s constant, as the
unit of volume in the phase spa€®, so\g=hB/(27mm) is the de Broglie wave length. The
finite-volume, boundary-condition dependent, grand canonical pressure is

P(B.1|V.D)=(BIV)) " tlog E(B,ulV,b). (1.4)

Taking now the TLV ~RY, we obtain, for a suitable class of bc, an intringic independent)
grand canonical pressupg 8, ). This is related to the Helmholtz free energy densify, p) in
the canonical ensemble, obtained wiirnis replaced byQ 1(8,N|V,b) in (1.4) and the limit is
taken in such a way that/|V|— p, a specified particle density. The relation betwgesnda is
given by the usual thermodynamic formula involving the Legendre transform

p(,B'M):SUF{PM_a(,B'P)]: W(ﬁ!m! (|5)
p
where (3, p) is the TL of the canonical pressure
B d(alp)
7(B,p)=—p? o (1.6)

Downloaded 15 Feb 2011 to 128.6.62.225. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



1226 J. Math. Phys., Vol. 41, No. 3, March 2000 Lebowitz, Lenci, and Spohn

and

_ o p
P(BaM)—@(ﬁ,M) (1.7)

is the average density in the grand canonical ensemble.

At a first-order phase transition— p(8,u) is discontinuous and the left/right limits of the
derivative on the rhs ofl.7) give the density in the coexisting phases. In our discussion we shall
restrict ourselves to values of the paramejend w for which the system is in a unique phase.

We can of course also go from the grand canonical pressure to the Helmholtz free energy density
by the inverse ofl.5),

a(B,p)=suplpu—p(B,u)]. (1.8)

o

Let P(NyeA|V||B,u,V,b) be the probability of finding a total particle density Vh (i.e.,
Ny/|V|) in the intervalA=[n;,n,]. Then, forb in the right class of bc, we hav@lmost by
definition) that

|Imd(ﬁ|V|)7l |Og F)(NVE A|V||B,M,V,b)= SUE[&l(ﬂ,pj-él(ﬂ,M*—,u(F- n)], (|9)
VR ne

werep is given by(l.7). In probabilistic language, this means that, up to a vertical translation,
—a(B,n)—un is the LD functional, or rate function, for density fluctuatiofidote thata(3,p)

may be infinite for some values @f i.e., wheng(r)=o, for r<D, andp is above the close-
packing density of balls with diameté.]

On the other hand, the fluctuations in all\éfare clearly bc and ensemble dependémy are
nonexistent in the canonical ensembénd therefore not an intrinsic property of the system.
Physically more relevant are the fluctuations not in the whole volunheit in a regionA inside
V. Of particular interest is the case whdnis very large on the microscopic scale but still very
small compared t&. The proper idealization of this situation is to first take the VL;'RY, and
then let A itself become very large. We are thus interested in the probabigiN
e A|A||B,u), for A a large region in an infinite system obtained by taking the TL. This prob-
ability should now be an intrinsic property of a uniform single-phase macroscopic system char-
acterized either by a chemical potentialor by a densityp.

A little thought shows that this probability corresponds to considering the grand canonical
ensemble of a system of particles in a domAinvith boundary interactions of the type

ub(ri):kzl d(ri—xd), rieAxeAS, (1.10)

i.e., we imagine that the boundary interactions come from particles of the same type as those
inside A, specified to be at positions ,X,,... outsideA. These positions must then be averaged
over according to the infinite-volume Gibbs measure. It follows then, from the independence of
the bulk properties of the system of the boundary conditions, thatlBq.is still correct, that is,

Iimd(,BIAI)‘1 logP(N, e A[A]|B, )= suE[a(B,B)—a(B,nHM(F—n)]- (1.11)
AR ne

This relation is indeed a theorem for classical systems, under fairly general condtiéhs.

B. Quantum systems

It is Eq. (1.11) and similar formulas for fluctuations in the energy density which we want to
generalize to quantum systems. To do this, we begin by considering the boundary conditions
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imposed on thé&\-particle wave function®¥ (r,...,ry|V) for a quantum system in the domain
Usually this is done by requiring that whenever anys at the boundary o¥, r; e dV, thenW¥ is
equal toa times its normal derivative

J
\If(rl,...,rN|V)=ani~W‘I’(rl,...,rNN) (1.12)
|

with =0 corresponding to Dirichlet and= + to Neumann boundary conditions.

Denote byb, the elastic boundary conditiofi.12). The existence of the TL of the grand
canonical pressune(3, x| V,b,) has been proven for quantum systems with stable potehtaid,
for positive potentials it is established that the pressure does not depentf @ut, as far as we
are aware, the dependencewgyir;) has not been studied systematically, with the exception of the
regime covered by the low-density expansion of Ginlr€ This only shows that the dependence
on the boundary is not so well understood for continuous quantum systems.

To investigate the density fluctuations in quantum systems we note that the momentum vari-
ables did not play any role in the derivation(@®) and(l.11) for classical systems. The only thing
relevant, when considering particle number fluctuations, is the probability density in the configu-
ration space. This is given for a classical system by integratimg (1.2) over the momentum
variables, whose distribution is always a product of Gaussidexwellians). For a quantum
system, where the analog @f2) is the density matrixy, the configuration probability density is
given by the diagonal elements 6f in the position representation. For the grand canonical
ensemble this can be written as

efNS |W (Ry|V,b,)|%e ™ FEy

W(RN|ﬂuu‘1V7ba): ’ (IlS)

I

whfzigellfy andE, are the eigenstates and eigenvaluesigfwith the suitable statistics aral,
bc.™

It is clear from the derivation of the TFt? that, whene(r) is superstable, the TL for the
canonical ensemble exists for alle [ny,n,] with bc b,. Then(1.9) carries over to quantum
systems. The real problem is how to proflell) for these systems\ is no longer a Gibbs
measure with a pair potential as interaction and there is no good reason to expect it to be a Gibbs
measure for any other “reasonable” many-body potertfi§Even if the latter were the case, this
potential would almost certainly depend on the density and temperature of the system and would
therefore not carry directly any information g¢hl11).] It might in fact appear that there is no
strong reason whyl.11) should hold for quantum systems. The reason for expecting it to be true
is that it is a thermodynamic-type relation and such relations are in general unaffected by the
transition from the classical to the quantum formalism. More explicitly, we see the difference
between(l.9) and(1.11) as involving only boundary-type quantities which should become irrel-
evant whenA is of macroscopic size. The proof of such a statement is however far from obvious
(to us)and we therefore devote the rest of this note to proving it in(tleehnically)simplest case
where there are no interactions between the particles, i.e., the ideal gas with either Bose—Einstein
or Fermi—Dirac statistics. It turns out that even in this case the proof requires a certain amount of
work.

II. MAIN RESULTS

We consider al-dimensional square box=[ —1/2,1/2]%. For computational convenience we
choose periodic boundary conditions, but we do not expect our results to depend on this particular
choice. (In fact, we will restrict the thermodynamic parameters to the one-phase regioW.
there is an ideal fluideither Fermi or Bosein thermal equilibrium, as described by the grand
canonical ensemble. We label the Bose fluid, shorthand BE, with the indard the Fermi fluid,
shorthand FD, with the index, and introduce the Fock space
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Fl=Co é L2(VM), (11.2)

n=1

where Li(V“) is the n-particle space of all symmetric, resp. antisymmetric, square-integrable
functions onV". Of course, fom=1, L% (V)=L?(V). In the sequel, in order to keep the notation
light, we will often drop sub- or superscripts whenever there is no ambiguity.

Particles do not interact. Therefore the many-particle Hamiltonian in thé/bzan be written
conveniently in the form

H=F > 1&ohe -l
pp 7l Ne— (1.2)

ith position out of »

wherehy,, the one-particle Hamiltonian dr?(V), is defined through the one-particle eneegy)
in momentum space. This means thatkjf denotes the momentum eigenvecimpresented in
L2(V) as ¢ (x)=e*¥], thenhy|k)=e(k)|k) with ke V'=(277/1)9, the dual ofV.

We assume:(k) to be continuouse(0)=0 as a normalization, ane(k)>0 for k# 0. Also
€(k)~|k|” for smallk and e(k) = |k|“ for largek, with a, y>0. Furthermore, we require

j d9x

for e=*1, >0, and suitablew. [One might note the similarities betweéh3) and the space-
clustering condition of Refs. 11 and 12, which ensures that generic observables there have normal
fluctuations.]

The standard example of a nonrelativistic, resp. relativistic, kinetic energy for a particle of
massm is e(k)=k?/(2m), resp. e(k)=Vm?c*+k?’c>~mc® (having set Planck’s constarit
=1). Both functions satisfy the above conditions. The relativistic case inclonde8, although
this is not immediately obvious—cf. Appendix A 1 for details.

We observe thaH, may be rewritten as a quadratic form in the creation and annihilation
operators on the Fock spage Leta; be the operator that creates a particle in the skatenda,
the corresponding annihilator. Then

d eik-X; <o (1.3)
eﬁf(k)fﬁﬂ_s )

Hy=20 e(k)a:ak=§ (jIhvIk)ar a,=(alhy|a). (I1.4)

We fix >0 andu € R for FD, resp.u<<0 for BE. The grand canonical state in the volume
V is defined by

Trpv (Ae PrvEArN)

(MY = (I1.5)

EY(n)

for every bounded operatéron .. . N=N, is the operator for the number of particles in the box
V, N|2 ym=n1i2yn, and EY(u)=Trx (e PHv ANy denotes the partition function. As is

well known (see, for example, Ref. 199e7have

EX(M):ILI (1_e—B€(k)+BP«)_1, (11.6)

il

Y(M):l_k[ (1+e*ﬁf(k)+,3/i)_ (”7)

The infinite-volume thermal state is defined through the limit
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(Y= lim (-)V (11.8)
v /RY

when taking averages of local observahlBef. 18, Sec. 2.6).
Taking the infinite volume limit of11.6) and(ll.7) one obtains the grand canonical pressure

log =Y (1)
p.(1)= lim — |v|(M -~ 57 )dJ d% log (1— e~ A i (11.9)
v 1rd
and the average density
dp, 1 g 1
pe(p)= d (M):Wf d°k g - (1.10)

Herep_ is real analytic on the whole axis, whergas is real analytic only foru<0 and has a
finite limit as u—0_ . For convenience, we define, (u) =« for «>0. The slope op, at 0_
is related to the Bose—Einstein condensation. We set

=p.(0) fd "eﬁe . (I1.12)

By the properties 0€(k), p.=c° for d< v, and is finite otherwise. Here, is the maximal density
of the normal fluid and any surplus density is condensed int«kth@ ground state. To simplify
the notation we usg,. also in the case of an ideal Fermi fluid, setting it equakto

The infinite system is assumed to be in a pure thermal state, obtained through tH#.Bnit
at the reference chemical potentialIn this state the average densityis p(r) <p.. We define
the translated pressuréy

9 u(M)=0(N)=p(u+N)—pa(p). (1.12)

Hereg, is convex up, increasing(0)=0, andg.(0) =p. For large negative values we have

lim g,(\)=—p,(), lim g,(\)=0, (11.13)
A— A— — 0

whereas for positive values

limg_(AN)=c«, Ilimg.(N)=x (1.14)
A—00 A—o
in the case of fermions and
lim g,(N\)=p(0)—py(w), lim gi(N)=pc (1.15)
A—=—pu A—=—pu

for bosons, withg, (\) =0 for A>—u.
We define therate function { as the Legendre transform gf, i.e

fe ()= ()=Inf (g.(N) = AX)=7c(No) = NoX. (11.16)

NeR

Here\,=\,(X) is the minimizer ofg(\) —Ax, which is unique by convexity. For=0 we have
No=—. For 0<x<p., it is determined by’ (\,) =X, while for x=p, we have\,= — u. This
shows thaf (x) = — % on the half-ling{x<0} and finite elsewhere. In particuldris convex down,
strictly convex for 0<x<p., andf ,(x)=p(0) —p(u)+ uX, for x=p., as a trace of the Bose—
Einstein condensation.
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Let us now consider a small subvolumeof our (already infinite)containerV. The precise
shape ofA plays no role, only the “surface area” should be small compared to its voluhe
Thus, byA ~RY we mean a sequence of subdomains such that for &abbre exists a subsat’
of A with |A'|/|A|—1 and dist(\",RNA)—o0.

Let N, be the number operator for the particles An With respect to(-), N, has some
probability distribution. We follow the usual practice and use the same syipaod denote also
the corresponding random variable. Its distribution is indicated baverages again b ).

We are now in a position to state the main result.

Theorem II.1: Let >0 and <0 for BE, resp.u e R for FD. Then, for any interval |
=[a,b],

1
lim ——=logP({N, e [A[I})=supf, ,(x).
A/Rdﬁ|A| xel

lll. LARGE DEVIATIONS IN THE DENSITY

In this section we explain how Theorem II.1 follows from the asymptotic behavior of the
generating functiofe®Na)_ .

Lemma lll.1: There exists a&p(A) such that(efNa) <o for all A<Ap,(A) and
(ePMNA) =0 for all A=\ pafA). For FD we haveh ,{A)=o%, whereas for BE\ ()< with
NMmad A) N\ —H, aSA/le-

Theorem [Il.2: The limit

_ log (M),
lim —,3|A| =0,,u(A), (1n.1)
AR
including any finite number of derivatives, exists uniformly on compacts foir FD, resp. of

(=2, —u) for BE.

These results are proved in Secs. IV and V.

Inferring Theorem I1.1 from our information on the generating function is a standard argument
from the theory of LD3*® (at least for subcritical densities<p,; the casea=p, requires more
effort).

The probability of the event in question can be rewritten as

Qa=P({N e A1} =(xan(N)), (.2

where y, is the indicator function of the s&@CRR. To make this event typical we introduce the
modified average

1
<'>x=z—x<-eﬁ“‘A>. (111.3)

where\ <\ max and the partition functio@, = (ef*Na). With respect to this new staté]l.2) can
be expressed as

Qa=2Zy(e AMNay (N, - (111.4)
The upper bound fo®, comes from the exponential Chebychev inequality,
Q =(ePMNralAy=7 g=AralAl (111.5)

for any O<A\ <A As regards the lower bound we have to distinguish between two cases.
Case 1: a<p.. One useqll.13)—(11.15) to show that there exists B,<\ax Such that
g’ (\,)=a. Differentiating(lll.1) twice w.r.t. X we obtain
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(N,
lim ——=—=9g"(A\o)=p(ut+ry)=a, (111.6)
Apd A
ﬁ 2
lim = [(ND), — ((Na )] = _(M'H\o) (11.7)
A/‘Hdll\l

which is finite. This means that the eveiM,~|A|a} is typical for the new state and a law of
large numbers holds. Notice that,>0, sincep is strictly increasing inu. From (ll1l.4), Vc
e(a,b),

Qr=Z, (e~ ProNAY A lra, (N, Zxoeim"c'Al(X\A\[a,c](NA)>A0>azxoef’&"clxl
(11.8)

for somea e (0,1) and|A| large. In fact,(X‘A|[a,C](NA))AO—>%, asA /RY. Therefore we obtain
from (111.17), (111.20) and Theorem I11.2:

log Q4
g(No) —NCto(l)=< BIA] <g(Ny)—Noa+o(l). (11.9)
Sincec e (a,b) is arbitrary, we conclude that
lo
lim gQA:g()\o)—)\oazf(a)z sup f(x), (11n.10)
A /Ry B|A| xela,b]

wheref is the rate function defined ifll.16). A\, is the same as in the definition of the Legendre
transform(11.16), because oflll.6). The last equality comes from the convexity fof

Case 2: &= p,.. In this case the problem is that one cannot firftked \ , that verifies(lI1.6).
As we will show later, it is nevertheless possible, for each finitéo choose a , such that the
average density ig, i.e.,(NA)M=a|A|. However,a might not correspond to the typical density
in the limit A_~RY, in the sense that no law of large numbers like7) is guaranteed. Therefore,
establishing a lower bound fdp, is not so immediate in this case, and we need the following
lemma.

Lemma I11.3: For every subdomailh CRY and every &0, there exists a unique ,
=\, (a) such that(NA)M:a|A|. If a=p,, then

lim Ay=—pu; (1.11)
A RY
Iong

lim —u); (1n.12)

BT 9T

1

lim |nf|A| In <X[a|A|,a|A\+l)(NA)>)\A:0- (”|13)
d

AR

The above is proven in Sec. VI.

Now, the first two lines of(l11.8) are still valid, with\, replacinghy. Taking the log and
dividing by |A|, one obtains, vidlll.13), the first inequality in(1l.9), again for\ , . The second
inequality comes for free from Case 1. Final(il}.11) and(Ill.12) are used to show that

I|m
]Rd

09Q» (—p)+ f(a) f(x) (111.14)
=g(—u)+ua=f(a)= sup f(x), .
ﬂ|A| xe[a,b]
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yielding the linear part of the BE rate function. Q.E.D.
Theorem IlII.2 also implies the central limit theorem for the densitp\in
Corollary Ill.4: Under the assumptions of Theorem II.1, the moments of the varigble
=(N,—(N))/|A|Y2 converge, as\ "RY, to those of a Gaussian with variangg *(dp/du)

X(u).
Proof: The kth cumulant ofé,, is given by

1 [d
CA(k)ZW{W|Og<e’B)‘NA>} , (l11.15)
A=0

k=2. From Theorem I11.2,C,(2)—B *g"(0)=8"(dp/du) (), whereas, fork>2, C,(k)
—0. Also C,(1)=0. These limits are the cumulants of a centered Gaussian variable with the
specified variance. Q.E.D.

IV. GENERATING FUNCTION

We derive a determinant formula for the generating functie®Ns), . With its help we
prove the claims of Lemma Ill.1. We will see in the next section that it is convenient to introduce
the variables =e”* and7=¢—1.

By (11.4), we have

—BHy+ BuNy=(a|(— Bhy+ Burly)|a)=(alA/|a), (IvV.1)

BAN,=(a B\ xA|a)=(a|B,|a), (IV.2)

which defineA, and B, as linear operators oh?(V). Here and in the sequel the indicator
function x, stands for the corresponding multiplication operator, i.e., the projectorldifth).
We use the following identity.

Lemma IV.1: Let A, B be self-adjoint and bounded from above. Then there exists a self-adjoint
operator C such that&eB%e*=e® and

e(a‘A|a>e<a|B|a>e<a‘A‘a> = e(alc‘a>

for both BE and FD.

Proof: See the Appendix.

Let us apply Lemma IV.1 wittA=A,/2 andB=B, , after a symmetrization of the density
matrix in (I1.5). This and definition(11.8) yield

Tr,:\f(e<a\c\a))
(ePMNay= im
v Rrd

e T— V.3
TrF\i(e(a]A\Aa}) ( )

Evaluating the trace of a quadratic formaéi ,a; is a standard calculation for both BE and FD.
Let us consider first the case of fermions. For a self-adjoint opefator L2(V) such thate” is
trace-class, we have

TTEY (e(alAla)) = det, (1,+e”) = det(1+ xyelxy), (Iv.4)

where dej is the determinant oh?(V) and det the determinant drf(RY). We resort here to the
theory of infinite determinants, as found, e.g., in Ref. 20, Sec. XlllefY.is obviously trace-
class, and so i8®, sincee®: is bounded. Using the definition &, we obtain
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det,(1V+eC) = Avy—1 AVI20B A pAV/2

det, (1,1 ehv) ~ dev Lyt e™) 1y tetvietrelv)]

—det, [1y+ (1y+€Av) LeAv2(eBr—1,)eAV2]
=det[1+7xADv, xal, (IV.5)

where Dy, _=(1+e"V) te’v. We used the fact that®r=(ef — 1)y, +1={x,+1 and the
cyclicity of the trace in the definition of the determinant. Finally, fréivi.3) and (IV.5),

(ePNa) = lim det[1+7xxDy, x4l (IV.6)
v,/ RA

One would like to take the limit oV inside the determinant by replacirigy, _ with the
corresponding operator dr(RY) defined as

(D) () =T (K)#K), <D_¢)<x>=fdyd_<y—x>w<y>. (IV.7)
where” denotes the Fourier transform and
1
at(k)z W (|V.8)

Notice thatd_ e L*(R%) by our assumptions oa(k) and sod_ e L*(R%). Moreover,(1l.3) en-
sures thatd_ e LY(RY).

By Ref. 20, Sec. Xll1.17, Lemma(d), one has to establish thgt Dy, _ x4 tends toxy,D_ xx
in the trace norm.

Lemma IV.2: Let cbe a continuous integrable function &{. We define D throughiV.7) as

a linear operator acting on E(R%). Furthermore, we define Pby Dy|k)=d(k)|k) on L?(V) and
by D,,=0 on the orthogonal complemen?dﬂd\V). Then, forACV, xy,Dyxa and y,Dx, are
trace class, and

I|m Tr|XA(DV_ D)XA| :O
v Rrd

Proof: See the Appendix.
We conclude that

(N1 =det(1+ZxaAD-xa), (IV.9)

with 7=¢—1.
For bosons we proceed in the same way, except(tiad) is replaced by

TrFK(e@Al@):dex, (1y—eM 1, (IV.10)

requiring in addition||e”|<1. In fact, for||e”||=1, the Ihs of(IV.10) is «, whereas the rhs might
be finite if 1 is not an eigenvalue of the trace-class opereforin our case, by assumption
|e?V||<1. As fore®, the function

)\,_>||ec” — ||(eﬁx_ 1)eA\,/2XAeA\,/2+ eAV” (IV.11)
is increasing and ,,,(A) is defined to be that which makes it equal to 1. Since the rhs(bf.11)

is increasing inA and its sup isefM|e?V|=efM T4 then one checks that,(A)\,—u, as
A /RY. Therefore, following the computation for FD, we have
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SR G W V.12
()= 'mdm— et(1+{xaDsxa) (IV.12)
VR
for A<\ s and « otherwise. HereD , , the limit of Dy , =(e®*v—1)"te’v, is defined as in
(IV.7) with
1

Equation(lV.12) is the analog oflV.9) and proves Lemma lll.1.

V. INFINITE VOLUME LIMIT

Instead of the chemical potential, in this section we use the fugaeigf*, regarding it as a

complex variable. This will come in handy for the proof of Theorem 111.2. The variabkesd?,
defined at the beginning of the previous section, will also be extended to the complex plane. In this
setup the translated pressiite12) becomes

9,4 =p(z{)—p(2), (V.1)

where, with a slight abuse of notation, we keep the same name for the pressure as a function of the
fugacity.

Expressiong11.9) and (11.10) for the pressure and the average density define two analytic
functions of i in

E,={Reu<0}U{Reu=0,Imu+2xj/B,vVjec’}, V.2)
E_={Reu<O0}U{Reu=0,Imu#(2j+1)m/B,YjecZ}. (V.3)

Henceg,(¢) is analytic in
G,=0\[z 1 +»); G_=C\(—o,—z 1. (V.4)

We proceed to give the proof of Theorem I11.2. LleC G, be a compact set in the complex
plane. We choos& such that.=KNR" is also compact, since its image through the function
{—\ verifies the hypotheses of the theorem. Our argument, however, is valid fét. aijthout
loss of generality, we can assume that K.

For ¢ restricted toG_.NR*, let us define

N (§)=i|0 (") =~ Trlo (1+ZxAD.x») (V.5)
&,Z |A| g &,Z |A| g XAYe XA .

according to(IV.9) and(IV.12). The proof of Theorem 111.2 will be subdivided into three steps.

(1) ¢£ can be analytically continued @, .

(2) There is a positive such that¢(£) converges uniformly tggg,(¢) for |[{—1|<r.

(3) |¢"| is uniformly bounded oK. Therefore, by Vitali's lemmdRef. 21, Sec. 5.21)$" and
any finite number of its derivatives converge uniformly Kn

Step 1:We leave the proof of the following lemma for the Appendix.
Lemma V.1: The functioﬁ;ﬁ(g), as defined by the trace ifV.5), is analytic in G, .

Step 2:Expanding the log ifV.5) one has, fofZ|<||D,|| %,

)ml

¢o ({+1)= 2 ————(QxaDox)™ (V.6)
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We would like to interchange the summation with the trace. To do so, we need dominated
convergence for the series:

[ZxAD XAl ™<[ZI™ID ™ *(xADex)- (V.7)

Since|A| 1 Tr(xAD.x)=d.(0) (see proof of Lemma IV.2 in the Appendix), each tern{\616)

is bounded by a term of an integrable series independerk. afherefore, for the samé's as
above,

_ *© (_1)m—lzm 1
br(lr=—e 2 —— I Tr(aDaxa)™ (V-8)

Suppose that we are able to prove that
im T Do) ™= [ aK(d, 00T v.9)
A RY

with a rest bounded above yR™ for some positive consta. Then, usindIV.8) and(I1V.13),
we would have that, for angy<min{|D/|",R"%}, uniformly for [Z|<r,

. > ( 1)m 1§m 1 m
lim ¢X7+1)= —sE fdk(w)

A RY

é’_
:‘SJ“""’g “W)
1—ezie Pe0 ~
Z—SJdk|Og(W) By, ({+1), (V.10)

the last equality coming fromil.9). This would complete Step 2.
Let us pursue this project. One sees that

f dk[d (k)] =(d *d -+ -d ) (0)
N———

m times
1
:m Aa’x1 RddXst(xl_xz)“' Rddxmdg(x,,,,l—x,,,)dg(xm—xl)_

(V.11)

The normalized integration ovey is harmless since, by translation invariance, the integrand does
not depend on that variable. On the other hand, it is not hard to verify that

1 1
——Tr(xaD, m:—f dx; (x D,xa)™Mx
A] (xADexa) AT ) 1 (X1 (xaDexa) ™ X1)

1
:Wf dxlf ddes(Xl_Xz) .. f deds(xmfl—xm)ds(xm_xl).
A A A
(V.12)

In view of (V.9), we want to comparéVv.11) with (V.12). We observe that
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(o Lo LB Lo ] o

m—1 times m—1 times i—1 times m——1 times
(V.13)
Subtracting(V.11) from (V.12) leads then tan—1 terms of the form
1
= | dx; | dxpd.(X1—X%5) ... AXm Ao (Xm— 1= Xm) A (Xm— X1), (V.14)
IA] J A AC Anm

where the setd\,...,A, can be eitherR? or A. Equation(V.14) holds because, due to the
cyclicity of the integration variables, one can cyclically permute the order of integration without
touching the integrand. We overestimate by switching to absolute values and integsatingx,,
overRY,

1 1
WfAdX1(XAc_xl|da|)*|d8|* ...*|d8|)(xl):mfAdX1 Un(Xe), (V.15)

which definesu,(x;). To estimate this function, we use recursively the relatjdng|..
<|f[l-[gll, and obtain

ur(x) <[ d |7 " sup|d,|. (V.16)

c
A¥=xq

Recalling now the definition o\’ given before the statement of Theorem Il.1, one sees that, if
x;e A" andye A°—x,, then|y|—=» asA ~RY. Hence, from(V.16),

supsup [[d,[l; ™ us(xy)—0. (V.17)

xpeA’ m=1

Also from (V.16), pointwise in X,

m+1

suplld, [y ™ Tua(xy) <[l (V.18)

m=1
When we average over; € A, the last two relations and the properties/Aof prove that
; -m+1 1
lim sup|d,||; R dxq uy(xq)=0. (V.19)
A /R4 m=1 | | A

This takes care of each term as(W.14), and we haven—1 of these terms. Hend#/.9) holds
with R=||d_||;. This ends Step 2.

Step 3:Again we expandV.5) in powers ofZ, but this time about a generig e G, — 1 [see
(V.4)]. We obtain

1 1 * 1)m 1
[A] 1109 (1+ExaDexa) = 151 Trlog<1+/:oxAD8xA>+ 2=

><((1+ZoxADaxArleDaxA)mG:—Zo)m. (V.20)

Let us estimate this series. First of all, using some spectral th&sly 22, Sec. 7.4),

I(1+ZoxaDox ) ~HI=[dist(L,o(—ZoxaDoxa))] ™ '<[dist(Lo(—ZoD, )17, (V.21)

since we know from definitionélV.7), (IV.8), and(1V.13) that
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a(xAD-xa)CLO0JxAD-xAllIC[O]D_[]=o(D-)=[0,141+2" 1], (V.22)

a(xaD+xA)CL=[xaD s xal.0JC[=[D.[,0l=0(D.)=[1(1-2"1,0].  (V.23)

Repeating the same reasoning as in Step 2, we use the above to exchange the trace with the

summation in(V.20)—which is legal for smallZ—Z”o| as to be determined shortly. This yields a
new series, whosmth term is bounded above by

[dist(L,a(— oD N1, *d.(0)[T—Zo|™=a(b(Zo) [ =T ™, (V.24)

whered,(0)=|A| "1 Tr(xAD.xa). Hence, in view of(V.5), (V.20) implies

A 1\ b({o)[{— ol 1A (7
62 @+ D=l Gor Dl+a = = e <I6 ot Dl +a, (V.25)
for [Z—"Zol=<(2b(Zo)) . ~ _

The crucial fact is thab(Z) ! stays away from zero whehis away from the boundary of
G,.—1. This can be seen via the following argument, exploitd@4) and(V.22) and(V.23). In
the FD caser(—ZOD_) is a segment that has one endpoint at the origin and the phasédj(s
the angle it forms with the positive semi-axis. This means that, as lotig@ses not go anywhere
near the negative semi-axis, we are safe. kot (—z 1—1,0) [see(V.4)], o(—Z,D_) is con-
tained inR; . However, notice from(V.22) that the other endpoint is located atty/(1+z° 1)
<1. For BE the reasoning is analogous, except that in this case the phdgseiothe angle
betweeno(—7,D.) and Ry . Therefore the “safe” span is the complement of the positive
semi-axis. Also, ifzoe (0,z71—1) [again sedV.4)], the “floating” endpoint ofo(—ZOD+) is
found atZo/(z 1—1)<1.

With the above estimate we can uéé.25) recursively. If [{o|<r, from Step 2,|¢"(Z,
+1)|<M, for someM, since ¢>£ converges uniformly there. Then, frofW.25), we have that
|p2(Z,+1)|<M+a, for any 7; such that[Z;—7|<(2b(Z,)) 1. Proceeding, we see that
|p2(Z+1)|<M+ka, wheneverZ,—7_1|<(2b(Zc_1))~*. In this way we will coverK in
finitely many steps since it keeps at a certain distance from the bound@yarid the(b(Z,))*
are bounded below. This completes Step 3, iz;é.(g) is bounded orK and Vitali's lemma can be
applied. Q.E.D.

VI. SUPERCRITICAL DENSITIES

For bosons in high dimension, Theorem IIl.2 is not enough to establish the LD result for
supercritical densities. In this section we prove Lemma IIl.3. In particular, we derive a useful
property of the distribution oN, , w.r.t. the state{%\A, with A, chosen as stated in the lemma.

e=+1 will be understood in the reminder.

Letting the chemical potential go to zero in such a way that the average density remains
constant(and bigger thanp.) is the usual way to proceed in the theory of Bose—Einstein
condensation®?32* The limiting distribution of the global densiti,/|V| is calledthe Kac
distribution, and has been derived for several choiceg,af(k), andd.?*=?5°We do not go as far
in this paper. It is safe to say, however, that there is no reason to expect the distributign| Af
to become degeneraferhich would make(l11.13) trivial].

Proof of Lemma I11.3:Using a sloppy notation, let us writ¢™(\) for ¢*(eN1) [see defi-
nition (V.5)]. Differentiating this function, we get the mean density in the modified statex For

<)\maxr
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Cdet 1 (NN (Ny)y
PA()\)_W()\)_W (e/”‘NA> = |A| ) (VI.1)

since, by virtue of Lemma lll.1, we can use dominated convergence to differentiate inside the
average. Likewise,

dp* 1
0 0= g )= LN (N2 (V1.2)

Thus, p*(\) is increasing. The proof of Lemma IIl.1 gives that )limAmmpA()\)eroo. It is also
cIAear that lim_,_..p*(\)=0. The above implies the existence and uniqueness,ofuch that
pr(Npy)=a.

Let us fixa=p,. Theorem IIl.2 states in particular that, X ~RY, then p*(A\)—p(N)
<pe, for \<—pu. This and Lemma III.1 yieldlll.11).

Continuing, let us choose some< — . From(lll.11), N\;<\, , for A big enough. Using the
monotonicity of * andp®,

¢ (A p) = ¢ (A =p (M) (N y—Np)<a(hy—\y), (VI.3)

Wherefe()\l,AA) is given by Lagrange’s mean value theorem. Due\tobeing arbitrary,
Theorem I11.2 andVI.3) imply

lim ¢*(Ay)= lim Bg(\y)=pBg(—w). (V1.4)
AR A= p

This is precisely111.22).
The proof of (111.13) is more elaborate. Looking &tV.12) and the immediately following
definition of Dy , , we can write

XaD i xa=(e P i) — 1) "t At (VL.5)

which introduces a new one-particle Hamiltoniaff on L%(A). By Lemma IV.2, x,Dy, is
trace-class, hence it has discrete spectrum. With the hely.@B), we see thatVl.5) can be
solved forh}, . Thus,h} is well defined and has the same spectral decomposition, B¢, . In
particular,a(h}) is discrete. The eigenvaluesof are indicated by =€ (A), and are assumed
to be in increasing order.

The idea behind this definition is to eliminate the cutgff in Eq. (IV.12), which is respon-
sible for all the complications in the proof of Theorem 111.2, and is the only manifestation that we
are dealing with LD inA. The effective Hamiltoniar, allows one to think of a system of free
bosons in the containex and apply the available results for global fluctuatiéh¥”° The draw-
back is that in general we have no precise information albdtt,). Even so, it is possible to
determine the ground state bf, . In fact, by (VI.5),

1o+ (eP —1,) xaADxa= (1, —e AP 1Ly ~1(1, — e Ahi~ (kM) (V1.6)

(cf. Step 2 in Sec. V). Sincg,Dyx, is negative, the inf of the lhs diVI.6) (in the sense of the
guadratic form)is a decreasing function of, and attains zero at,,,. This is so by the very
definition of A ,,5—see(IV.11) and(IV.12). On the other hand, the inf of the rhs &fl.6) is zero

if, and only if, e Ao #"N=1, where
€)(A) = maf A)+ u>0. (VI.7)

Let ¢; denote the eigenfunction relative & ,P; the corresponding projector iIr’(A), and
aj?c the creation operator off¥. We introduceN%)=ar a;, the operator for the number of par-
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ticles in the statep;. {N{’} is a commuting family andN,=3{_(N{’. We want to verify that
these operators behave like independent random variables (w)s.t. We can study their joint
generating function, employing the same techniques as in Sec. IV. In facj; fasunded, define
Bi=Z;7;Pj+ B\ x, and replacdlV.2) with

(aB}lay=2 7NP+BAN, . (VI.8)
i=o

One verifies that, inL?(V) or in LZ(Rd),er\=EJe”i+5"Pj+1—XA. In particular 81— 1
:XA(eB"“_l)XA- This allows us to proceed as {{VV.12), and write

Z,(e5mN), =(e@BA) = lim det[1+ (eBA—1)x,Dyxal (V1.9)
v Rrd

Taking the above limit is slightly more complicated than the corresponding computation in Sec.
IV. Sincee®r—1 is bounded,

Trl(€®A—1) x5 (Dy— D) xx|<[€®r = 1] Tr|x,(Dy—D)x|. (V1.10)
One then applies Lemma V.2 and Ref. 20, Sec. XlII.17, Lemittg, 40 that(VI1.9) gives
(€%mM), =2, *det[ 1+ (e — 1) x,Dxa] *
=7, dety [1,+(eBr—1,) (e AN i) —1 ) ~le ANy muty) )L

1— e*ﬁ’(fj'*,u*k)

(VI.11)

=11
=01

— e Ble—u—N+y’

having usedIV.12) and (VI.6) to expres<Z, .

This shows that thd!xl%)’s represent a set of independent, geometrically distributed random
variables, with average®{), = (ef(s~~~2 —1)~1. At this point we can apply Ref. 27, Lemma
2, toN{® andN, —N©. We obtain

1 '
—Blen(A)—u— Al+2
<X[aIA|,a\A\+l)(NA)>)\A>me Bleg(A)—pn—Ap)(aA[+2) (VI.12)
Assertion(l11.13) is derived from(VI.12) via (111.11), (V1.7) and Lemma lll.1. Q.E.D.
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APPENDIX: PROOFS

1. Relativistic massless particles

We prove that the energy dispersie(k) = c|k| satisfies our assumptions. The only condition
to be checked i¢ll.3), that is, the Fourier transform dd— (k=% — )1 is in LY(RY). This
is a consequence of the following.

Lemma A.1l: Let f0,+%)—C be of Schwartz class. With the common abuse of notation,

denote by ¢|) the Fourier transform of (|x|), for x, £ RY. Then, for some positive C,
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“ C
f(|§|)$@|+—1-

Proof: For simplicity let us write¢=|¢|. The Fourier transform of a radial function is

2 (2m)@2 = dr
f(§):?ﬂﬁ Odrf(r)r Jar-1(ré), (A1)

cf. Ref. 28, Chap. IV, Thm. 3.3, whetk, is the standard Bessel function of ordef’ One has

14

JV(X)%m (A2)
for x—0, whereas
B [2 2v+1
J,(X)= p— cos| X— | +g(x)|, (A3)
with g(x)—0 for x—o0. Using the relation
X
fdtt“JV_l(t)=x“JV(x), (A4)
0

we integratgAl) by parts repeatedly, taking into account al8@) and the hypothesis din After
n integrations we get, up to constantsterms of the form

1 © .
gﬂmfo dr fO(r)rd2=n*1g o1 (ré), (A5)

with i=1,...,n For our purposes it suffices to iterate upnteed/2+2. In fact, ifi is such that
d/2—n+i>—d, then in(A5) we can estimate the Bessel function by a constant. The integral
converges by the rapid decay 6f) and the whole term is of the ordér 9~ or better. For
smaller values of, the estimate use#2), for xe[0,a], and(A3) otherwise. Sincéf | <c, (A5)

is bounded by

A alé : B ® ) 1
?mfo drrd/Z—n+l(r§)d/2+n—l+gﬂmJa/gdrrd/2—n+|(r§)—1/2~?rl_, (AG)

the second integral being convergent because of the choice of Q.E.D.

2. Proof of Lemma IV.1

As before, we set =+ 1, according to either bosons or fermions. A genéral ?(V) can be
expanded in the Fourier basis &s =, f,|k). The corresponding creation operator is then defined

by

a(f)*= > faf. (A7)
keV’

For the sake of simplicity, we denotd=(a|A|a)=3;;A;;aa; (same for53). Recalling the ca-
nonical (anti)commutation relations,

* — * * — .
[ai, af |-.=aia] —eajai=g;j;

(A8)
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[a,aj] .=aja;—ea;a;=0,
one calculates that
[A a(f)*]=a(Af)*, (A9)
and in exponential form
eha(f ) e A=a(ef)*. (A10)

Now, let |0) be the ground state ofV. Forne N, andf,,f,,...,f,e L?(V), the finite linear
combinations of the states

[f1.50,...fy=a(f)*a(f)* ... a(f,)*|0) (A11)

are dense i, which is another way of stating thi) is cyclic w.r.t. the algebra generated by the
creation operators. Therefore, we need only test our assertion on vectors of thiAxfpeUsing
(A10) with t=1, and observing thatl|0) =0, we obtain

effy,... fo=era(f)*e ... a(f)*e Mo)=a(er,)* ... aer,)*|0)=|er,,...,. '),
(A12)

The existence o€ is a consequence of the spectral theorem. We(#tle corresponding qua-
dratic form ina* ,a; . Through the repeated use @12), one checks that applyirefe®e” to the

stategA11) is the same as applyirgf’. The semiboundedness AfandB ensures that the domain
of their exponentials is the whole?(V) and all quantities are well defined. Q.E.D.

3. Proof of Lemma V.2

For any symmetric operatord, xA\Axa<xalAlxr. Hence |x,Axa|<xalAlx, and
Tr|xsAxa|<Tr, |A|. WhenA=D,, the convergence of the trace is proven by writing the further
estimate Tg|Dy|<Try|D,| and then summing an integrable sequence of discrete eigenvalues. For
A=D, one uses the Dirac-delta representation of the trace to find out tha{DTr
=|A|(27)~9fdk/d|. The first assertion of the lemma has been proven.

As for the second part, let us write

Tr(|xA(Dy—D)xAl)=Tr(Ux(Dy—D)xa)=Try (UxsDyxa) —Tr(Ux,Dx,)=T, —(T. 2
Al

whereU is the partial isometry.?(A)—L?(A) that realizes the spectral decomposition as in Ref.
20, Thm. IV.10. It is convenient to use the position representation for the bases{"§)
=e'**and, as defined in Sec. Y{¥=y® x\ . Let us work onT, : using the cyclicity of the trace
one obtains

1
Ti=ja 2 (W lxaUxaDyliy)
keV’

1 -
@ 2 A0 xaUxal v
keV’

1 -
@ 2 Ak aUxal ), (AL4)
keV’

the last equality being due to the presence of the indicator functigndn complete analogy with
the above,
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1 -
T= Wj dk dk) (g xaUxl ™). (A15)
Since|{ M| xaUx|#®)|<|A], it is obvious thatA14) tends to(A15) for | — =, Q.E.D.

4. Proof of Lemma V.1

With regard to(IV.9) and (IV.12), det (1Zx, D,x,) is entire in{ (hence in?) by Ref. 20,
Sec. XIlI.17, Lemma &). In order to evaluate its logn the suitable Riemann surfacge need

to avoid the zeros. Using Ref. 20, Thm. XIII. 106, we want to make suresthatl y ,D .x ) does
not hit 1. Step 3 in Sec. IYsee in particular formula®/.22) and(V.23) and the last paragraphs]

shows that this is never the caseZif¢(—oo,—z*1—1) for FD, or2¢[z*1—1,+oo) for
BE. Q.E.D.
Actually, we can say more. Consider FD, just to fix the ideas. We see fw@?2) that the

“floating” endpoint of o(—{x,D_x,) is strictly contained in the segmef®,—¢/(1+z %)),

which means thaf is allowed to exceed slightl_ — 1, as given byV.4), without any vanishing
of (IV.9). For bosons this is related to Lemma Ill.1. In this case the “forbidden region” is

[Zmax: +), WhereZ,=e*mx—1 (see also the proof of Lemma I11.3).
In conclusion, for each finitd, the domain of analyticity ofgsﬁ(g“) is indeed strictly bigger
thanG, .
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