\d
i

Some Exsct Results in the Theory of Fluids¥*

Joel L. lebowitz

Belfer Graduate School of Science
Yeshiva University
New York, New York

Lectures given et the NATO Summer School in Cargese, Corsica, June 196k.
(Notes taken by Drs. S. Nielsen and E. PTaestgaard.s

* Supported by the Air Force Office of Scientific Research under
Grant 508-6k.



I. THE GRAND PARTITION FUNCTION AND DISTRIBUTION FUNCTIONS OF A NON-UNIFORM
SYSTEM

Our starting point is the grand canonical ensemble formulation of
the description of a classical system of particles in equilibrium with
a particle and heat reservoir. The ensemble is characterized by &

temperature T and a chemical potential p or fugacity z, where z = (2omm / ﬁh2)3/23Bp

and .. B = 1/kT. The Hamiltonian of the system with N particles is given by
N N
By =2 2 2 <p(ri.) + Z U(ri) (1)
. J )
i=1 2m l<1<J<N i=1

All the properties of this engemtle are determined by the probability of
finding & system of the ensemble containing exectly N perticles whose posi-
tions and moments are in a specified 6N- dlmen31on°l volume element dr dE

L
about r , p . This is given by

o "Py arY ap

J -Biin gl ap

(2)

S

N _ N
WN(Ey, Ey, T,z) dr dp = W(N,T,z

It will be recognized that the second term is Jjust the canonical
distribution function for N particles and W(W,T,z) is the probability of
having N particles in the system.

Bt

W(N,T,z) = 2231"".' (3)

y(zs) = Bu + 3 1n [omm / ?) - U(x,) = 1n 2 - Bll(x,)



o The grand

partition function E is seen to be the normelization constant determined through

oo}

E; W(N,T,z) = 1. Considered as a functional of y,[=] [y] is given by
N=o0

| S | Bl ¥(z;)
. N =i N
=1L 1L e m 1 ar (1)
N=o0 N: i=1
where oY &) o, FU()
Tn a uniform system, U(r) = o, é&g In B/Q =B p , P being the thermo-

dynamic pressure. We shall always imagine in the following that our system is
confined to a volumeJT on & periodic torus so that when the external potential
is turned off, i.e. U(r) = o, the system becomes translationally invariant.
Actually since we shall be interested exclusively in macroscopically large
systems and more particularly in the thermodynamic limit of JL — « the exact
nature of the boundary conditions is unimportané ard we shall generally ig-
nore them.

We ghall now consider the distribution functions of our system con-
fining our attention to their configurational part since the momentum part
will be simply a product of Maxwellians. Considering functions of the form

P = Z T (gL olys) (5)
ll<12"'ls5N
we define their grand canonical ensembles average

> | N N N
N (N Z [ Jrg e gHN.d-ll R
(r N Nl = W(N,T,2) (6)
N=o ‘I\e_ N N N
dr dp

We now define the canonical distribution functions lg(yF,N) and the grand

canonical distribution functions I%(ES, [¥]) through the relations



-3=

16 Vg, = 5 ulnne) PG Fyeen) o (@)
Mo
=1 fr@& [v1) ¥ (x°) ay® (8)
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E; CoN wy ey X vd
- 1 e Il e 1
B[?l’j n=s N! Jre @) ey [i=l L

The first two equalities define the canonical and grand canonical distribu-
tion functions through the requirement that they hold identically for all
functions of the form (5). The last equality follows from the definition

of the probability distribution. As an example let us consider the function
N N
X \P(g‘_i), of the type Fl (r). Forming the mean value in the grand canonical
i=]1 S .

ensemble we get:

@ \ ._..BI{ N N
= 2 W(N,T,z) J[il Wzg)) e ™ art ap

GiC N=0

<2 Urs) )
i=1

- N N
Je B”.N dr dp

oo

N
f D13-—-1 Ur;) ] Bl }I'(p(-r—id) + DU ]d!_N

I

W(N,T,z)
=0

N N
[ B [mo(ryy) + [U(zs) 14,
o L
= -B[IZ ¢ + T U]
dr. . ...d
= Z W(N,T,z) J‘ dg‘_] \I’(.].:‘.l) { N fe i = g }
o .

Ie"ﬁ[m(p + L U] dg‘_l...dEN

Comparison with (7) gives

-8 [ )Y
N (ry, M) =N PO oy

Lo Oy (9)

fe"s [ 2 + 2 U] dry...dry




In the same way is obtained ]
. B[ +TU

e dr. «..dr

N.g(;_l, ro N) = N(N-1) J‘ =3 =N (10)

J’e'ﬁ [me+LU] dr, .. .dry

the momentum part alweys being maxwellian! We notice further that

N N W m
M (g M) = (Y 6z -ygl))- [, 0wk P gy ap
z S NN
=1 Ie—ﬁ&N dy dp

For the grand canonical distribution function, we find analogously:

N
W (3 0v]) = (B0l - 1) ¢,

Ny(r r5l¥] = (22 6(xy - ¥y 6,(%3 i Xi»G.C.

1£J<W

N (rr.. v 30y] = (B D6y = g,q)ee- 00 -5,.))
S——l "‘S, . . . Ll '—'S‘ - S ‘. .
11%12,..¥Ii§N . reG.C

and using $8) we get the explicit expression
s N N
s, _ y(r;) s N y(y.)
Ny (2%50y]) = 1/8[y] [ 1 e ]Ngo(l/NQ fems(_{lz J[ O e” i ]y (12)
For an ideal gas @(rij) = 0, eN+s= 1, aud hence

N (z);071) - ylr1) | ,o-BU(zy)
In general we find
.I‘Nl(al;[y]d{l = <N>G.C. =N§OW,,(N)T;Z) N
[, (e (¥laryary = (NQE-1)), o = BT, 2)N(N-1)

In a uniform system, ny(r) is independent of r, n = (Wy/Qand n (r.,r ) =
= ' =T 21’




IT. Definition of Functional Derivatives.

Let ¥ be a functional of w(r), ¥ [wl, i.¢. ¥ depends on the value of w(r)
at each point r in space. W could be a consbant such as the grand partition
function which depends con 7(3) or il could be a space dependent funcltion such
as NS(ES;[yj.

Consider now the changes in W [wl as aKE) is changed from some initial

value ub(z)'to its final value of w(r). Physically this may correspond to

[&)

changes in E or lg(r“) a3 the extazrrnal poterntial is changed. Iet us represent

the changes in QKE) by a peramzther o
Wz,e) = w @)+ elel)- @bl o @) +odur) (13)
¥ [w] may now be considered to be simpiy s funchion of o, ¥ (@), which may be

expanded in a simple Taylor series in o

(k)

’ a : 5 ’ 1 + a+
T (o = 1)= 313@(1/3943\11 (a)/m,_liazo NS fo(l—a)g d‘(l 1.)\11 a/da(“ 1) i

Now defining functioral derivahives for arbitrary changes in w by the series
2 ¥ .

expansion
iy Add = ¥ La) + 6 ¥ [ed/6uley) |y A le)ar,
+xt (670 [ad/bulz, )oulz,)| o A wliz,) A wl(ry)dr, dr, (15)
.

Hu/e) [ an(1-0) ] 6 T ol by g,0) A wey) A wley,y)

ALy e

and identifying “he terms in the two series (14) and (15), we find



6 \I/[w]/éw(gl)lo Aw(gl)dﬂé_d\lf(a)/da Ia _o et (16)

|

0

In particular, setting Akaxg) = 6(5-5)|where X is some specified point we have,
w(r) = wo(_lg) + ab (r-x)

6% ul/belx) |, = &/ Hey (z) + b (z-x)] oo
s -

2 _ &% (wo(r) + 0b(r- B
679 o] /60x(y ) S0xx) |w=ub - dfa N AT |

Example:

v= [f e = flay(z) + o bwE))’e

aael| , _ Jow (x) A wlr)ar
so that
U wl/6ulx) = 2w (x)

Getting back +to the grand partition function:

!

caly] = ? l/N,Ie (r g 'Y(—i) N

we see that
© N s T N
L/sTy) S50 by (x,) = 1/0¥)8 00 (/M en(LT &7 1T o0 (z1-y1)105")

N ]
= <i§l 6(2\1 >G c. NEO W(N)T,Z)<iglﬁ(£l"Xi)>c (17)

Hence,

o1n=[y]/by(x,) = N (zg;50¥]

The last equality follows from the fact that according to our definition functional
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derivatives obey the same chain rules of differentiation as ordirary derivatives

6/6wllc) £(MuilF ar/av 6 wl/6wl)

We could go on in this way to get the higher variational derivatives of

[v] but we shall circumvent this by using the method of generat-

It

in & [v] or

ing'functions.

TIT. Functional Derivative Expressions for the CGrrelation Functions
)

In equations (ll) we defined grand canonical distribution functions of s
distinct particles. It is often of value to introduce as well the distributions

o~

NS in which the arguments are allowed to refer to identical particles

- N N
N (£®;[¥1)= GIa gk By 0oy ) 8z gy Dy o (18)

1

and the following relationships are easily derived

o~

W (2309 = 1 (2 p507))
1:12(_1"_1,525[7]) = 'Ng(gl,zg;[ﬂ) + N (ry5090) 6z, -1, (19)
1}3(_{1)22)1__-',35[7])=N3(£l,'_r_2.)£35[7]) + Ng(f_l)f'_ei [7])6(5‘_2'_{3)

+ Na(zi,%;[?’])é(zl-.lla)
+ N2 (211233 [7])5(23'21)
+ Nl(zl,['y])6(_1;1-5'2)6(_1“_1-?_3)

etc.
Both sequences of distributions possess generating functions. If'k(x) is

a suitably well-behaved test function, then according to (18) and (h)
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G50 L A deyf

N N (20)
-(/507) B/Ney ) LLEDT (Bt e
£ 0/a) [, (2,00 Mgy N
=(1/=07]) & a) feN(zN)[iiiLey(ﬁi)] e d{N
) o N, X Az)
- (/2071) B, (/) fen(z) [il;lle?’(ﬁi) + M) yq, N o

= Bly + 2J/Ely]

Comparison with (15) shows that (21) is itself a functional power series in

X, A corresponding to Awand y to . By direct comparison we obtain
Y o4y

RS0 = (/E0) SE oy () br) (22)

On the other hand, using a test function defined . by Aey(y')z em(z)— 1 and

applying equation: (8) we can write

1/s! st(xs;D]) 1131 Aey(zi)dxs
\ (23)

It

A7 B/ [ 5.5 aerey) e ))x
b N

N
e &) I & E)a”

Summing over s on both sides and interchanging the two summations on the

right hand side we get

soéo (/58 i, (x5 1) iﬁl A &) &y
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- (/50y]) S/ Jeye iﬂlev(zr)] {BEOZ_:#:;. ;, (6 E1) A o7 @1 o

- (/57) S/ [y B 0L E o 8 7B

o N o Aw(p N (24)
- (1/517) ) ‘j‘eN(EN)[igley (zy)+ A 7(_1)] ar
=& [y + Ay/ElY]
We may write equation (24) in the form
sg)o('l./ sl)J~ N, (y°; [v] )/Elil:LeY(ziliIle‘Y(xi)A e’)’(Xi)dXs =
(25)

E[eyw‘L e¥ A eY]/E[eY]

and according to the definition equation (15) we can now express Ny as a

functional derivative

w(y%50) =(1/xy)) fLer ) 6% y) /oy (za). . oo (2s) (26)

Finally, we may similarly consider the Ursell distributions Fs and Fg associated
with Ns and Ng. Indeed, they are most simply defined by relating their

generating function. We define using the above notation

2Q/s){ ¥ %50y ﬁm(gadf = Ln(=ly]/207]) (27)

?2:3(1/55) Fs ("5 071) I:IA ey(zi)dxs = In(g[y+ y1/E07)) (28)
By expansion we find the relations

P (y)= Ny ()

Fo(yyoxp) = N, (v opp) - 8 Gl () (29)
Fa(yyoy,.¥3) = N3(11’?!2)1[3)‘Ng(Xl’le)Nl(X3)'Na(Xe’X_o,)Nl(y-l)'
N2§X3,11)N1(x2) + 2NL(xl)Nl(x2)Nl(x3)
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and precisely the same relations hold between the F, and Ng. The definitions

through generating functions, equations (27) and (28), now give

F(y50v]) = 681nEly] /by (y, ) - 6y (gs) (30)

It

P (y5;(7]) - fﬁey(ﬁ) g1 50y7/087 1), ¥ (2o) (31)

The characteristic properXy of the Ursell distributions 1s that they vanish

whenever their arguments decompose into two or more independent sets. This

is expected to happen in a gne-phase stem whenever the arguments are not all close

together; e.g. Fg(zl,zz), ~ 0 whenever |£l-£2| > 4, where 4 1s some correlation
length.roughly of the same magnitude, (in classical fluids), as the range of the

intermolecular potential.
IV. Basic Integral Equations.

If one holds s particles fixed, the k-particle distribution becomes &

conditional’ (k + s)-particle distribution

N o+ S(zk,.f;['y] )/NS (y%;[v]) (32)

Tn a classical grand ensemble, particles may be fixed by placing their force
fields at fixed points. Thus the higher-order distributions are related to

lower-order dilstributions with external potentials. We can write equation (12)

w50 - g )
N
2 N y(ry) N N N
Z (/m) Je ) M 7= &g (L ox%) /oy (&) A
and noticing that for two-body forces
eN*§(£N>XS)/eN(£N) = es(ls) exp(-B Z ¢££1’Xj))

R D) = epq) 1) g fe 1) (33)
‘ R

where gp.(E) = (p(_l;—-x).
J
Comparison with equation (26) now yields the functional differential equation
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653[7]/6e7(11?..6e7(Xs) = eg(y®) E [y-ﬁjiﬁgha] (34)

When differentiated x times with respect to ey(éi) the equation (34) mey be

written as
N, % DN (55 00)) = N (x [y~ A § 0y 41) | (35)

giving the intuitively understandable expression for the conditional distri-

bution as mentioned above.

We wish to releate distributions of different orders for the same system.
This may be accomplished by using equation (35) and eliminating the external
potential. To this end the externsl potential is turned on by means of a
parameter o and the resulting expressions are expanded in & series of the

form of equation (15). We set

e%(r.l 0)

FEI L aPEAE ) (36)

1l

{1 +arf(®r)l

8

& BT ey r)

1
N

i
N

f(xs,g) being & generalized Mayer f function. The turning on parameter is
. For o .= O the system is uniform, while for & = 1 the full interaction
case, there is an external potential acting on the system. corresponding to

keeping s particles fixed. We want to follow the corresponding transition

of a function Gk,s(a)’

Gk,s(?_(k )Xsla) = GkE[a]/Gey(xlloé). . .%y(xkla) (37)

&) [, 7%y g X (38)

n
I
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g (o) means E[y(|a)], ete.

We notice that
e.k"s@,ﬁo) - 5(0) 27° N (x, [0) (39)

where Nk(gk|0) is the uniform k-body distribution Nk(gk) and using equations

(35) and (33)
. . o k i
G201 = E(0) Mg (2, x%)e, (/2 ey (2,0°) (10)
A functional Taylor expansion about ¢(0) now yields,
- s 1 ')/L - (.L" )
G, (1) = J.EO WEDIN: G]{;S<a)/6e RN Tt R
(X ),‘[ L ) d£J ()‘U—)

k+J

) .
ﬂ(a)/ély(z‘qul .Gzy(u'*lla) R Y2 ACN PR

Employing the definition of Gk S(a) for o = 1, equation (hO), anl the relstion
J

<x 2 le)/6e” viegled g (led Gk+3,s<5k£jﬂls|a> (b2)

we finally can write

(x Na ) e, (x )/z k+s _k %) = N<£) + Ré?i (43)
<%) L ' k_J J 2] J
SRR AR T etz o
Rk)s(‘) M G m)/a) fi) el

[Iinl [f<X 3X 1) 7( i| ]]mk+£+l(sziflla) d££+l} dor

Tf this series would converge, so that the remainder term vaunishes for £

then for any choise of k > O we shall get a set of recursive equations for

b

-
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the distributions in the system without external potential as s is varied.
Similarly for any choise of s > 1 we obtain a set of equations for different
k's. In particular the choice k = 0 recovers the Mayer-Montroll equations,
while 8 = 1 gives the Kirkwood-Salsburg equations.
5. Upper and Lower Bounds on the Distributions.

Using the series expension (L43) we are now able to obtain rigorous
inequalities satisfied by the distribution functions for all values of the

fugacity z. Considering positive potentials, first studied by Iieb, we find

ueing the definitions of f given in equation (36)
S
@ (ryg) 20= -1 <f(y;z) <0 (hk)

(£ ‘
so that the remainder term F 2 of equation (43) will be alternately positive
. a
and negative according to the sign of (-l)z

'1) < 0, for even £
{> 0, for odd £ , ()*5)
and we have at once the result
ks k
X { 4 odd
+g (xy ) et ) 2 } Nﬁ%g (1 ¥®) for { 4 dven
8
2 e s (y8) < (46)

{
Eventually we may have a steady decrease in the interval hemmed in by success-
ive bounds, if the series converges as 4 = ®, but rigorous bounds under all

circumstances.

‘We generate explicitely the Kirkwood-Salsburg set of integral equations,

that is we put 8 = 1, in (43), (4+7)

4

K

A (- L) e % Ky % £ )dr mm)
z exy ()g ky) 55 J (« ) { =1 (y,ry K,1
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where f£(y,r) is the ordinary Yvon-Mayer f-function. Writing out the equation

for k=0 'we find, keeping series terms up to 4 = 2,

(2)

Ny () =1 + SN1(£) £(y-r) ar + l/Q'ng (ElEg)f(Z"El) f(l'ig)dﬁldzﬁRo,l

Z

(48)

From the inequalities (46) valid for non-negative potentials we obtain using
a uniform sysﬁem notation Nl(l) =p, k=0,4= 0,1,2...;

P <
= S

1 +p [r(r) dr (49)

N
A\

8D

< 1+p fe(x) ar +1/2 [Ny (rrep)e(y-x) JE(y-rp)dry 1xp

etc.

Using the following set k = 1 we can express the higher order distribution

function N, in an inequality involving W, and we get to lowest order

1\12(26_)1) < p
Z 32(22;3!') -
N, (Ky) < pzelf? xy) (50)

Substituting (50) into the last inequality (49) we get an inequality involv-
ing the p's only

p<z+ p‘{z fe(r)ar + 22 1/20 2P o) 2(x)e(zy) dxd}:%
(51)

Carrying on this procedure we obtain a genersl set of inequalities, Lieb's

inequalities,




< .
pstere £ (52

or rearranging

< e .
= J
P }oen - D) 8y b een . (53)

and it is important to note that aj is independent of £. Cf.(Penrose)t Continuing this

expansion we may compare u with the Mayer-expansion

® J ® L
p = z/l - JEJ_ a2 = 1,2::1 'tbf, Z (SL")

and using a formular of Gradstein and Riezkic (Collection of Formulas, Four

Continent Publishing Co., N.Y. 1962) we can express the aj's in terms of

the cluster integrals bj' The result is

2b, 1 0 0 0
3bg 2b, 1 .0 0
g4l ..
.= (-1 b 0
2 (-1) LﬂolL 33 2b2 1 (55)
(j+l)bj+l Jby (j—l)bj_l 2b,

The method developed gbove may be applied to obtaln directly the fugacity
expansion, with or without remainder, of the Ursell function, FS(EF,[y]),
equation (31). A "turning-on process” which takes ey(x|a) from initial value

O to final value 2z, that is ey<Xla) = aéy(y) is considered. An expansion of

(31) at .o = 1 about the value at o = O finally gives
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F_(¥%,071) ﬁle”-“) ) —}J% 7O ) 4yt daxd}
J=0 Ji=l

(56)

, k
where Uk()'_k) =lim 'k (¥ [71)2 (-l)MlU/g > 0, for ¢(r) > O.
| eyiyg ll%e')’(yi)
i=1
is the sum of all connected clusters'with k-vertices. The limit eY(Y)ﬂ 0]
corresponds. to the situaiion in which all the particles are "squeézed" out of
the system, i.e. vanishing density. For a uniform system we have of course
eY(y) = z and (56) is the usual fugacity expansion.
6. Convergence of the fugacity expansions
Let us first mention the ideas of Yang and Lee on the theory of

condensation. They considered a system of partigles interacting with a finite

range potential having a hard core

_ o, Ngg
('D(n) - '(p(r), b < r<a
0, I‘>b
o)
LN .
av \_/‘(,.

N>

Iet the system be confined to a volume Q, and define the pressure p(z,0) as

(z,0) = log B (z,80)
82000 = do 5 (2.0 (57)

The grand partition function E (Q,z) defined in (4) will now assume the

fornm,




M(Q) N
— ' l
2(2,0) =) L e () ar

Q

~

(58)

O -

o

M(Q) is the largest number of molecules that can be squeezed into the volume
Q, it is a finite number due to the hard core part of the potential.
The  thermodynamic pressure p(z) is given by

p(z) = Llim p(z,Q)
e (59)

Tils 1limit was shown to exist for the gbove type of potential by Yang and
Iee, and a similar proof was first given for the cenonical pressure by

Van Hove. The proofs have been extended by Ruelle and Fisher to a mch
more genereal qlass of potentials. Instead of the requirements of hard core

and finite range it is sufficient to have the condition
5]

Z o( - ry) > -8 ® ® a constant . (60)
1IKi'<j<s
This condition can be said to imply that the energy 1s lirear in the number
of particles. The condition is satlefled for a o(r} that falls off faster

than r"(3*e) for r = ® and rises faster than r”(34€’ as r = O,

Iet us now reburn to the Yang and Lee theory for pobentials with a hard core,
where E (Z,0)) is seen to be a polynomial in z, we can therefore write

it in terms of its zefos in. the form

1) 10
—t o« Foi ot N /r' )
2 () =) (L) ay@s =T (1 - 2/, (61)
N1
The zeros, z. .§)) will be either complex and come in conjugate palrs, or will

be negative since the coefficients i &re positive.

If we look on the pressure,

B o(z,9) = %los"ﬁ (2,9) = log (l'f-lza ) (62)

1
)

S
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we notice that it has singularities at z = za, so it can have no siungularities
for real positive values of z, that is for the physically significant values of
z = eﬁ“. Thus p(z)KD is an analytical function fo z on the real positive
axls and the density p(z,SD,,given by

p(z,6) =< N>/Q=2 d logZ (z,9/ dz , (63)
is also analytical on the real positive axis, and from the equation

zdp/dz = < (N- <N >)2/Q > 0 (64)

p 1s seen to be a monotonic function of z which is analytic for finite
But a phase transition corresponds to some singularity cr discontinuity in the
thermodynamic functions, e.g. in & first order phase transition there is a
break in the slope of the p-z curve and'a discontinuity in the p-z curve. We
thus conclude that we cannot have a phase transition in a finite system. In

=y

the limit § — », the zeros of &, Zy? C20 approach the real axis as B ceases
.-

LaY=Y

to be a polynomial in z. If this happens for some z, 2 > O, there may be a
phase transition at that value of the fugacity. We can thus conclude that
phase transitions only appear in the thermodynamic limit Q- «.

Now while the zero's Zoy provide all the desired infcrmation about
the system there is, unfortunately, no general method for obtaining them
.explicitely. The most useful method for obtaining usable informetion from
the general formulations of statistical mechanics has been the method of
series expansion of the pressure and other quantities in powers of the
fugacity or the density. We shall now discuss the properties of these series

and, in particular, the relation between their radii of convergence and phase

transitions. We write,



Bo(z,9) = in E(z,0) =i X, © z%, (65)

£=1
The bz(KD are the Mayer cluster integrals for a finite volume involving only

4 particle functions,

L Q) =1
by () =1/ [z, axp 2(r,), (66)

by () =/ /0 f " art

with the tz(xz) defined in Eq. (56). Comparison with Eq. (62) also gives,

for systems with hard cores,
M -2
Qe (@) - - ) [z (0] (67)
=] -
For practical purposes it is more convenient to work with the Mayer series,
o
Bl(z) =) 1, (68)
£ =1

where

b, =1lim b, () = 1/8! [oon U

Tayees dr, +..dr
£ - 2 L =L zﬂ) =2 -

)/

(69)
We shall now discuss the radii of convergence R(Q) and R of the series'(65)
and (68) end the relation between the thermodynamic pressure p(z ). and po(z).
R({» is giveh by the distance from the origin of the nearest zero, %x’ (cp.

figure where roots are indicated by dots),
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end R(») 1s the limiting velue of this distance. For |z]< R(®) the function

Bo(z) = line E;rz ((Dzz will be apelytic and there will be no phase transition.
(O]

Tt follows from the work of Yang and lee (for the general class of potentlals

see Penrose) that for |z|< R(®) the limit Q - @ and the sum over / may be

interchanged and hence

p0(z) = p(z) for |z| <R(») and henez R <R () (70)

Ruelle end Penrose have derived lower bounds on R{Q). 'heir result is:

r() > [ D[ o)) ar 17, (71)
Q
For non-negative potentials ¢(r) >0, ® = 0, the bound becomes:
R (Q) > 1/e.2 [b,(Q)], (72)
a result flrst derived by Groeneveld who also showed that for non-negative potentials
o< (1) Py < (1) Py )

so that the nearest sinfularity of p(z,Q) is on the negative real axis and’R({Df R.
Combining this with the sbove general relatlon (70) for the radii of

convergence, we arrive at the following result for non-negative potentials:

R =R () (7h)

Iet us illustrate by an example:

Consider a one-dimentional gas of herd rods,

olx) ={°° s Ixl <o

05 x] >a

The equation of state in the thermodynamic limit is,

Bp(z) = p/1-pa (75)
and the fugacity is given by:

z(p) = p/1-pa exp(pe/1-pe) (76)




/

e 2= Yea

The coefficients in the fugacity expansion can be calculated by means of

Iagranges‘inversions theorem, the result is:

b, = (- all Yy (77)
thus the function Bp°(z) ==2;r£ 2% is amalytic on the real positive
z-axis but has a brench point at z.= - 1/eéa so that R = R(®) = l/esa.
This example also illustrates the fact that convergence of the fugacity
series need not have any relation to phase trapsitions. The lower bound on

R for this potential is from (72) and (74),

‘R > 1/2ea (78)
Having shown now thst p°(z) converges for {z] < R(®) and coincides with
p(z) in that domain it is also clear that po(z) or its analytic continuation
along the positive z-axis (also denoted by pp(z)) will coincide with p(z)
for all z <z', where z' 1s the first singularity of p(z) on the positive
real axis. The converse of this 1s not t¥ue however, i.e. if po(z) has its
first singularity on the positive axis at z = z" 1t is not possible to
conclude that p(z) coincides with pp(z) for z < z". All we can conclude, from
this behaviour of p(z) is that z', the Pirst real positive singularity of
p(z), 1s either equal to or less than z", z' < z", i.e., the system met have

gsome kind of a phase transition for the fugacity z in.the range,

R(®) <z <z"
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Upper bounds on R(Q) were also derived by Penrose using the relation
between the coefficients ¥ z(ﬂ) and the zeros of E(z,Q) given in Eq. (67T).

This equation ylelds the inequelity,

M
st (@] <) 17,07 < MEO/RE)

1 (79)
since |za(§D| z_R((D- Thus,
-1/4
R(Q)g[ Q) /Q 1/;&1?1&41-)!] s 4 =1,2,00 0 (80)
For the hard rod system we get, setting ¢ =
R(®) < lim M/ = 1/a,
[ ) (81)

the close packing density.

For non-negative potentials one can derive (Groenevgld) stronger upper bounds .

For the hard rod system these yield
R(») < 1/2[b,| =1/2a =e/?2 R{=) (82)

Tet ug next outline the method used by Penrose for obtaining the lower bounds
on R. He obtains them from bounds on the coefficients in the fugaclty expan-

sion for the distribution functions. The g-particle distribution function is:

see (19

3 _ g n N-8 jo
N, (=°]z) zrfm‘: gfzeﬂ( ) a8 fE(z,0) (83)

By the same reasoning as used before we see that for particles with hard
cores and finite }, this is the ratio of 2 finite polynomials in z, 80
that N ig a rational function; for the more general class of potentials it

will be the ratio of two entire functions so that it is 2 memomorphic

function that can be expanded in powers of z.
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Y .
The radius of convergence will be at least R(Q) since = has 1ts smallest
zero for |z| =R(Q). It cen be larger than R(Q) due to cancellations of

zeros. The coefficients n,. s are related to the Mayer coefficients since
r nl(r[z) dr = z 4 log B/dz = lez (1)) 2t (84)
which leads to

Qe v, (Q) = J;nl’ 4= (z) ax (85)

so that bounds oan)Je will provide bounds on b,, that is on R(§}). The
actual calculations are done by substituting the fugacity expansion into

the Kirkwood;Salsburg or the Mayer-Montroll inteéral equation (cf. comments
following Eq. (43)) and equat .ng equal powers of z. This gives recurrence

relations for the coefficients NS 0° and from these relations bounds can be
: 8,

obtained. The result is
Wy, )] < #2003 B gayt L a@ts (86)

“with B(Q) given by

B() = woe | (rzt)] (87)
- Q

This relation leads to
ofp - -
o, @1 < 22672 B sy Vs (88)
The radius of convergence is then obtained as

R(Q) = lim [b, 1 > 1/3(0) [eal’“gﬁ,&i‘]‘“l
L = o ' (89)



7. Convergence of the virlal series.

For many purposes it is convenient to work with the virial series,
that 1s expansions of the pressure and distribution function in powers of

the density. ILebowitz and Penrose have etudied the radius of convergence

/Q(n) for the viriel series,
Bo(p,0) = pl1 - ) (i/k+1)Bc () 0¥ (50)
where pE <N > /Q =p(z,0). |

The B, () can be expressed in terms of u(ﬂ)'s by algebraic relations, such

as
B0 = 2,(0), Byl = 3o,() - 6 b(E),

etc., which do not involve { explicitely. We may similarly define the

ﬁpo(p) by the series,

Ar°(p) = pl1- 2 v /YA By v, (s1)
where the ﬁk,

Bie =lim, B, ()
are the iveeducible cluster integrals. The radius of convergence of (91)

will be denoted by ﬁ/ Using methods of complex variable theory Lebowite

and Penrose showed that,
£ > c. 289/ ®) 2(0) (92)
and

T > R(=) = 1tm R(E)
} ==
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