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Abstract

We study, globally in time, the velocity distributiofi(v, ¢) of a spatially ho-
mogeneous system that models a system of electrons in a weakly ionized plasma,
subjected to a constant external electric fieldhe densityf satisfies a Boltzmann-
type kinetic equation containing a fully nonlinear electron-electron collision term
as well as linear terms representing collisions with reservoir particles having a
specified Maxwellian distribution. We show that when the constant in front of the
nonlinear collision kernel, thought of as a scaling parameter, is sufficiently strong,
then theL! distance betweerf and a certain time-dependent Maxwellian stays
small uniformly inz. Moreover, the mean and variance of this time-dependent
Maxwellian satisfy a coupled set of nonlinear ordinary differential equations that
constitute the “hydrodynamical” equations for this kinetic system. This remains
true even when these ordinary differential equations have non-unique equilibria,
thus proving the existence of multiple stable stationary solutions for the full kinetic
model. Our approach relies on scale-independent estimates for the kinetic equation,
and entropy production estimates. The novel aspects of this approach may be useful
in other problems concerning the relation between the kinetic and hydrodynamic
scales globally in time.

1. Introduction

The mathematical understanding of equilibrium phenomena has greatly ad-
vanced in the past few decades. The elegant and precise theory of Gibbs measures
provides a direct bridge between the microscopic and macroscopic descriptions of
such systems. This includes a general conceptual framework as well as nontriv-
ial explicit examples of the coexistence of multiple equilibrium phases for certain
values of the macroscopic control parameters.
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There is no comparable general theory for nonequilibrium systems, and the
microscopic study of phase transition phenomena in such situations appearsto be far
beyond our mathematical grasp atthe presenttime. Our mathematical understanding
of the great variety of nonequilibrium phase transitions observed in fluids, plasmas,
lasers, etc., therefore depends entirely on the study of bifurcations and other singular
phenomena occurring in the nonlinear equations describinm#teeoscopidime
evolution of such systems.

While there has been much progress recently in deriving such equations from
simple microscopic and even realistic mesoscopic model evolutions, the passage
to the macroscopic scale is well understaody over time intervals in which the
solutions of the macroscopic equations stay smobltis is true for example in
the passage from kinetic theory, where the evolution is described by the Boltz-
mann equation, to hydrodynamics, where it is described by either the Euler or
Navier-Stokes equations for compressible fluids, depending on how we choose our
macroscopic time scale [1-6]. These derivations, which are based on Chapman-
Enskog-type expansions, require for their validity the uniqueness and smoothness
of the solutions of the hydrodynamic equations because the control of the error
terms in the estimates dependsapriori smoothness estimates for solutions of
the macroscopic equations. Thus, they shed no light on the actual behavior of the
mesoscopic description when the solution of the hydrodynamical equations develop
singular behavior.

To overcome this problem it is clearly desirable to develop methods in which
one does not use any a-priori smoothness estimates for solutions of the macroscopic
equations, butinstead uses scale-independent estimates on the mesoscopic equation.
This is what we do here for a simple model inspired by plasma physics [7-9].

Our starting point is a description of the system by kinetic theory. Grave diffi-
culties are posed by the fact that, as of yet, not very much is known in the way of
a-priori regularity estimates for solutions of the spatially inhomogeneous Boltz-
mann equation. This is quite different, however, from the lack of estimates for the
macroscopic equations — there it is clear that in the interesting cases the desired
estimates just do not exist. Shock waves do form. In the Boltzmann case, however,
it is likely thata-priori regularity estimates in the velocity variables, say, invariant
under the Euler scaling, are there, but simply have not yet been discovered. Still,
the lack of such estimates is a grave difficulty in the way of rigorous investigation
of the problem at hand.

We sidestep this difficulty by considering a spatially homogeneous system,
but one that is driven by an electric field, and coupled to heat reservoirs. In this
case the usual hydrodynamic moments are not conserved and the system has non-
equilibrium stationary states. We prove then in a certain simplified, but still rec-
ognizable physical situations, that the kinetic description closely tracks the macro-
scopic discription even when the driving is sufficiently strong for the latter to un-
dergo phase transitions. More precisely, we show that the velocity distribution func-
tion is close to a Maxwellian parametrized by a temperafuesd mean velocity
u which satisfy certain non-linear equations, which are the macroscopic equations
for this system. Moreover, it does so globally in time, even when the stationary
solutions of these macroscopic equations are nhonunique.
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We are in fact particularly concerned with the stability of these stationary so-
lutions — the existence of multiple stationary states being analogous to the co-
existence of phases in equilibrium systems. For such questions we need results
that guarantee that a solution of the kinetic equation stays near a solution of the
macroscopic equations globally in time. This seems to be difficult to accomplish by
standard expansion methods, at least in the range of driving field strengths where
the macroscopic equations have the most interesting behavior. Instead of expansion
methods, we use entropy production [10, 11] to show that the solution of the kinetic
equations must stay closesomeviaxwellian, globally in time. Then, we show that
the moments of this Maxwellian must nearly satisfy the macroscopic equations. In
this way we get our results. The next section specifies the model more closely, and
states our main results. A preliminary account of this work in which the Boltzmann
collisions were modeled by a Born-Kirkwood-Green (BKG) collision kernel was
presented in [12].

2. The Model and the Results

Our formal setup is as follows: We consider a weakly ionized ga&3nn
the presence of an externally imposed constant electric fielthe density of the
gas, the degree of ionization and the strength of the field are assumed to be such
that: (i) the interactions between the electrons can be described by some nonlinear,
Boltzmann type collision operator, and (ii) collisions between the electrons and
the heavy components of the plasma, ions and neutrals, are adequately described
by assuming the latter ones to have a spatially homogeneous time-independent
Maxwellian distribution with am-priori given temperature [7]. Under these condi-
tions the time evolution of the spatially homogeneous velocity distribution function
f (v, 1) satisfies a Boltzmann-type equation

af(a? Do ENfLf et 2.1)

whereV is the gradient with respect toin R3, E is a constant force field and is

a nonlinear collision term which takes either the form of the Boltzmann collision
kernel for Maxwellian molecules, or the one corresponding to the BGK model. We
treat both cases here because itis possible to provide a little more detail concerning
the nature of the equilibria in the BGK case. The parameter 0 is thought of

as a scaling parameter that goes to zero in the hydrodynamical limit. The linear
operatorL represents the effect of collisions with reservoir particles. It is assumed
to have the form

Lf(v) =L1f()+ Laf(v), (2.2)
with
Lif(w)=V. <D(v)M(v)V (A];((’;))» , (2.3)

a Fokker-Planck operator, representing energy exchanges with the reservoir as-
sumed to be at temperatufe= 1, so that



196 E. CARLEN et al.

M) = @) 2 exp(-P).

D(v) =aexp(—%b|v|2> +e (2.4)

for some strictly positive constants b and c: the symbolsa, b, ¢ henceforth
always refer to these parameters wherever they appear. The specific form (2.4) of
the velocity-space diffusion coefficient is not important. We specify it for the sake
of concreteness. The properties we really needd¢r) will be clear from the
proofs. The operatak, represents momentum exchanges with the heavy reservoir
particles and is given by

Lof(v) =v[f(v) — f)], (2.5)

with v a positive constant anfl(v) the sphericalized average gfv).
For any probability density’, we letM; denote the Maxwellian density with
the same first and second momentsra&xplicitly,

N2
My = (2nT)_3/2exp[—(v 2Tu) :| , (2.6)
with
u = / vf (v) dv, (2.7)
R3
e = %/ V2 f(v) dv, (2.8)
R3

andT = (e — 1u?). In the BGK model the collision kernel is

Opek (f) = My — f.

The Boltzmann collision kernel is given by
0p(H) = /dev* /S+ do B(lv — vil, o)[f () f(0)) — fF(0) f(0)]. (2.9)
2

HereSy ={w e R®: 0? =1, »- (v—v,) 20}, and

V =v—w- (V- vy,
(2.10)
V, = vt o-(v—v)o

are the outgoing velocities in a collision with incoming velocitieand v, and
impact parameten, B(|v — v4|, w) is the collision cross section, depending on the
intermolecular interactions. For Maxwellian molecules, with a Grad angular cut-off

B(Jv — vsl, w) = h(8), (2.11)

with 6 the azimuthal angle of the spherical coordinateS;imith polar axis along
v— v, andi(9) a smooth non-negative bounded function. Thus, for any normalized
f we can write
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Op(f)=L(fof—1) (2.12)
with

1 21 T ] ,
fof@ = / dv, / do / d6h(8)|Sind|f (W) F (),
R3 0 0
: (2.13)
0= 71/ d6h(6)|sind| > 0.
0

With eitherQ gk or Q p for the collision kernel in (2.1), this term tends to kegp
close toM, and one could certainly expect this effect to dominate for small values
of . Thus, formally in the limit ag vanishes f actually equalg/ for all time f,
and to keep track of its evolution, we need only keep track(of ande(z).

Using the prescriptiorf = My, in the right side of (2.1), we easily evaluate the
time derivative of the first two moments of the so modified (2.1), to obtain formally

d (@) _ (F(»f(t),(iu))). 2.14)
dr \ e(r) G(u(r), e(r))
The functionsf andG are given explicitly by

(2.15)

1+5b
F(u,e)=E —u|v+c+aexp(—w) ,

(1+b/B)%/2

Gu,e) = Eu—c [Ze(l —B)+ ﬁuz]

__aexp—w) _ 2 _1—_/3)}
(Hb/ﬁ)S/Z[ze(l P tu (’3 "or8) |

where = T-1andw = bu?/2(1+ bT). The tildes in (2.14) are to remind us that
the equation is valid only whefi = M.

Equations (2.14) represent the hydrodynamical description of the gas. Our pri-
mary goal here is to show that such a description actually does hold for small, but
positive, values ot, i.e., that the interaction between the hydrodynamic and the
non-hydrodynamic modes does not destroy the picture involving only the hydro-
dynamic modes. The following theorem enables us to do this.

(2.16)

Theorem 2.1. Let f be a solution of2.1) with

Then, for any fixed integdfp > O, there is angg > 0 and functions1(¢), 32(e),
going to zero ag — 0, depending only on a, b, ¢E|, ande(0), such that for
& < go the solution 0f2.1) satisfies

SUp (£ (. 1) — Mycnll sy < d1(e), (2.17)
teRt
sup IV (FCot) = Myen) ll2s) < 82(e) (2.18)
teR

for k < ko.
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RemarkThe assumption off (-, 0) is not essential: our methods allow us to easily
modify the result to take into account an initial layer.

We shall use Theorem 2.1, in the proof of Theorem 2.2 below, to show that
if we computeu(r) ande(t) for a solutionf of (2.1) satisfying the conditions of
Theorem 2.1, then the moments p&atisfy the equation

d (u(z)) _ (F(um, e(r))) s (y(r)) 2.19)

dr \ e(r) G(u(t), e(r)) n(t)
whereF andG are the non-linear functions afande given by (2.15) and (2.16),
which arise in the = 0 limit, andy (¢) andn(¢) are bounded uniformly inwith a
bound independent af Of course they depend on the full solutigrof (2.1), but
such estimates and a simple comparison argument will then lead to the following

theorem, which says that the system (2.14) obtained im the O limit does give
an accurate picture of the smaltegime.

Theorem 2.2. Let (u*, ¢*) be a stable fixed point of the systgth14) and let
M~ ¢+ be the corresponding Maxwellian density, with momarfitande*. Then
given anys > 0, there is ane greater than zero such that jf. (-, 7) satisfieq2.1)
with this value ot and if

[ fe(, 0) = M o) (Dl 13y S &, (2.20)
then

”f&('v t) - M(Ll*,e*)(')||Ll(R3) é ) (221)
forallr = 0.

If, however,(u*, ¢*) is not stable, then there existssa> 0 so that for every
¢ > 0, there is a solutiory, (-, r) of (2.1)with Maxwellian initial data satisfying

1£2(, 0) = Ma.en Ol 1gs) < &, (2.22)
but such that for some finite> 0
[l feCs 1) — Mg o) ()|l 1g3) = 8. (2.23)

The proof of these theorems, which are fairly complicated even for the simple
BGK model, will be given in the next sections.

The above theorems allow us to rigorously prove that our kinetic system has
multiple equilibriain certain ranges of the parameters that specify it. This is because
of the following result concerning the “hydrodynamic” system (2.14).

Proposition 2.3.There are choices of the parameters a, b, ¢ aridr which there
are nonempty intervaléEg, E1) such that, if|[E| is outside of the closed interval
[Eo, E1], then there is a unique stable fixed point for the sysfgrh4), while, if
|E| € (Eo, E1), then there are three fixed points for the syst@m4). Moreover,
two of them are stable and one is unstable.

Stability here is meant in the sense that the eigenvalues of the differential have
a strictly negative real part.
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The proof of Proposition 2.3 is an explicit calculation which we omit (see
[7]). However, to gain an intuitive understanding of why there should be multiple
stable equilibria for certain parameter ranges, think ofsthe O limit of (2.1) as
a constrained motion on the “manifold of Maxwellians”. Without this constraint,
which is generated by the collision kernel, the evolution would be the one ruled
by the electric field and the linear operafarClearly, this evolution has a unique
attracting fixed point, which, foz > 0, is not Maxwellian. What happens is that
there are one or more places on tfwn-linearconstraint manifold that adecally
closesto the attracting point of the unconstrained system. Each of these is a stable
equilibrium for the constrained evolution. As the parameters are varied, the position
of the unconstrained fixed point relative to the manifold of Maxwellians varies, and
with this variation in geometry, the number of locally closest points varies.

The main physical issues regarding this model are settled at this point: We have
proved the existence of the multiple stable equilibria at the kinetic levelsmall,
but positive — that had been found and investigated in [7 at 0. Moreover,
we remind the reader that we do not know how to establish such a result using
conventional expansion methods, the difficulty being thdt ils not small, and
hence possibly out of the range where multiple equilibria exist for (2.14), we only
know how to prove (2.21)ocally in time. This is insufficient to show that fer
small enough, oneeverwanders far from any/ = . with (u*, e*) stable for
(2.14). While the entropy methods we use do let us do this for arbiffatlyere are
several finer questions that one could ask, but for which we have only incomplete
answers.

First, one can ask whether or not there is an actual stationary solution inside the
invariant neighborhoods of th¥,- .+, that we have found, and second, once one
knows that stationary solutions exist, one can ask whether or not solutions actually
tend to converge to one of these stationary solutiong@sds to infinity.

The first question we can answer completely only in the BGK case. The positive
answer is given by

Theorem 2.4. LetQ = Qpgk anda > 0. Then for each fixed point ¢2.14)there
is exactly one stationary solution of equatittl). This solution lies in a suitably
small neighborhood oM, .+, the Maxwellian corresponding t@:*, ¢*), and it
inherits the stability properties of the hydrodynamical fixed point.

For the Boltzmann kernel we have only a partial result that is reported in Section
8. Also on the question of convergence we have only very partial results. These are
reported in Section 9, where the difficulties are explained as well. But though it
would be desirable to have a more complete resolution of these issues, they are not
central to establishing that the kinetic systems do actually have the several stable
regimes that one sees in the limiting “hydrodynamic” equations.

The proofs are organized as follows. In Section 3 we prove moment bounds.
Section 4 contains the proof of two “interpolation inequalities”. The first of these
will be used to obtaira-priori smoothness bounds in Section 5. The second will
be used to transform the smoothness bounds of Section 5 into a lower bound on
the variance of our density. The smoothness requires Sobolev estimates for the
collision kernel, which are straightforward f@ gk, while for Qp they rely
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on some recent results [13], which we simply state here. Having assembled these
moment, smoothness and interpolation bounds, we can use a key entropy production
inequality forQ p proved in [11]. The analogous inequality f@rs x is proven in

a simpler way in Section 6. This is used to get quantitative bounds on the tendency
of the collision operator to keep the density nearly Maxwellian. What we obtain
directly is L* control on the difference betweefiand M, but the smoothness
bounds together with the interpolation bounds allow us to obtain control in stronger
norms. Section 7 contains the proofs of the Theorems 2.1 and 2.2, which, given
the lemmas, are quite short. Section 8 is devoted to the proof of the existence of
stationary solutions. In Section 9 we discuss the tendency toward these stationary
solutions.

3. Moment Bounds

In this section we esatblis&-priori moment bounds for solutions of (2.1). In
estimating the evolution of the moments, we shall use one set of methods to treat
the effects of collisions, and another set to treat everything else. Thus it is natural
to rewrite (2.1) as

9 , 1
gf(v,t) =Zfw,n+ EQ(F)(v,t) (3.1)

where f = —E-Vf+Lf.

We shall use the standard “bracket notation” for averades; denotes
Jrzd ) f(v, 1) d3v for any positive or integrable functiap.

Throughout this papek denotes a computable constant that depends at most
on the electric fieldE, the parameters, b, c, andv specified in (2.4), and where
indicated, also on the fourth moment of the initial distributitin}*)o. The constant
will, however, change from line to line.

In these terms, the main result of this section is

Theorem 3.1. Let f denote a solution t¢2.1). Then forQ = Qp or Ok,
(o1 = (v + K.

Note that by Jensen’s inequality, this immediately controls all lower-order mo-
ments as well. The first step, however, is to directly control the second moments.

Lemma 3.2. Let f denote aasolution t(2.1). Then for both choices of the collision

kernelQ,
(Iv1%); < (Iv]®0 + K. 3.2)

Proof. Since(|v|?); is a collision invariant, angl v2L, fd3v = 0,

E<|v|2>, =/ 125 f (v, 1) dP
dt R3

+25-<u),—2/

R

f(U, t) 3
, DW)M(@)v -V <—M(v) ) d>v

= 2E - (v); + 6(D); + 2(v - VD)((v - VD)); — 2(D|v|?);.
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Now observe that
(v-VD)ZO0 3.3)

and that
cSD=Z(a+o) (3.4)

for all v. Finally, by Jensen’s inequality,

W)l < ((w1A) Y2

These facts, combined with the previous calculation, yield the estimate

(3.5)

d
3 (W12 £ —2¢(v?); +6(a+c) + 21E|({v[2),) 2.

Straightforward estimation now leads to

d

dr
Then (3.2) inturn follows from the fact that any solution of the differential inequality
x(t) £ —cx(t) + K satisfiesc(r) < x(0)+ K/c. O

(V12 £ —c(lv]?); + K.

We next parlay these bounds into bounds on the forth moments(|i:&), .
Since(|v|%); is not a collision invariant, these depend on the particular collision
kernel under consideration.

Lemma 3.3. Let Q = Qpgk . Then for any density,
160
/ WI*Q(F) o £ == ((Iv1A)* = (lvl*):.
RS 3

Proof. By an easy calculation,
[ 1o =ty d
R3

= § (Jus 1o — (0 12My () &0)? = § (10 — () )2,

Next, note thatv| < v — (v)| +|(v),], and thusjv|* < 16(|v— (v)|* +|(v):)*.
Combining this and Jensen’s inequality as in (3.5) with the above, we have

/R3 [oI*Mp(v) o < B2((10/2)r)”,

The result now follows directly from the form @ (f). O

Lemma 3.4. Let Q = Qp. Then there are positive constartsand ¢, such that
for any densityf,

/Rz I*Q() & = ea((1vP))* = callvl).
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Proof. The result follows once we prove that
/d3v|v|4f o f(v) < (€= call[vl*) + cx({v1)2.

To check this, letr,, and ;- denote the projection in the directian and the
complementary projection respectively. Then we can wriés

1.7
V= TyUs + T, Uy,

2 2 L2
V] = 170 val© + 75 v, %

Hence
4 4 L4 2172
" = 170 val* + 1705 V4|7 + 2070 vs | I, vl )%

Averaging onS, we get

/ dwB(|v — vi|, 0)[|Tevel* + [, v} Y]
52
b4
= |v|47r/ do)| sind|h(0)[cost 6 + sin 6]
0

= |v* <E—Zn/nd9|sin9|h(9)c05295in20) = |v[*(t — ¢2). O
0

Proof of Theorem 3.1.Calculating as before, we have

E<|v|“>t=/ Ivl4c%/f(v,t)d3v+}/ W*Q(f) (v, 1) dv
dr R3 & Jr3

—4E - (oPoh =4 [ DOM@IPY-V (é&@?) o

1

+—/ I*Q(f) dv
& JRr3

= 4E - ([v[?v); + 12(|v]*D); + 4(|v|?v - VD)((v - VD)), — 2(Dlv|*),

1

+ [ tomnd.
& JRr3

We now estimate using (3.3) and (3.4) just as in the proof of Lemma 3.2, together

with Lemmas 3.3 and 3.4, to control the collision term. (Note that once dgain
makes no contribution.) The result is

d
3 (0 < AEI((1%)¥* + 12(a + o) (1013 — 4e(v[*),

1
+ g(cl<<|v|2>t)2 — ca(jvl*)).
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Next, by Lemma 3.1 together with Jensen’s inequality, we know th@t2) (|v|2),
is bounded above by a universal constant gliis|*)0)/2. Thus, if we introduce
the scaled time parameter

T = ¢,
I

and definex (1) := (Jv|*)., we have thak(r) satisfies a differential inequality of
the form

x(t) £ —x(1)+ K

from which the result follows. O

4. Interpolation Inequalities

The lemmas in this section are several interpolation inequalities related to the
familiar Gagliardo-Nirenberg inequalities, but with some special features adapted
to our applications. The inequality of Lemma 4.2 is the most novel and interesting
of these.

Lemma 4.1. Let f € L1(R3). Then there is a universal constafitsuch that if f
has a square-integrable distributional Laplacian, thgrhas a square integrable

gradient, and
IV £z < ClLriE 1ars”. (4.1)

Similarly, there is a universal constant such that ifA2f is square-integrable,
thenAf is also square-integrable, and

Iafl2 < ClfIy a2 ps (4.2)

Proof. Taking Fourier transforms, we have
IvsB = [ IR
R

=/ |p|2|f(p>|2d3p+/ Ipl2If(mI12d3p
IPISR [pIZR

< CROIfI% + R—Z/ P2 dp
[PIZR

< CR%|If12+ R2|Af)2

where the computable constafitchanges from line to line. Optimizing ove&¥
now yields (4.1). The proof of (4.2) is done in the same way.

The next inequality is similar in effect to an “uncertainty principle”. We shall
use it to obtain uniform lower bounds on the variance of our density
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Lemma 4.2. Let f € L1(R3), and suppose that has a square-integrable distri-
butional gradient. Then there is a universal const@nguch that

3 4/9
A;@f(@d v = CIV£lly (/R3

Proof. The right side of (4.3) is decreased when we repladey its spherically
symmetric decreasing rearrangement, while the left side is unchanged. We may
therefore assume without loss of generality tlfais spherically symmetric and
radially decreasing. Now fi® > 0, and defineg(v) := f(v) for |v] £ R, and

g(v) = 0 otherwise. Definé by f = g + h. Now clearly,

v —/ vf(v)d3v
R3

2 5/9
f(v) d3v> . (4.3

/ h(v)d3v < R’Z/ lv|? £ (v) dv.
R3 [v|>R

Also,

/ g(v) dv
R3

_ s ar a3 [ (47 s _ 3
= 3Rf(R)+ 3R <<3> R /|U|<R(f(v) f(R))d v)
A 4 A\t 2 1z
3 3 -3 _ 3
§—3Rf(R)+ 3 R <<3> R /|U|<R(f(v) f(R)) dv) .

Now, sincef is monotone,

/ 2 f ) d® = f(R) w2 f d® = f(R)%’RS.
lv|<R

[v|<R

Then, with denoting the principal eigenvalue for the Dirichlet Laplacian in the
unit ball, we have

/ (f(v) — f(R)? d®v < R2A71 / IV (f(v) — F(R)I* d®v
[v|<R [v|<R

< RV
Combining the above, we have

/ fwydvc (IIVf||2R5/2+ R—Z/ [ £ (v) d3v> :
R3 R3

Optimizing overRr yields the result. O
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5. Smothness Bounds

The purpose of this section is to establesipriori smoothness bounds for so-
lutions of (2.1). The main result is:

Theorem 5.1. Let f be a solution of2.1) such that|V f (-, 0)||2 is finite. If 0 =
0BGk, then there is a constarK such that

IVFC D2 = KA+ VS 0)l2) (5.1)

for all # > 0. Similarly, suppose thatAf (-, 0|2 is finite. Then there is a constant
K such that

[AfCDll2= KA+ 1ASC,0)l2) (5.2)

forall ¢+ > 0.
If Q = O3, the same results hold providgd (-, 0) — My (. )|l ande are both
sufficiently small.

Remark.The smallness condition ghf (-, 0) — M. g)ll1 poses no problem here
since we are avoiding an initial layer by assuming that 0) = M. o). However,

it seems likely that it would be straightforward to include an initial-layer analysis,
and to dispense with this condition — even the present proof does not require
| f(-,0) — My (. 0ll1 to be particularly small.

Proof. Once again, we write (2.1) in the form (3.1). Then differentiating, and
integrating by parts, we have

d 2 _ af (v, 1)\ 3
g IvV/Gol%= —2[1;3 Af(v, 1) (T) PBo

= —2/3 Af(, )% f(v, 1) d® — 2/3 Af (v, )O(f) (v, 1) dv.
R R

As with the moment bounds, we begin by estimating the individual contributions
to the 4 term.

Lemma 5.2. There is a universal constaiit so that for all solutionsf of (2.1),
—2/ Af(, )% fu, ) dv < K
R3

forallr = 0.

First, 2E - [,3 AfV fd3v = 0. Next,

—2/3 Af(VD-Vf)d3 = /3 IVFI2IAD| &% < (a + o) |V £II3.
R R

Now, repeatedly integrating by parts, we obtain



206 E. CARLEN et al.

—2f Af(VD -v) fd
R3
= 2/ Vf((AD)f +3VDf + (v- VD)V f)d
R3
< —3/ F2(AD) By — / fz(v : V(AD)>d3v
RS RS
where we have once again used (3.3). This gives us a bound of the form

—2/3 AF(VD v f o S KIFI5
R

We now use a standard interpolation inequality, the Nash inequality:

3/5 2/5
Ifl2 < CIV A PIF12°.

This allows us to eliminaté 1|2 in favor of |V f|2, the quantity of interest, and
Il 1, the conserved quantity, so that

_z/R3 AF(YD ) f o < KIV IS F1Y5.
Next,
—2f3 Af(Dv-Vf)d = /3 IVFI?V - (Dv)d® S K|V I3
R R

Apart from the collision term and the favorable dissipation term, the only other
term to be bounded is2 ng Af Dfd3. However, integrating by parts, we obtain
terms identical to terms that we have already bounded.

The dissipation term is bounded using Lemma 4.1 as follows:

14/5 —4/5 14/5
—2/3 DA < —2¢||Af13 < KIVEIEPIAITY = KIV£I5Y
R

since| f||1 = 1 for all timest.
Thus, withx(z) = || f(-, 7)1, we have established that

—2/3 Af (v, ). f(v, 1) dv
R
SKxOP+ KO +x0)¥ 0+ x(0) £ K

since the largest power @f¢) has a negative coefficient.o

To conclude the proof of (5.1), we need smoothness bounds for the collision
kernel; in particular, we need an estimate on the smoothness of the gain term in the
collision kernel.

For the BGK case, this is given by
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Lemma 5.3. For any positive integer there is a constank depending only on
the second moment gfsuch that

2 / N F .0 Dy < K~ I(=8)"2 715 (5.3)
R
Proof. We only check the cas¥ = 1, the rest are similar. We have
- 2[3 AfQpok (f)dPv = —Z/B(AMf)f d®v — 2|V £113. (5.4)
R R
Now, since
2 [ @amps s CT VS
R3 ’
we can use Lemma 4.2 to get the bound
Tt vl (5.5)

f
and hence

— 9/5
—2/3<AMf)f o < CTYVFll2 £ CIVAL” < K + 1V £15.
. .

Combining this with (5.4) we getthe Lemma 5.3fo= 1. O
The analog of Lemma 5.3 fap p is slightly more complicated:

Lemma 5.4. For any positive integer there are constant& and§ depending
only on the a-priori bound on the second momentg asuch that

2 /1; JCA .00 @, 1) v < K - Jel-n)""?f13  (5.6)

whenever
IfC ) = MpenGll =6,

where? is the constant irf2.13).

Proof. It is sufficient to note that
2 / (—A)" £ 05 (f)
]R3
_ f F=AY'f o fd® — 20 (—A)2 £ |2
RB

S20(I=D)"2 fllall (=AY f o fll2 — I(=A)"2f]3).

What we need now is control ovel(—A)"/2f o f|». This is provided by an
inequality from [13], where it is shown that for amy > 0 there are constanis
andé$ > 0 such that

I(=A)"2f o flI3 < K +yll(—=A)"f1I3 (5.7)
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whenever
I f— Myl <6.

This inequality is proved in [13] under the assumption tlidtas zero mean
and unit variance, and under these conditions, the conskaatsls are universal.
Scaling the inequality, we have it holding with constakitands depending only on
the second moments ¢f (The inequality is applied in [13] to get strong exponential
convergence estimates for the spatially homogeneous Boltzmann equation with
physically realistic constants in the bounds.)

With this inequality, we need only take= 3. O

Proof of Theorem 5.1.We begin with the proof of (5.1).
To put all of the lemmas together, let:= (1/¢)t as before, and put(r) =
IIfe, r)||§. Combining Lemmas 5.2 and 5.3, we get in the BGK case that

x(t) SeK + K —x(1)

and any solution of this differential inequality satisfigs) < x(0) + (1+¢)K for
all ¢. This establishes (5.1) in the BGK case. The proof of (5.2) in the BGK case is
entirely analogous.

To handle the Maxwellian collision kernel case, first define

i =inf{r suchthaty| f(.1) — Myl = 38} (5.8)

wheres is the universal constant from Lemma 5.4. We take our initial condition so
small thatr > 0. Then, for allr < 7, we have the following differential inequality
by combining Lemmas 5.2 and 5.4:

x(t) £eK + K — £x(7)

and any solution of this differential inequality satisfigs) < x(0) + (1 +¢)K /¢
forallt < (1/9)1.

It only remains to show that actually= +occ. We shall do this in the next
section using an entropy inequality. The entropy inequality requires-jbréori
smoothness bounds from Theorem 5.1, and shows that as long as they hold; i.e., as
long ast < 7, we have an upper bound of the form

1 fC 1) — Mpp < Sentropy(&)-

All we have to do now is to take so small that

3entrop)(8) < %15

and then it is clear from the definition ofthat7 = oo. Thus, by borrowing the
entropy bound from the next section, (5.1) is establishe@fpfor all ¢ sufficiently
small, and all initial data sufficiently close to a Maxwellian. Again, (5.2)@yr is
handled in an entirely analogous waya
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6. Entropy Bounds
Let 2(p1 | p2) denote the relative entropy of two probability densitigsand

p2 onRR3:
L1 L1
h(p1 | p2) =/ p1 (—) In <—> dv.
R3 P2 P2

Here we are primarily interested in bounds/aif | My). It will be convenient,
however, to first obtain bounds di(f | M), and to then relate the two relative
entropies. We do this in the next two lemmas.

Lemma 6.1. Let f be any solution of2.1) with
(v =€, IIVfl2<C

for all = 0. Then there is a constaiki depending only o€ such that
d 1 3
—h(f(,t) | M) S K+ —/ In f(-,0)Q(, 1) dv. (6.1)
dr & Jr3

Proof. Differentiating, we have

d . % B 3
SR | M) —fRs L g —Inay

= / (—E-Vf+Lf+e20()In f —InM)d.
R3
Now, integration by parts reveals that
f Lfnf—InM)d® <0
R3
and since InV is linear in|v|2,
—[ INMQ(f) =0.
R3
Finally,
/ (E-V)Inf—InM)d3
R3

=f (E-Vf)lnfd3v—/ (E-Vf)InMd3
R3 R3
=E - (v);.

Using Jensen’s inequality to bouna), | in terms of the uniformly boundev|?);,
we have the asserted resula
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Lemma 6.2. Let f be any solution of2.1) with
(oo <C, IVfl2a<C

forall + £ T, for someT > 0. Then there is a constak depending only on C
such that

d 1
d_h(f(" | M) = K+ —/ Inf(,00C, 1) d% (6.2)
t & JRr3
forallt < T.

Proof. By the definitions, we have

h(fC.0) | M) —h(f-0) | M)
(INM); — (In M¢(. 1))

3In{lv — )% + 3 — 3(v?).

Thus

d d
+%E In{lv — ()2, — %a“”mr

Computing further with the logarithmic derivative term, we obtain

d d
Emmwwwf»=«w—wm%Jﬂa«M%rwwh

To control this term, we need an upper bound ¢in — (v),|%);)~L. But since
(v — (W)]3); = C||Vf||;4/5 > K by Lemma 4.2, we have on application of

Lemma 5.1 that

d d
Emm—wmﬁiKEmm%—w%.

The lemmas of Section 3 provide uniform bounds on this last term and therefore
provide uniform bounds on the derivativeloff (-, 1)|My(...)) —h(f (-, t)|M). The
result now follows from the previous lemman

Lemma 6.3. Let 0 = Qg . For any densityf with finite second moments,

AganU)&vg—th@m (6.3)
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Proof. Let S(f) = — [za fIn fd3v denote the entropy of. For any densityf
and foranyr € [0, 1], put f(v) = (1 — 1) f + T M. We have

d
g /@ =M= f=00)

and f(0) = f. Then

d
‘/Mquw%=——wqa»
R3 dT
However, the entropy functional is concave, so that

S(f(m) 2 A=1)S(f) + tS(My)

and hence
S(f(r)) = S(f )

T

= S(My) — S(f).

Since My and f share the same hydrodynamic momerfiéMy) — S(f) =
h(f|My). O

Lemma 6.4. Let 0 = Qpgk and let f be any solution of2.1) with
(M <C, IVfllz<C

for all z. Then there is a constaikt depending only o’ so that

d 1
3 "G DIM ) SK- Sh(FCDIMyn). (6.4)

Proof. This follows immediately upon combining the last three lemmas.

In the case of the Boltzmann collision kernel, Lemma 6.3 is replaced by the
following proposition proved in [11]:

Proposition 6.5. For all C > 0, there is a positive functiof ¢ (r) strictly increas-
ing inr, such that

[, ou(rd < —octiring) 65)
for all densitiesf with

fgw%n»&vgc,HVﬂuéc.
R



212 E. CARLEN et al.

Consequently, foQ = Qpg, (6.4) is replaced by

d 1
Eh(f(n DIMyp.n) S K — Eq)c[h(f(-, DIMyr.n)] (6.6)

Now if f(-,0) = My 0), Sothata(f (-, 0)|My (. 0) = 0, thenitis evident from
this
Oc[h(f(. ) |Mp)] S €K

for all + = 0. This together with Kullback’s inequality
LFCot) = Mycplld £ 200 . 1) My () (6.7)
clearly implies that there is a functidanwropy(e), decreasing to zero withso that

N fC, 1) — Mg plla < dentropy(€)

for all r < £, the times for which we know thaf(-, r) satisfies the bounds in the
hypothesis of Proposition 6.5. But as explained at the end of the proof of Theorem
5.1, this is enough to show that oo for all sufficiently smalk. Thus, the entropy
bound provides the information needed to complete the proof of Theorem 5.1 as
claimed, and moreover, (5.8) holds globally in time.

7. Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1 Let us consider firstthe cagk= QO p;k . Since Maxwellian
initial data satisfy the hypotheses of Lemma 6.4, we have that (6.4) holds for the
solution f (-, #) of (2.1) under consideration in Theorem 2.1. But then

d
g (€ R G 0IMp ) S Ke'le,

Since by hypothesig(f (-, 0)|My . 0) = 0, we have
h(f( DMy < eK

forallr = 0. Thistogether with Kullback’s inequality (6.7) yields the firstinequality
asserted in Theorem 2.1, widh(e) = ¢1/2,

To obtain the second, note that singe, 0) is Maxwellian, there is a bound
on||Af |2 depending only ori|v|2)o. Inequality (5.2) of Lemma 5.1 now gives us
a uniform bound ol Af (-, t)||2. Combining this with the interpolation inequality
(4.1) finally yields the second inequality of Theorem 2.1 wifits) = £1/7 for
0 = OpGk-

The proof forQ = Qp is only slightly more involved, but in fact we have
already given the proof of the first part of Theorem 2.1 in our “back and forth”
proof of the smoothness bounds and entropy bounds for this case. As observed at
the end of Section 6,

N fC, ) — Mg plla < Sentropy(€)
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forall+ 2 0, anddentropy(¢) does decrease to 0 withas required. The second part
follows in an entirely similar way. O

Proof of Theorem 2.2.This follows from Theorem 2.1, and it is now no longer
necessary to separate the ca@es Qpgx andQ = QOsp.
As we have computed in the proof of Lemma 3.1,

d
E(|U|2)t = —2E - (v); + 6(D); +2(v - VD){(v - VD)), — 2(D|v|?),.

If we replace the density (-, r) everywhere on the right by, . ), by definition

we obtain the functioiir (u (), e(¢)) whereu(z) ande(r) are the moments of (-, ¢)
figuring in Theorem 2.2. The error we make has to be estimated term by term. The
least trivial of these terms concerns the contribution ft@anv|2),, and is estimated

as

(Dv[?), — fR DW)|vI2My (.1 (v) dv|
< /3 D@)IIf (. 1) = My ()] &
R
- f DO (. 1) — My ()] &
VISR
+ f DO f (v, 1) = Mypy ()] &
[v|=R

=C (Rznf(-, 1) = Myl + R / JF @0 = My ()] d3v>
R

< € (R2ISC.0) = Myl + R72K (0P +1)).
Optimizing overR now yields the result

(DI ~ f D@ My @ &l S KIFC0) = Myl

R
Theorem 2.1 yields a bound of the sizgs)1/2. The other error terms in the time
derivatives of(|v|2); and(v); are bounded by a direct application of Theorem 2.1
(and hence yield errors of ordér(e) instead of51(¢)1/%). O
8. Stationary Solutions

In this section we discuss stationary solutions of (2.1), and prove Theorem 2.4.
The stationary solutions of (2.1) are the positive normalized solutions of

e f+0(f)=0. (8.1)
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The existence of such solutions relies on a simple fixed-point argument. Recalling
the expression of (1), we put

My in the BGK case,

J() = :
fof inthe Boltzmann case.

Equation (8.1) can be rewritten as
& )
f=JNH+ Z—%f, (8.2)

where? = 1 in the BGK case. The explicit form of the linear operatérimplies
that, fore sufficiently small, the operator

& -1

G = (1 _ ZZ> (8.3)
preserves positivity and normalization 8a(R3). (That is, it is a Markovian oper-
ator.) Moreover, it is clear from the smoothing propertiesothat it is compact
on L1(R3). Also, J is a positivity- and normalization-preserving mapIof(R®)
into itself. Then since we can rewrite (8.2) as

f=<Jf), (8.4)

we see that the solutions of (8.1) that we seek are the fixed points of the map
f = < J(f). The properties of this map listed above prove the existence of fixed
points (see [14]). Let us denote by one of them. It is then easy to check that it
satisfies (8.1) pointwise.

Next we note that the same arguments used in previous sections imply that, if
f satisfies (8.1), then

I fe — Mf*” < 5entropy(8)~

This concludes the first part of Theorem 2.4.

Everything done so far would apply in the Boltzmann case as well as the BGK
case. What we do not know at this point is: Are there fixed poinesichof the
stable neighborhoods, and if so, is theractly onen each stable neighborhood?

These questions can be positively answered in the BGK case in a simpler way.
It seems likely that one could also provide a positive answer for at least the first of
them for the Boltzmann kernel, but we have not done more than sketch a lengthy
argument, and so confine ourselves to the BGK case.

In fact, since’s” = I + 2% with I the identity map and (f) = My, we can
write (8.4) as

=M+ L5 M,. (8.5)

Note that the right-hand side of (8.5) depends only:@mde, the first and second
moments off. If we multiply (8.5) byv or by v2 and integrate, we get

Fe(u,e) =0, Gg(u,e)=0, (8.6)
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becausef andM; have the same first two moments. The functidhsindG, are
quite complicated, but far = 0 they reduce to the functio's andG in the right-
hand side of (2.14). Then, by Proposition 2.3 we know there are solutiQns, ) to
(8.6) fore = 0. Moreover the differential of the map, ¢) — (F.(u, ¢), G(u, e))
has eigenvalues with non-vanishing real part, i 0 and(u, ¢) = (us, ex), when
E is in the appropriate range. Therefore, by the implicit function theoremy, for
sufficiently small, we have a unique solution., e.) in a neighborhood ofu, e,)
to (8.6). LetM, be the Maxwellian with momentig,, e¢.). Then itis easy to check
that

f =M.+ LG M,
is the solution to (8.1). This concludes Theorem 2.4.

9. Long-Time Behavior

It is natural to ask whether the stationary solutions are the asymptotic limits as
t — +oo of the evolution starting in appropriate neighborhoods of the fixed-point
Maxwellian. To this we have only a partial answer even in the BGK case:

Proposition 9.1. Choose a stable fixed poitit*, e*) of (2.14) and let f, be a
stationary solution of2.1)in the neighborhood d¥, .+). Assume that the solution
fi of the time-dependent problem starting nd4g,« .~y has moments(¢) ande(r)
converging ta:* ande*, respectively. Then

im f = fullz=0.

Unfortunately we do not have enough control on the time behavior of the solution
to check the convergence of the moments. We expect however such convergence,
and this can be proved for a modified model where we consider, instead of a diffusion
coefficientD depending on the velocity, one depending only on the average
straightforward calculation then shows that one gets closed equations for the first
two moments, and the long-time asymptotics is easily obtained. In this case all our
results still apply and the conditions of Proposition 2.5 are fulfilled.

First we prove Proposition 2.5. L¢}. be a fixed point ang' the distribution at
timet. Calculating as in previous sections, we have

S — fxll2
: 1
= [, R - ron[Z 1w+ o]
R3 3
: 1
= [, @ = L[ £ - o) + 2N - 0w
= [ @ = £ Z W - fw)

1 3 1 2
+ —/ d*v (f(v) = fi)(Mp ) — My, (V) — =IIf = fill5
e Jr3 &



216 E. CARLEN et al.

It is easy to check that
A; o (f0) — F0)L2(f ) ~ i) 0
fR () — LWDE Yy (f@) — o) =0,
On the other hand
/R () — LOILIE) — L)

= - /Rs & Vo () — £(0)D@)M ()Y, (M)

M

- /R &0 [V, (f () = f()?D(v)
_‘/1;‘3 dvo- Vo(f(0) — f()DW)(f () — fx(v))
- _/R3 ddu Vo (f(v) — f*(v))|2D(v) — %/Rs B - Vo (f(v) — f*(v))zD(v)

. /R RV (F ) — L0)PD) + / () L)Y, - 0DW)

R

= _/R3 d3U |Vv(f(U) - f*(U))|2D(U) + % ‘/1;3 dS‘U (f('U) _ f*(v))zv X va(U)
+3 /RB d*v (f () = f(@)?D()

<3 f | P (f) = fe)?D).
R
The last inequality is a consequence of the (3.3). Since
/ () — fr)My )~ My, ) € BT~ fulB + 3IMy — My 13
R
we conclude that
d 1 1
o - fell5 < Z1My — My, 15— [— —3(a +c>} If = fill3.
I3 & &
Withx(t) = || f — f*||% anda = |[My — M,;H% we have, fore sufficiently small,

that
x+cexZa

and hence
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x(1) < xpe e + /l dse(t=9)/eals)
0
This implies thatx () — 0 ast — oo, provided that () — 0 ast — oo. This
concludes the proof of Proposition 2.5.

The convergence a¥/; to My, is not easy to get for (2.1). A simple answer is
obtained if one replaces the operatargiven by (2.3) with

Lif() = D(e)V - (M(v)Vf ( 2AC) )) . (9.1)
M(v)
This model is much simpler than the one already considered, but still has a non-
trivial behavior on the hydrodynamical scale. In particular, it is easy to see that,
if we write the equations for ande, we get a closed system in those variables.
Namely, (2.14)—(2.16) are replaced by

u(t) F(u(t), e(t
i (o) = (G ) 62
the functionsF andG being given explicitly by
F(u,e) = E —ul[v + D(e)], (9.3)
G(u,e) = Eu + 3D(e) — 2eD(e). (9.4)

Equation (9.2) is exact for this model independently odnd for suitable choices

of the functionsD(e) has several critical points faE in an appropriate range.
Moreover, the asymptotic behavior for large times is easy to establish. All our
results apply to this model without substantial changes. In particular, in this case
we can use Proposition 2.5 to obtain the convergence to stationary solutions for
large times.

Acknowledgement3his research was supported in part by NSF Grant DMS-920-7703,
CNR-GNFM and MURST, and AFOSR Grant AF-92-J-0015.

References

1. T. NisHIDA, Fluid dynamical limit of the nonlinear Boltzmann equation to the level
of the compressible Euler equatiddpmm. Math. Phys61, 119-148 (1978).

2. R. E. CaruriscH, The fluid dynamic limit of the nonlinear Boltzmann equation,
Comm. Pure Appl. Math33, 651-666 (1980).

3. S. Ukat & K. AsaNo, The Euler limit and initial layer of the nonlinear Boltzmann
equation, Hokkaido Math. 12, 303—324 (1983).

4. A. DE Masi, R. Esposito & J.L. LEBowITz, Incompressible Navier-Stokes
and Euler limits of the Boltzmann equati@@omm. Pure Appl. Mati2, 1189-1214
(1989).

5. R. EsposiTo, J. L. LEBowITZ & R. MARRA, Hydrodynamical limit of the sta-
tionary Boltzmann equation in a slaBomm. Math. Physl60, 49-80 (1994).

6. R. EsposiTo, J. L. LEBOowITZ & R. MARRA, Navier-Stokes behavior of station-
ary solutions of the Boltzmann equatjah Stat. Physz8, 389-412 (1995).



218

7.

10.

11.

12.

13.

14.

E. CARLEN et al.

A. ROKHLENKO, Electron component of a plasma in a homogneous electron field
Phys. Rev. A43, 4438 (1991)A. RokHLENKO & J.L. LEBowITZ, Electron
velocity distribution in a weakly ionized plasma with an external electric,frefys.
Fluids B: Plasma Physids 1766 (1993).

. R. BALEscu, Transport Processes in Plasmasorth-Holland (1988).
. R.N. FrRANKLIN, Plasma Phenomena in Gas Dischargéarendon Press, Oxford

(1976):N. J. CARRON, Energy-diffusion calculation of electron-swarm distribution
function, Phys. Rev. 45, 2499 (1992).

E. A. CARLEN & M.C. CARVALHO, Strict entropy production bounds and stability

of the rate of convergence to equilibrium for the Boltzmann equafio8tat. Phys.

67, 575-608 (1992).

E. A. CArRLEN & M.C. CARvVALHO, Entropy production estimates for Boltzmann
equations with physically realistic collision kernglsStat. Phy§.4, 743—-782 (1994).

E. CARLEN, R. EsposiTo, J.L. LEBowITZ, R. MARRA & A. ROKHLENKO,
Nonunique stationary statesin driven collisional systems with application to plasmas,
Phys. Rev. B52, 4043 (1995).

E.A. CARLEN, E. GABETTA & G. Toscani, Propagation of smoothness in
velocities and strong exponential convergence for Maxwellian molecules, Commun.
Math. Phys., in press.

M. KrASNOSEL’sKI, Topological Methods in the Theory of Nonlinear Integral Equa-
tions, Macmillan Press, New York (1964).

School of Mathematics
Georgia Institute of Technology
Atlanta, Georgia 30332-0160

Dipartimento di Matematica
Universi@a di L'Aquila, Coppito
6700 L'Aquila, Italy
Department of Mathematics and Physics

Rutgers University
New Brunswick, New Jersey 08903

and

Dipartimento di Fisica
Universita di Roma Tor Vergata
Via della Ricerca Scientifica
00133 Roma, Italy

(Accepted September 3, 1996)



