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Summary. We investigate the ergodic properties of Hamiltonian systems subjected
to local random, energy conserving perturbations. We prove for some cases, e.g.
anharmonic crystals with random nearest neighbor exchanges (or independent
random reflections) of velocities, that all translation invariant stationary states
with finite entropy per unit volume are microcanonical Gibbs states. The results
can be utilized in proving hydrodynamic behavior of such systems.
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1.1 Introduction

There has been much progress during the past ten years in deriving hydrodynamic
type equations for a variety of microscopic model systems; for a review (see [Sp],
[Fr4], [Y], [OVY]). A common feature of these models is the stochastic nature of
their microscopic dynamics. This stochasticity plays a crucial role in various steps
of the arguments leading from the microscopic evolution to the macroscopic one. It
is therefore not clear just what are the requirements on particle systems evolving
according to Hamiltonian dynamics to have the type of macroscopic behavior
which are observed in nature, e.g. those described by the Euler equations.
Recently Yau [Y] and Olla, et al. [OVY] made some important progress in this
direction. They managed to reduce the problem of proving the hydrodynamic limit
in some cases, including Hamiltonian systems, to a reasonable, ergodicity type
condition on the dynamics. Roughly speaking, they require that every “regular”
translation invariant stationary state be of Gibbsian type. Regularity here means
that the state has finite relative entropy (per unit volume) with respect to a Gibbs
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state. This requires in particular that the conditional distributions in any finite
volume, A, given the configuration outside A, be absolutely continuous with
respect to Lebesgue measure.

To prove such ergodicity for deterministic Hamiltonian systems is unfortunate-
ly still a formidable unsolved problem. Here too, the requirements on the Hamil-
tonian are far from understood at the present time (see [Si]) for a try at this task.
To overcome this problem, [OVY] added a diffusive noise mimicking “randomiz-
ing collisions” between pairs of particles. This noise conserves momentum and
energy, but otherwise uniformly spreads the relative momenta. It is sufficiently
weak not to affect the hydrodynamic behavior on the time scale studied. To ensure
that the system behaves ergodically, [OVY] require that the random force given by
the noise is also acting between particles which are very far separated on a micro-
scopic scale. Now it is clear that in real systems the effective (deterministic)
randomness comes from the dynamics which are governed by local interactions. It
is therefore interesting to investigate this ergodic problem for Hamiltonian systems
with milder local random perturbations. Instead of diffusive forces, we consider
randomized jumps, i.e. exchanges or reflections of velocities. In addition to its
general interest in the hydrodynamic scaling limit, such local exchanges may be
useful for computer simulation of hydrodynamic behavior.

Our approach to the problem goes back to Gallavotti and Verboven [GV].
They noticed that solutions to the stationary Liouville equation with Gaussian
velocities are canonical Gibbs states. We show that this strong requirement can be
replaced by weaker symmetry properties of the stationary state. In fact, exchangea-
bility or reflection symmetry of the velocity distribution are sufficient to yield the
desired result for regular translation invariant states of the Hamiltonian dynamics.
The problem is therefore reduced to finding the minimal amount of local random-
ness which will force the stationary state to have the required symmetry. We
investigate this problem here for a lattice system of coupled anharmonic oscillators.
In this case the steps leading from the dynamics to the symmetry properties of the
stationary state are simpler than for continuous particle systems. The results for the
latter, which are currently proven only for the simplest type of Hamiltonian (ideal
gas, see [ES]) will be described elsewhere; the part of the argument connecting
symmetry with microcanonical Gibbs states remains unchanged.

1.2 The model

We consider a lattice system of coupled oscillators with self-potential U and
symmetric nearest neighbor interaction ¥. Let pyeR and g,€IR denote the velocity
and the position of the oscillator at site keZ®. The formal Hamiltonian of the

system can be written as

1 1
H=}, <§P13+ U(‘Ik)"‘z Y V(Qk"qj')>, (1.1)
keZ! li—kl=1

and the underlying evolution is defined by an infinite system of differential equa-
tions:

. o0H , , .
he=—3—==Ula)— ¥ V(a—aq), d=pforkez’. (12
Gk lj—k|=1
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We now add to this Hamiltonian dynamics some “noise”. This consists of random
exchanges of velocities between neighboring sites. These take place independently
at each bond of the lattice with a constant rate a > 0. The proof of desired ergodic
properties for this combined dynamics, which clearly conserves energy, proceeds in
several stages. First we show that every regular translation invarjant stationary
measure for this system is actually separately stationary under the exchanges and
the Hamiltonian dynamics. The latter implies that it satisfies the time independent
Liouville equation or in short it is “Liouville stationary” (LS). We then prove the
general result that every LS measure which is exchangeable, i.e. which is symmetric
in the velocities for arbitrary values of the position variables, must in fact be
a microcanonical Gibbs measure. This means that the distribution of the configura-
tions in a box A, given the configuration outside A, and the energy in A, is
“uniform” on each energy shell, that is configurations with the same energy in A are
equally likely. Therefore the infinite volume stationary measure is a superposition
of Gibbs states with different temperatures. The derivation of the Gibbs property
for an exchangeable LS measure uses its invariance with respect to the infinite
group of translations of Z“. The existence of Gibbs states requires, of course, some
conditions on U and V, which will be discussed in the next section.

In the case where the one body potential U=0, both the Hamiltonian evolution
and the exchanges conserve momentum. We then obtain LS states which are
superpositions of Gibbs states, defined now generally only on coordinate differ-
ences, with different temperatures and different parameters y conjugate to the total
momentum. In the case of an anharmonic chain, i.e. if d=1, the coordinate
differences are independent with respect to a Gibbs state, thus the [OVY] methods
can be applied to obtain Euler like equations for the conserved densities. Multi-
dimensional models are more problematic because the coordinate differences are
then subjected to constrains, thus the usual thermodynamic formalism is not
available; we are going to discuss this question elsewhere.

We also consider the case where the random noise simply flips velocities,
DPv— — Px, at random moments of time independently for all k. This mechanism
violates the law of momentum conservation, and its stationary measures are
symmetric with respect to reflection of the velocity at any site. To show that such
reflection symmetric LS measures are microcanonical Gibbs states with vanishing
mean velocities we need the presence of a generic interaction ¥ between neighbor-
ing oscillators.

The outline of the rest of the paper is as follows. In Sect. 2 we give precise
definitions of the random evolutions and summarize the main ideas and results. In
Sects. 3 and 4 solutions of the time independent Liouville equation (LS) are shown
to be superpositions of Gibbs states with different temperatures under various
symmetry properties of the solution. Existence and regularity of the random
evolutions are proven in Sect. 5. Then the proofs of the main results are completed
in Sect. 6 by using an entropy argument implying that translation invariant
stationary states of the random evolutions satisfy (LS) and the symmetry condi-
tions under which we have solved (LS) before.

2 Mathematical formulation and main results

For convenience we assume that U and V are non-negative with bounded second
derivatives. Then the infinite system of Hamiltonian equations (1.2) has uniquely
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defined global solutions for each initial configuration of subexponential growth.
More exactly, let @ denote the set of configurations w={(p, gr)keze Such that
lwl|ly< + oo for each o>0, where

lof2=Y e *™M[pi+aqi]. 2.1)
keZ®

We equip Q with its natural product topology and Borel field <7, the set of Borel
probabilities will be denoted by #(€2). The space of continuous and bounded
cylinder functions ¢: Q—IR will be denoted by Co(€2), while Ck(Q) is the set of
9eCy(Q) having k continuous and bounded partial derivatives. If #</ is a o-
field, then pe indicates that ¢ is measurable with respect to % and if # is
generated by some measurable map ¥, then u[oly1=pule| %] denotes the condi-
tional expectation of . Let A be a subset of Z, its complementary set is denoted as
A° and 84 is the boundary of 4, that is the set of j¢ 4 having a neighbor ke A. The
variables w4 :=( Py, di)ke4 generate a o-field 45 p 4 =(Pike 4> 44 =(dr)ke 4, and the
notation w,=(w,|wp) is also used when A=AUB and AnB=0.

Since U’ and V' are uniformly Lipschitz continuous, the most standard iteration
procedure yields existence of uniquely defined global solutions in Q (see [LLL],
[Fr1], [SS]). This flow is generated by the Liouville operator, &,

op OH d¢ . L
= =Py — e C5(2). 2.
£ ke%d L Lro=pm 0. oa. o if peCo(Q2) (22)
Stationary states of Hamiltonian dynamics are characterized by the so-called
stationary Liouville equation:

| Zo(@)u(da)=0 for peCH(@). (LS)

To give a meaning to this equation, we assume that u satisfies the following
moment condition:

e o0H
Dr ot
It is well known that Gibbs states and their superpositions are stationary states of

Hamiltonian dynamics. Gibbs states are defined in terms of H,, which is defined
for any finite AeZ? and weQ by

> du< + oo for each keZ? . (2.3)

Hy(ow)=Hy(wq|wsa)=Hi(w)+ ZA Z/‘i V{ge—a;)» (2.4)
ke jeAe
li=kl=1

1 1
Hi= o) = 3 (Sot+ U@y T Vaa)
ked JEcE

Definition 2.1 A probability measure ue?(Q) is called a Gibbs state for H with
inverse temperature P>0 if its conditional distributions are specified as
puldw g\ wpe]=Ap aldwy] p-as. for each finite A=Z¢, where

1
Ag, aldew 4l@wa4] 1=Z—A(m exp[— fH(wq|wos)ldwy s

and Z 4 is the normalization.
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Since U and V are non-negative, the following simple condition is sufficient for the
finiteness of Z, at any inverse temperature 0 <f < co:

+w

[ exp[—BUx)]dx<+o forall f>0. (2.5)
Let us remark that under (2.5), Gibbs states can be constructed for all §> 0 as the
limit of finite volume Gibbs distributions with periodic boundary conditions on the
product space (R x R)Z", Moreover, if lim|x|exp(—BU(x))=0 for all f>0 as
|x]|— + oo, then our configuration space 2 is of full measure with respect to such
limiting Gibbs states. Nevertheless, we do not need at all the existence of any Gibbs
state for H in this paper. Under a bit stronger condition on the growth of U the
entropy argument of Sect. 6 yields existence of stationary states for a wide class of
stochastic dynamics, whence the existence of Gibbs states and the equivalence of
ensembles also follows from the results below.

All superpositions of Gibbs states with different temperatures are microcanoni-

cal states in the following sense.

Definition 2.2 A microcanonical Gibbs state with a fixed energy constraint is a Borel
probability pue?(Q) specified by pldwlwpe, Hyl=Ag s[dwslwaqs, Hi] p-a.s. for
each finite A<Z°

Notice that A, 4[dws|was, Hy] is just the normalized surface measure (uniform
distribution) on the corresponding energy shell &, see (3.11). Under fairly general
conditions, every microcanonical Gibbs state is a stationary measure of Hamil-
tonian dynamics, but a rigorous proof of the converse statement seems to be
extremely hard. Simple and more sophisticated examples show that it is even not
true without some additional conditions. Indeed, if we choose the initial configura-
tion such that p,=p, and g, =g, for each k, then the resulting periodic orbits carry
some stationary states, which are certainly not microcanonical Gibbs. Of course,
such degeneracies are ruled out by local absolute continuity of the stationary state,
but periodic initial configurations might yield even more complex, locally absolute-
ly continuous stationary measures via KAM theory (see [A]) with further refer-
ences. It is also known that harmonic oscillators have additional, and fairly regular
stationary states [LS]. This is the reason why we introduce additional symmetries
corresponding to randomized versions of classical dynamics.

The following exchange symmetry (ES) of the velocity distribution is sufficient to
solve (LS):

S %L 0du=0; GE ;0(@)=p@")—p@) for peCo(Q), |j—kl=1, (ES)

where w®/ is obtained from w by exchanging p, and p;. In the next section we show
that (ES) implies the conditional independence of velocities and positions, given
o 1w, the field of translation invariant events. Moreover, (LS) and (ES) yield some
Best ;,, such that almost every realization of u[dw|.of;,,] is a Gibbs state with the
corresponding f as its inverse temperature, that is we have a statement on the
equivalence of ensembles, cf. [G]. The only condition we need is that our measure
is non-degenerate in the following sense.

Definition 2.3 We say that a state ue?(Q) is disordered if
1ol ]’ <ulpilanl<co  p-as. for each keZ?,
where of .y is the tail field of Q.
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Let us remark that the periodic stationary states mentioned above are not dis-
ordered, and in the first counter-example even the random exchange mechanism
preserves the stationary state.

Theorem 2.1 Suppose that u is translation invariant. Then (ES) implies the condi-
tional independence of velocities and positions given o, Le. uldplg, o]
=ul[dp|.ot iy, ]. Moreover, if u is a disordered state, then (ES) and (LS) imply the
existence of a translation invariant and y-a.s. positive random variable, 8, such that
almost every realization of uldw|sf;,,] is a Gibbs state with inverse temperature f3;
therefore p is a microcanonical Gibbs state.

The next symmetry property (RS) is related to random reflections of velocities:
S8 odu=0; i p(w)=p(0*)—p(w) for peCo(R), (RS)

and w* is obtained from w={(py, qi)rez? by replacing p, by — py, other coordinates
remain unchanged. In this case we need additional regularity conditions.

Theorem 2.2 Let U and V be infinitely differentiable, and suppose that V'(x)=0
implies V"' (x)=%0 for each xeR. If ue?(82) is locally absolutely continuous, then
(LS) and (RS) imply (ES). Therefore if u is also disordered and translation invariant,
then it is a microcanonical Gibbs state.

We turn now to the construction of random evolutions. We consider modified
evolutions generated by ¥=% +a¥%,,,, where a>0 and %,,, describes random
effects. Random reflections correspond to ¥,,,=%7%, while random exchanges are
generated by %,,,=%F, where

1
Gi=2 G 9T=5 ) ) iy (2.6)
keZ® keZ? |j—ki=1
The associated random evolutions are defined as solutions to the integral equations
(5.1) and (5.2), respectively.

Theorem 2.3 Suppose that U” and V" are bounded, and let 9=%+a%" or
Y=L +a¥9R where a>0. Then there exists a Markov process, ' with phase space
Q such that the forward Kolmogorov equation holds true in the following form. If
ne?(Q) and [ | w|2du< o for some a>0, then [ ||wl||Zdy, stays finite for all t>0
and

t
[odp=[odu+ [ ds [Godus for peCi(Q),
0

where w,=u?', t=0 denotes the state of the process with initial distribution .
Stationary states satisfying the moment condition (2.3) are characterized by the
stationary Kolmogorov equation:

J%o(@)pdw)=0 for peCs(R). (SK)

The derivation of the symmetry properties we used in solving the stationary
Liouville equation is based on the notion of relative entropy; this is the point where
we exploit the existence and regularity properties of randomized evolutions. As
a family of reference measures we use finite volume Gibbs states A? with free
boundary conditions. More exactly, let A,=[—n, +n]*nZ% n=0,1, ... denote
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a distinguished sequence of cubic boxes, then AJ is a probability measure on
o, =9 4, such that

il =exp[—HJ (w4,)—Flldwy,, F?:=log [exp[—H}, (wa,)]dwy,, . (2.7)

Definition 2.4 Let y and 4 be probability measures on the o-field 2, then the entropy
of u, relative to A is defined as

Iz[p|A]=sup {fhd,u—logfe”dﬂ:fe”d/l< +oo}.
B

h

If ue?(Q), A=A and B =sf, then the notation I,[ u]=1Ly [1|A%] is used, and
limsup (1+2m) L[ p] =T[x]

n— -+
is the relative entropy of | per unit volume. Let Po(82) denote the set of translation
invariant pe P () such that I p] < + co.

It is easy to check that I,[u] < + oo implies that g, <A and L,[u]= f log f,du,
where f,=dpu,/d1? and p, denotes the restriction of u to «7,. Observe that if I, is
finite then its definition yields an explicit bound for f HJ du. Since V=0, by the
usual subadditivity argument (cf. [R]), it follows that the limit below exists and

FO:=inf(2n+1)"9F2=lim 2n+1)"F?.

n n-r oo
Therefore if 4 is translation invariant then the sequence (1+2n)~%I,[ 1] converges
to ITu] as n—+ o, and I is a convex and lower semicontinuous function of
ue,(Q) with respect to the weak convergence of probability measures. We are
looking for solutions to (SK) within the class %,(£2) of probability measures.
To control entropy of the evolved state, the following stability condition will be
assumed. We have some constant K such that

[V (x=y)PSK[1+V(x—y)+Ux)+U(y)] for each x,yeR. (2.8)
In addition to (2.8) we suppose that
U (x)|£K[1+U(x)] foreach xelR, (2.9)

then ueZ,(Q) implies (2.3). In the following theorems the boundedness of U” and
V" and conditions (2.5), (2.8), (2.9) are assumed.

Theorem 2.4 Suppose that pePy(Q) is a disordered stationary measure of the
dynamics with random exchanges, then p satisfies (LS) and (ES), thus it is a micro-
canonical Gibbs state.

In the case of reflections we have:

Theorem 2.5 Suppose that U and V are infinitely differentiable, and V" (x)=0 implies
V" (x) %0 for each xelR. If uePy(2) is a disordered stationary state of the dynamics
with random reflections of velocities, then p satisfies (LS) and (RS), thus p is
a microcanonical Gibbs state.

The derivation of symmetry properties (ES) and (RS) for stationary states of the
random evolutions is based on an entropy argument that goes back to [Ho]. The
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main steps can be outlined as follows, proofs are postponed to Sect. 6. Since
Hamiltonian evolution does not contribute to entropy production, the temporal
derivative of the relative entropy at a stationary state can formally be written
as

I'n:,/gIng;t d,u= _—aDn[ﬂ] +B,,[,u] =0, (210)

where B, is a boundary term, while D, is the essential, volume term of entropy
production due to random effects.
The volume term of entropy production caused by exchange of velocities is

1 Jo(w)
D,=DE[ul== lo —u(dow). 2.11
Hl= kZA) ,ZA [log 0wy #(de) (2.11)
li—kl=1
In the case of velocity reflections we have
n a)
D,=DX[l= ¥ [1og ") yidw). 12)
keAn f;,(CO )

The boundary terms B, will be specified and estimated in the last section. Since y is
translation invariant by assumption, we have D,~n while B,~n’"", thus from
(2.12) we get D, [ 1] =0 for each n. Each term of D, is again a relative entropy, which
is non-negative and vanishes only if the related distributions coincide. Therefore we
have (RS) and (ES), respectively, thus (SK) implies (LS), too.

Partial information of this kind on the structure (symmetry) of our stationary
measure y can now be fed back into the stationary Liouville equation, that is we
have to solve (LS) under some additional symmetry property. In this way the
problem can be reduced to KMS type conditions, which admit an easy solution, at
least if the state is a disordered one.

3 Symmetric solutions to the stationary Liouville equation

In this section we initiate a systematic study of symmetry properties of probability
measures that are useful in solving (LS). Gibbs states admit a nice characterization
in terms of integration by parts, namely every Gibbs state with inverse temperature
p>0 satisfies

1
fﬁg;ﬁ du= [ opydp for peC§(Q), keZ’if ppeCo(R) (KMSP)
k
and
H
%g;ﬁd,u=f<p 667 du for peC(Q), keZ®if p3,HeCo(R2), (KMSQ)
k k

where 6, H= 0 H/0qy, and the converse statement is also true, see Theorem 3.1, On
the other hand, (KMSQ) and (KMSP) imply (LS) under (2.3).
An integration by parts formula for microcanonical Gibbs states is the following
identity:

[ Zvpdu=0 for keZ’ and peCy(R2). (MIP)
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Let us remark that (MIP) does make sense even for a general ue 2(£2) because here
the boundedness of ¢p, and ¢d, H may be assumed without any confusion. We
shall show later that (MIP) yields a differential characterization of microcanonical
states.

It is easy to check that (KMSP) and(KMSQ) together are equivalent to the classical
KMS condition [GV], and each is implied by reversibility of u with respect to the
generators 4f ; and 92, respectively, where

192 1%
G g (p__(ppk for peC§(Q),

:EW opy,
102 Jp OH
GLpp=r gt o for peC3(@). (3.1)

Remark 3.1 Since (KMSP) and (KMSQ) are statements on the local specifications
of u, in all results where (LS) has not been assumed, we can replace f by
a tail-measurable function, provided that it is positive u-a.s.

Now we show that the (KMSP) and (KMSQ) conditions are equivalent to the
DLR equations, which is the definition of Gibbs states. In view of the decomposi-
tion dw,=dp,dq,, symbols like u[dps|w4e] or Ag 4[dq4|qs4] refer to the corres-
ponding conditional marginal distributions.

Theorem 3.1 (KMSP) implies uldpslpae, q1=25,4[dps] p-as., while (KMSQ)
implies u[dqs|wae, P1="25, 4149419041 p-a.s. for each finite AcZ’, and either of
them together with (LS) imply that p is a Gibbs state with inverse temperature .

Proof. Let Y 4(w)=exp[fH (w)] and introduce a o-finite measure pu, by
d,uA:% W 4dp, then from (KMSP) or from (KMSQ) with ¢ =yn)4 we obtain that

0
12 =0 o fLau=0 trkesmdyeci@), 62
k

respectively. Because of integrability problems, we have to assume first that i has
compact support, the general case follows then by continuity. Since (3.2) is a differ-
ential characterization of Lebesgue measure dp, or dq,, we see in both cases that
almost every projection of u4 on R4 is invariant under Euclidean translations,
which completes the proof of the first statement.

Suppose now (KMSP) and (LS), and let ¢(w)=1/(q)p;, where yeC§(£2). From
the first statement we know already that u(dw)= u(dp)p{dg) and the velocities are
independent Gaussian variables, thus from (LS)

0H o 1 oy
L= X pepidu= [~ du,
f‘/’(‘”aqj u k;ﬂfaqkpkp, 7 fﬁ o,

which is just (KMSQ) for functions depending only on the g-coordinates. Using
W 4=exp(BH,(q)) instead of 4, where

- 1
H,(q)=H(w)— ). '2‘1713 )
ked

and substituting ¢(q)=¥(q)J4, in the same way as before we obtain that
pldqslgs-1=72p, 4049419541 p-as., thus we have a full description of the local
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specifications of g The case of (LS) and (KMSQ) is almost the same, then we
choose our test function as @ =¥(p)gx. [

(ES) and (LS) reduce to the KMS conditions as follows.

Proof of Theorem 2.1 First we prove the conditional independence of velocities
and positions given =/, the field of invariant events. Let ¢, Y0eCo(2) be such
that ¢, depends only on velocities, while Yo depends only on positions, and let ¢,
and y, denote their translates by ke€2. This means that if p=(p;)jez¢, 4=(4;) jez?
then @y(p)=@o((Pj-1)jez) and Vi@ =¥o((dj-1)jeza) Then we have

[ oupWo(@)dp=[ oo(pWol)du=[ eu(P)¥i(@)du, 3.3)

where the first equality follows from (ES), while the second one is a consequence of
the translation invariance of g. Therefore, if xx(q)=p[ @i q] denotes the condi-
tional expectation of ¢, given ¢, then x; does not depend on k, and it turns out to be
a translation invariant, ie. an &;,,-measurable function. Since @o and Y, are
arbitrary cylinder functions, this implies the conditional independence of velocities
and positions given & y,.

Now we can identify the distribution of positions as follows. Let
u(q)=ulp| o] and define p=p(q) by p~* +u*=plpZ| ). In view of our
previous observation, they do not depend on k. Now we put ¥ = ¢(q)(p;—u)- Since
u is tail measurable, (LS) results in

oH 1 8¢ o
S dp=[= —du+ —u?) ——dp . 34
fcoaqju fﬁaqjﬂ I;jf(pkp, ) oq (3.4)
On the other hand, if j#k and i==k, then from (ES)
1
SV @pepsdp=[Y(Dpepidu=[ V(Db 2, Pid (3.5)

whenever k¢ A, thus the Ergodic Theorem implies LLpip;i| Hins] =u?(q) whenever
k+j, that is the sum on the right hand side of (3.4) vanishes. This means that we
have a (KMSQ) characterization of the distribution of positions, it turns out to be
a mixture of Gibbs states with random temperature, see the proof of Theorem 3.1.

Now we can feed back this information into the stationary Liouville equation to
conclude Theorem 2.1. We choose our test function as ¢;=¢(p)q; and exploit the
conditional independence of the velocities and positions. From (LS) and (KMSQ)
for functions depending only on positions we get

o¢ OH

o oH , _.106(p)
Opr Odk

/¢(p)pjdu=kEZdeq,~ du=/-ﬁ o, (3.6)

which is just (KMSP) for ¢=¢(p), and completes the proof by applying the
previous argument to the ergodic components uldg| .o, ] of the joint distribution
uldq] of positions. [

Although (MIP) has no direct characterization in terms of reversibility of 4§, cf.
(3.1), it is related to random reflections of velocities via (LS) as follows.

Theorem 3.2 (RS) and (LS) imply (MIP).
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Proof. In view of (LS)

f D= Zf

keZ? apk

Let C#(2) denote the space of peCo(f2) such that either p(w*)=o(w) for weQ, or
@ (0*)= — () for each we; the set of ke Z* satisfying the second relation will be
denoted by A(p)c=Z® If peC¥(RQ) is continuously differentiable, then both
Y.=0¢/0p, and i =0¢/dq, belong to C¥(L2), moreover A(,)=A(p)\{k} if
ke A(q), A(yr,)= A(@)u{k} if k¢ A(p), while AWY})=A(p) for all keZ". Slnce (RS)
implies [ dp=0 1f (peC*(Q) and A(p)+9, we have
dp 0H

f@q Pedp= 6(P o dp=0 unless A(p)={k}, (3.8)
thus comparing (3.7) and (3.8) we get (MIP) for peC§(£2). On the other hand, as
any peC¢ () decomposes into a finite sum of continuously differentiable functions
from C¥, thus we have (MIP) for all peC§(2). [

Our next observation is that (MIC) yields a differential characterization of the
surface measure of energy shells, cf. (KMSP), (KMSQ) and (3.2). Suppose first that
1t admits smooth local densities f,=u[dw,]/dw,, then (MIP) turns into

ofa OH _0fy

= —== for keA 39
Opx Oqx  0qy be (39)

and for each finite A = Z*. The characteristics of this system are trajectories solving

du for peCH(RQ). (3.7

pny g, dge=0 (.10
qx

Therefore if we show that any pair of points on each energy shell H, = const can be
connected by a finite chain of characteristics, then the continuity of 4 would imply
that it is constant on the components of the energy shell. On the other hand, an
energy shell may not be topologically connected if H, is not convex, thus we are
faced with two difficulties.

The problem of existence of smooth local densities can be solved as follows. Let
& denote the energy shell,

&(e, we)=E(e, wa) ={w (R x RY!; Hy(walwss)=e} (3.11)
and denote L* the restriction of %, to this surface. Then the operator G,
I
G== Y (L*)? (3.12)
2 ked

is a hypoelliptic one, thus by Hérmander’s theorem (see e.g. [IK], [K]), G gener-
ates smooth diffusions on each component of the energy surface. Since this
diffusion, like the flow generated by any L*, preserves both the surface measure and
the projection of y on the energy shell, the latter admits a smooth density, thus the
previous argument applies. A first consequence of (MIP) and (LS) is the following.

Theorem 3.3 Suppose that U and V are infinitely differentiable, and V" (x)= 0 implies
V" (x)#0 for each xeR. If ne?() is locally absolutely continuous, and satisfies




222 J. Fritz et al.

(MIP), then its projection on almost every energy shell admits an infinitely differenti-
able density with respect to the surface measure of the energy shell, and the density is
constant on each component of & (e, w 4c).

Remark 3.2 The technical condition that V" =0 implies V"’ 0 can be relaxed to
the following one. For each xelR there exists an n=2 such that V®(x)+0.

Because of its technical nature, we postpone the proof of Theorem 3.3 to the next
section. Of course, the energy shell is connected if both Uand ¥V are convex; then we
have nothing more to do. Otherwise we conclude first (ES), whence Theorem 2.2
follows from Theorem 3.3 by Theorem 2.1.

Corollary 3.1 Under conditions of Theorem 3.3, (MIP) implies (ES).

Proof. To conclude the statement, it is enough to note that %’ and w, belong to
the same component whenever k, jed, thus even the conditional distributions
uldw 4|w e, Hy] satisfy (ES). [0

4 The energy shell

This section is devoted to an application of Hormander’s theorem and controllabil-
ity theory of ordinary differential equations (see [E] and [He]). The proof of
Theorem 3.3 is based on a series of lemmas.

Lemma 4.1 For p-ae. (e, ws,) we have

oH 2,

—ég, o >iEA:|:O on &(e, wyy) .

&le, wps)£0 and VH, :=<

Proof. Applying Sard’s theorem to H,(w 4| wa,) as a function of w&(R x R)* with
fixed wy, (see e.g. [St]), we see that the statement

&(e, wps)=0 or VH =0 on &(e, wyy)

holds for almost every eeR and for every w,,. Especially, we see that the relation
above holds for a.e. (e, ws4)eR x (R x R)?* with respect to Lebesgue measure,
dedwy,. However, since pe,(Q), its restriction to & 4,54 is absolutely continuous
with respect to Lebesgue measure dw ., thus recalling the concrete form of
Hy(wplwsy), we see that the joint distribution of e=H(w,|w,,) and Wy, 1S
absolutely continuous with respect to Lebesgue measure, thus the previous relation
holds for p-a.e. (e, wp,). Since &(e, was)+0 u-ae., this completes the proof. []

Remark 4.1 Lemma 4.1 implies by the implicit function theorem that &(e, wy,) is
a compact (2| 4]—1)-dimensional manifold for u-a.e. (e, wy4). [

Lemma 4.2 For p-ae. (e, w4c),

Ligod:ue,w =0, @eC®(&l(e, wo4)), ied,
A

& (e, w5,)

where p,, . denotes the conditional distribution of u given w . and H,=e.
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Proof. This is an easy consequence of (MIP) by noting that
L=y, Lp, icA
for any smooth ¥ (w)= @)Y 1 (Ha(w sl wa))¥2(@4). [

From now on we fix (e, ) such that the conclusion of Lemma 4.1 holds true, and
denote simply by & the corresponding energy shell. If X and Y are C ®-vector fields
over & then the Lie bracket [X, Y]=XY—YX is defined in the usual way. Let L,
be the Lie algebra generated by {L'};.4 with real coefficients, i.e. Lo is the real
vector space spanned by {L'; Ie| )™, A"}, where
L'=[L5,[L5 [, Ly, L] 11

for I=(iy, iz, ..., i,)eA". We are going to verify the following Hormander type
condition:

dimLg(w )=2|A|—1 for every wseé, 4.1)

where Lo(w4)={R(ws)eT,,8; ReLy} and T, & denotes the space of tangent
vectors at w,.

Proposition 4.1 If A=Z" is connected, then the family (L34 satisfies (4.1).

Remark 4.2 Let ® be an open subset of & and denote L(@) the Lie algebra
generated by {L'};.4 with coefficients from C*(@); namely

L(@):{ Y a;R/|oeZ(@); a;eC™(O), ReLo, n=1,2, .. .},
i=1

where Z'(0) is the family of vector fields on @. Then (4.1) is equivalent to the
following condition: Bach wseé& has an open neighborhood @ such that
dimL(w,; ®)=2|A|—1, where

L(w,; @)={R(wy)eT,,&; ReL(®)} .
In fact, this is shown by means of an identity
[fX,gY]=fg[X, Y]1+f(X9)Y—g(Y)X for X, YeZ(O),f, geC*(0);
see Lemma 1.1 in [K], page 161. [
Let us introduce the following vector fields on &
X*:=p, —a%j—Hja—Z;, Y :=p, %—pj;—pk, Z* :=Hk—a%j—HjEZ—k ,

for i, j, ke A; moreover
2

6HA 0 A
H;=H;(w,) 1=3;; (walwag), Hiyy=Hylwy)= 30104, (wal@a4)

14

and so on. Notice that L'=X ", Y*= — Y% and Z¥ = — ZJ* Then the proof of the
proposition is concluded if we can verify that every w,€& has an open neighbor-
hood @ such that

X Y Z*eL(@) for j, ked . 4.2)
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Indeed, the conclusion of Lemma 4.1 implies that for each w €& there exists an
ie A such that p,=+0 or H;=+0. Therefore, according as p;=+0 or H;+0, the families

{X Y jeas (Y ema} o ({X 7} e AZ 7} jenvi0)

consist of (2| 4| — 1) linearly independent tangent vectors at w4, respectively, which
proves (4.1), see Remark 4.2. Before proving (4.2), we summarize some fundamental
commutation relations, they can be verified by simple calculations.

Lemma 4.3

(1 [L, X *]=H;Y* 4+, Z"

(2 [L, Y*]= —5inik+5ikXij

(3) [Y* Y* =YY ifj k, ¢ are different,
) [Y* X*¥1=0if}, k, ¢ are different.

Remark 4.3 1t can be shown that the Lie algebra generated by {X*, Y/ Z#*},, 4
with C*(@) coefficients coincides with the linear space over the module C*(@)
spanned by {X % Y* Z*},, 4. O

The following relations are also useful.

Corollary 4.1 If i=+k, then we have

(5) Hy Y*=[L, L¥]
(6) Xik: —[Li, Yik]
() XM=[L ¥Y™]

(8) Zik=[Li,in] D

Now we prove (4.2) by induction, We fix w €6 and ie A such that at least one of the
relations p; =0 or H;+0 holds true at w,. The first step of the argument is:

Lemma 4.4 There exists an open neighborhood © of w, such that (4.2) holds for all
Js kel if I'={i, m} with meA: |i—m|=1.

Proof. Suppose first that Hy, =0, then (5) implies Y™eL(®), therefore
Xim, X"li, ZimeL(@)

by (6)—(8); provided that @ is sufficiently small. Suppose now that H,, =0, then
H;;,, &0 by assumption, thus from (2) we get

(L, [L, L"]]=[L', Hyn Y] =p;Hypp, Y™ — H;p X ™eL(O) , (4.3)
while from (2) and (1)
L4 LY [LY, L"]]]
={—H;Hy+ p{ Hyiis— Hi Hys } Y™ — 2p; Hyj X "€ L(O) (4.4)
finally
VAR AN VAR AS AN NNN
= {3H;Hyy,—3p? Hysom + Hin Hii } X ™ +£ (p, ) Y™ €L(O) (4.5)
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with some feC ©°(@). Remember that p;+0 or H;+0 at w,. If p;#+0 and H,, =0,
then p;Him %0, thus from (4.3) and (4.4) we obtain that Y™eL(®) if © is small. On
the other hand, if p;=0 and H; =0, then (4.4) and (4.5) imply Y™eL(®) by a similar
argument. Therefore, even if H;,, =0, the conclusion follows from (6)—(8) as be-
fore.

Consider now the set I'y={meA; |i—m|=0 or 1}, we have
Lemma 4.5 (4.2) holds for all j, keTl.

Proof. From the commutation relation (3) and Lemma 4.4 we see that Y*€L(0)
for every j, kel',. Therefore, from (6)—(8), X *, Z/*eL(®) for every j, kely. [

To terminate the procedure of induction, suppose (4.2) for a connected subset I' = A
containing I'y. Choose /eA\I" and mel” such that |/ —m|=1. We have the
following lemma.

Lemma 4.6 There exists a neighborhood @ of w4 such that (4.2) holds true for all
j, kel'u{/}.

Proof. Since the case of H,,+0 can easily be treated as before by noting that
[L™ L‘]=H,, Y™ yields Y™ eL(®), at least if @ is sufficiently small, we may
assume that H,,,=0. We have

[L"’? [Lmﬂ Lf]] :plllH;!llllf Ym[_Hme’HZEL(@) * (4'6)

However, H,, =0 implies H,,.,+0 at w, while p,, might vanish. To overcome this
inconvenience, we choose a path {m=mg, my, m,, ..., my=i} in I' such that
|m,—my41l=1for 0Sp<N—1 and m,+m, if p=q. By induction we show that

LY, LY s, [ LY, p, Y] .. 1]
=(=1)"p Y™ +(=1)"p Y. 4.7)
Since (4) yields [ Y™™, X ™ =0, we obtain from (4.6) and (4.7) that
(= DNLYmees, [ymevmes [ [ymen, (2% (L7 497 11
=piHyme Y + Py Hyme Y €1(O) . (4.8)
Hence by H,,,,+0 at o, we get
pi Y™ +p, YeL(®) 4.9)

at least if @ is sufficiently small, Furthermore, we have
1__. . .
3 [Y™ p; Y™ +p, Y ]=p, Y™ —p; Y*el(O), (4.10)

[Li: Pm Ym{_px' Yil]:I{iYM'}'piXMEL(@), (411)

and

1. . . . .
3 [LLH; Y4+ p, X" =pH; Y —H,X"el(O), (4.12)
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again if @ is sufficiently small. Now suppose p;=0, then from (4.9) and (4.10)
{pIZ +p31} Ym[:pi{pi me""pm YM} +pm{pm Ym/_pl' YI[}GL(@)

so that Y"eL(@). On the other hand, if p;=0 and H;+0, then we have Y*eL(©)
from (4.11) and (4.12). Therefore by (3) we have in both cases Y#eL(®) for every
je'u{¢}, which completes the proof as before. []

In view of (4.2) this completes the proof of Proposition 4.1. [

Now, we are in a position to complete the proof of Theorem 3.3 by means of
Proposition 4.1.

Lemma 4.7 Assume that AcZ’ is finite and connected. Then, for p-a.e. (e, w e),
Pe,w, admits a smooth density f=f, ,.£C*(E (e, ws4)) with respect to the surface
measure dd4 on & (e, wy,), namely U, o, (dD1)=f(D4)dd 4.

Proof. Consider the second order differential operator G on &=©&(e, ws4), see
(3.12). Then from Lemma 4.2

[ Gty =0 if peC=(&). (4.13)
&

Since the coeflicients of G are smooth, the martingale problem associated with G is
well-posed, thus from (4.13) we obtain that g, ,,, is an invariant measure of the
diffusion generated by G:

/J'e,w,gc(dd)/l): f P(t» Wy, dde).ue,wAt(de) fort>0 5
&

where P(t, w4, d@, ) is the transition probability of this diffusion (see [E]). How-
ever, from Proposition 4.1 and Hérmander’s theorem it follows that P(t, w4, dd4)
admits a smooth density p(t, w4, @4)eC*((0, c0) X & x &) with respect to dd 4 (see
eg [IK]). O

The final step of the argument is based on

Lemma 4.8 Assume that A is finite and connected. Then the density f introduced in
Lemma 4.7 is constant on each connected component of & =& (e, ws4) for p-a.e.
(e> C0/1‘-’)'

Proof. We use the result of controllability of nonlinear symmetric systems of
ordinary differential equations, which is known as a consequence of Chow’s
theorem (see [He] or [ST]). In fact, Hérmander’s condition (4.1) implies that the
system

dx(t
!%l=paaxmo) (4.14)
with
F(,u)=Y wL'e¥ (&) for u=(u;);encR”
ied
is controllable on each connected component of . Namely, for every pair wﬁil) and

o belonging to the same component of & one can find a piecewise constant
function u=u(t): [0,1]-R% (ie, u=const on [t_y,t), 1=<i<n—1, and on
[t,—1,t,] for some finite partition O=¢o<t; <...<t,=1 of [0, 1]) such that the



Stationary states of random Hamiltonian systems 227

corresponding solution of (4.14) connects w}y’ and @’ in the sense that x(0)=w$

and x(1)=0'?. Since by Lemma 4.2 (L')*/=0 on &, we have

(2)
A

d .

Eif(x(t))= Y w (@) (L) (x()=0, fort+t,i=12,...,n—1
ied

along the controlled solution x(t) of (4.14), consequently f (a)ﬁil))= f (a)ff) ). Indeed,

we have (L')* = — L with respect to dw 4,34 on (R x R 4“4 thus it holds true on

each energy shell & with respect to ddiy. [

Theorem 3.3 has only been proven for connected AcZ¢ whence the general
statement follows immediately.

5 Construction of random evolutions

The evolution with random velocity reflections, i.e. with %,,,=%%, can be defined
as follows. For each site keZ® we have independent Poisson processes N, of
intensity a>0, where N,(¢) is the number of points in the interval (0, ¢]. Let
Z(t)=(—1)"™® then for almost every realization of the random element
N®=(N,),cz¢ we have a set of integral equations:

=00 (10) | 2 2D ),
0 dx

4O =a0)+ [ p()ds for ke (5.1)
0

The case of velocity exchanges is similar, but a little bit more complicated. Here we
have independent Poisson processes indexed by the bonds of Z9, i.e. N; ;= N, for
|j—k|=1, where N ;= Ny ;(t) denotes the number of points in (0, ¢]; the intensity
of each process is again a > 0. The following system is well defined for almost every
realization of N¥=(Ny ;)jj-x|=1.

n0= % (600000 f 81,0, 9 22D ),
jez? 0 q;

() =a0)+ [ p(s)ds for keZ?, 52)
0

where d is the fundamental solution to the trivial problem of U= V=0, i.e. then
Pi(t) =), 740k, 5(t, )p;(s) for 0Ss<t<+co and k,jeZ’. More exactly, 6 is the
permutation kernel of the stirring process induced by N% as follows. Let &;(s)
denote the walk started from ieZ at time 0 and jumping to the opposite end of the
bond on which the next point appears. This system of random walks is uniquely
determined by the requirements that &,(t) is a right continuous function of t=0
such that &,(t)=k at t>s if &i(s)=j and N; ,(t)=N;(s)+1 but N;,(t)=N;,(s) for
I#k and |I—j|=1, while &(t)=C,:(s) at t>s if £(s)=j and N 4(t)=N;,,(s) for all
keZ? with |k—j|=1. Let ;(j, s)=1if &(s)=j and 5;(j, s)=0 otherwise, then

5k,j(t5 S)= .sz ”i(k> t)rli(j: S) NE-a.s.
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Both (5.1) and (5.2) can be solved in € for almost every realization of N Rand NE,
respectively, and the solution is a continuous and differentiable function of initial
data. The basic tool of the derivation is the following system of integral inequali-
ties for u,=0, keZ’, where 1,20 and y, ;=0 are given functions, and K is
a constant depending only on U and V:

t

u()S o)+ K ) [yt suys)ds . (5.3)
jeZto
For example, if u,(t)=|pi(t)], then in the first case we have Y, (8 5)=K(t—s) if
|j—k|Z1, and y, ;=0 otherwise, while

vk(t)=|pk(0)|+|._‘};K1 (K+1q;0))¢ -

In the case of (5.2) we have again (5.3) for ue(t)=|pe(t)] with the same constant
K and

Vi, (8, 8) = by f5k,i(t:’5)d’f

li-jlst s

()= Y. Bk, ;& O)p;(O) |+ 7k, 5t O (K +14;0)])) -
jel!
Let us remark that the mean value of &y ;(, s) is just the transition probability of
a symmetric simple random walk with jump rate a, thus it is easy to get bounds on
the integral operator with kernel y also in this case.
The system above can be solved by a direct iteration procedure, we get

[ee] t
w0+ Y K" Y [y, s)vs(s)ds , (5.4)
m=1 jeZ 0
where =1, and
t
pO =Y [, 7y, )t (5.5)
icZ%s

Let X denote the space of real sequences x = (xy)icz¢, @ strong topology of X is
defined by means of a family of Hilbert norms, |, given for o>0 by

x|2= 3, exp(—alk)ixl*, (5.6)
keZ?

thus || @ ||,=|x|, with x,=(p2 +g#)""* if @ =(px, Gu)keze. The convergence of a se-
quence in the strong topology of £2 means convergence with respect to every norm
I+ Il > 0; the space of strongly continuous ¢: Q+— IR will be denoted by Cy(£2).
The reason why we have introduced a whole family of norms instead of a single one
is quite simple. The strongly bounded sets of X or those of Q are weakly compact,
and the relative weak topology coincides with the strong one on each strongly
bounded set, thus moment conditions allow us to avoid a sharp distinction of weak
and strong compactness. Now we show that the kernels y are contractive in the
following sense.

Lemma 5.1 For each T> 0 there exists a positive number a(T), and for 0<o<a(T)
we have also a random variable C(a, T') such that if v, (t)< by for all t=T and keZ®,
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then (5.4) and (5.5) imply
lu@),=C(T)|0), for each 0LtZT.

C(o, T') depends only on K and d in the case of (5.1); it does depend on the random
element N* in the second case, but its second moment is finite.

Proof. The first case is trivial, we can calculate each term of expansion (5.6), and we
obtain a deterministic bound for every «>0. In the second case we can use the
reflection principle to determine the distribution of { ;(s, T),

Cx,j(s, T)= sup 6 i(t,s) for O<s<T.

s<t<T

In this way we obtain a bound

EE( sup  yx, it S)>§eXp[—<x(T)lk—jI] )
0<s<ti<T

where E£ denotes the expectation with respect to the random element N £, Observe
now that the factors y of the terms of the expansion on the right hand side of (5.6)
are independent, thus the proof is completed by the elementary fact

sup Y exp[—oalk|+ali|—plk—j|]]< -+ if0<a<p.

jeZl keZ?
Indeed, as Jy ; is either 0 or 1, we can use the Schwarz inequality with weights 2"
for the sum, and with uniform weights for the multiple integrals to derive the
conclusion from the above estimates by a direct calculation. [

This simple tool is sufficient to construct regular solutions in Q.

Theorem 5.1 If U” and V" are bounded, then both (5.1) and (5.2) admit uniquely
defined solutions w, =Wk and w,=%ULw for every initial configuration we=we,
and for almost every random element N=N?® or N=N¥, respectively. The solutions
remain in £, and they ave strongly continuous functions of initial data.

Proof. In view of Lemma 5.1 this argument is quite standard, so we sketch only the
main steps. We start with a sequence of partial dynamics allowing only a finite
number of coordinates to vary. Choosing u, and vy as specified after (5.3) we show
via Lemma 5.1 that the velocities are bounded on compact intervals of time.
Therefore, by the Arzela-Ascoli Theorem we have limiting solutions for every
initial configuration, and for almost every realization of the random elements N &
and N¥, respectively. To conclude the uniqueness of solutions, as well as their
continuous dependence on initial data, we define u(¢) as the magnitude of the
difference of the velocities of two solutions, and use again Lemma 5.1. [

The Markov semigroups of our random evolutions are defined by
Pro(w)=Ero(Urw) and Pro(w)=Efp@}w) for peC(Q), (57)

respectively, where EX and E¥ denote expectations with respect to the random
elements N® and N”. It is easy to check that they are really generated by & +a%R
and by Z +a%", respectively. In view of Theorem 5.1, both semigroups map C,(2)
into itself. If the initial configuration is distributed by ue2(Q), then y,= u#% and
#e= pu2% denote the evolved states of the corresponding random dynamics. Since
the dynamics preserve moment conditions, Theorem 2.3 is obtained as a direct
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consequence of Theorem 5.1. Moreover, under the condition ITno1£K with
K < oo being fixed, the evolved state depends in a weakly continuous way on the
initial distribution i, see the entropy bounds of the next section.

The following form of differentiable dependence on initial data shall play an
important role in estimating the boundary terms of entropy production, see
(6.2)—(6.5), it is based on Donsker—Varadhan type rate functions of the following art.

Definition 5.1 Suppose that I' is the generator of a Markov processin Q and B < s/ is
a o-field such that the domain of T' consists of B-measurable functions, and I maps its
domain, Dom I into %B-measurable functions. Then the rate of ue#(Q) with respect
to I' and A is defined as

r 1

DL[p]=4sup sup {f ———dldu:u//>5 and —-Fl//<—}.
8>0 YyeDomI lp 0

If B=x4, and I‘=€4,f,1,f0r keA, or I'=%2, for keA,_,, then the abbreviations

DE [ 1] and D[ u] ave used, cf. (3.1). If %=/ then the subscript n is omitted.

Let us remark that the volume terms of entropy production DF and DS are not rate
functions of this kind. For a comprehensive study of rate functions see [DV] or
[DS]. Monotonicity with respect to @ and convexity and lower semi-continuity in
u are the most useful properties of DT,
In particular, for keZ?,

Di[pl=Di[p]=sup DS [u] and DR[p]=DE[pl=supD2i[n], (5.8)

nz0 u=1

and if pe2(Q) is translation invariant, then
DP[p]:=Dy[p]=sup@n+1)~" 3, Dyylul,

n=0 kedy
DO[u]=DE[p]=supn—1)"* Y D2Z[u]. (5.9)
nz1 ked,—,

Suppose now that du=f£,dA2 on &/, and f,e C§(R2) is bounded away from zero, then
using (KMSP) or (KMSQ), we can replace the integrands in the definitions of DP or
D2 by expressions like

AN (WY (W, L
<‘P>¢ (f, 2 <¢> >f""4<f,,> Jus (5.10)

where prime denotes the corresponding derivative. ThIS means that the supremum
is attained for ¥ = \/:, consequently

Dy [u]= f< 6;’,,) du for ke A, ,

k
19,2
D2 [pul= f 2 dp for ked,—y . (5.11)
k

It is less obvious, that the finiteness of D' implies the existence and the necessary
smoothness of f, (see [DV], [DS]).

If the evolution does not create smoothness of local densities then the control of
terms like DF and D2 should be based on differentiable dependence of solutions on
initial data.
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Observe that u,(t)=10p(t)/0p;(0)] and u,(t)=|0pk(t)/dq;(0)| also satisfy (5.3)
with suitably chosen v;’s, thus Lemma 5.1 yields bounds for the derivatives of the
evolved configuration with respect to its initial values. By means of this simple fact
we prove:

Lemma 5.2 Suppose that Df{ u]+DE[p]<M for each keZ, then we have an
increasing function D(t), t >0 such that Df [ u?']1< MD(t) both for P'=P% as well
as for P'=PL.

Proof. First we consider a finite system restricted to A,. This means that we replace
Hby HJ bothin(5.1) and (5.2), set Ni(t)=01n (5.1) if k¢ A,,, while N, ;=0in(5.2) if
the bond {k, j} is not contained in A,. The evolved configurations will be denoted
by Uk, and % ,w, respectively, and the initial distribution is y,, such that
dp,= f,,dl,‘,’ , where f, is a strictly positive and smooth .o7,-measurable density. Both
evolutions preserve A} for each realization N of our Poisson processes, thus the
density f5, of %k .0 or UL ,w satisfies f;(w)=f,(Uz ') or £;¥(w)=F, (U5 ),
respectively, whence

N <6f ,0), 0/fy 6q,<0>
jeZ?

opelt) ap;(0) op0) 04(0) Opy(t)

Now we use the Schwarz inequality and the convexity of entropy production to
estimate D, [ u2"']. Since the reversed random trajectories behave in the same way
as the original solutions, we can use Lemma 5.1 to handle the right hand side. The
situation is even simpler than it was in the proof of Theorem 5.1 because here we
need L* bounds, and J, ;is a permutation matrix, thus randomness due to N=N¥
plays no role at all. The general case follows then by lower semi-continuity of
entropy production. [

6 Boundary terms of entropy production

A formal derivation of (ES) and (RS) for the associated random evolutions is almost
immediate, but a priori we do not know that any translation invariant stationary
state admits smooth local densities; the entropy condition I [ u] < oo plays a crucial
role here. Suppose first that pe2(Q) satisfies I u] < + oo and

DI[ul+De[p]1sM <+ for all keZ?, (6.1)

then the evolved measure, 1,2 (22) admits smooth local densities, £, =f,(t, ) with
respect to our reference measures AJ. The rate of change of I, consists of the
following terms. Since A satisfies (MIC) for ke A, with HS instead of H, an easy
calculation shows that the Liouville flow yields only a boundary term:

o, _oH o,
S Llogf(t, w)#r(dw)—k;nf< “oqc 0qy 5Pk>ﬁx "

1 0f,
= - Jn, d:u :Bt{l[.u ] > (62)
ke A\An_4 S Opk K '
0Hj,(w) 0H(w)

g dqy

Jn, k(w) =




232 1. Fritz et al.

Note that J, ;=0 if keA,—;. The contribution of random effects is the following,
cf. (2.11) and (2.12),

[ @ og fudp= —D} ], (6.3)
[ %" log fudpy=—Dy [ ]+ By 1] ; (6.4)
k,Jj
Blul= Y Y [log e yia).

kedy, J¢A" .f;l(t> )
li—kl=1

Comparing the calculations above we get

In[.ut]—l_a / Dvl[#s]dséLl[ﬂ0]+ _/ Bn[/“ts:]ds> (65)
0 0

where D,=DR, B,=B} if 9,,=%7%, see (2.12), (6.2) and (6.3), while D,=DE,
B,=BE4aBE if 4,,,=%%, see (2.11), (6.2) and (6.4).

The boundary terms of entropy production can be estimated as follows. From
Lemma 5.2 by the Schwarz inequality we get

B,,L[ﬂ]<MD(t)( () =z () AN, - ]) 5 (6.6)
Z£‘+1(t):: i Z me @ /“tt dw)
m=1 keAm\Am-,
SKP (L1 L] +K5(1+2n)%), (6.7)

where the second inequality follows immediately by the variational characteriza-
tion of entropy (see (2.8) and Definition 2.4),

The second boundary term B[ can be treated in the following way. Let A0y ; be
a joint distribution of w4, and p; for j¢ A, such that dA, ;=g(p;)dA3dp;, where g is
the standard normal density, and let £,y ; denote the corresponding local density of
. Since the velocities are independent with respect to A2, we can use the related
subadditivity and monotonicity of entropy to conclude that

Suls, @) 4o

Bifpl=Y Y [hvis ”’)l"gﬁ,v,<, o)

keAn 1¢ ,.

n V Jj (d(l))

=1

LY T fhvss olog i s i)
kedn |j£¢k/|1';1 f;l( )

§In+1[us]_ln[ﬂsj+F Fn+1 (68)

At the last step we have exploited also that H} <HJ . Therefore in both cases we
have constants depending on @, T, U and ¥ such that

B, [ 1=2,11(t)—2z,(t), where
0=z,(t) Sz, s 1 () SK (Lis 1 [ ]+ K5 (2n+ 1)) for 0<t<T. (6.9)

We are facing with a situation described in Lemma 6.1.



Stationary states of random Hamiltonian systems 233

Lemma 6.1 Let u,, v, and z, be non-decreasing sequences of non-negative functions of
te[0, T'] such that z,=z,(t) < K (u,(t) + K, (2n— 1)%) and

t t
Ll,,(t)+ f Un(S)dS é u,,(O) + f (Zn+ 1(S)—Z,,(S))dS 3
o] o]
then for all n20 and re(0, 1) we have

w0+ [ on(s)ds
0

< Jio (L =r)r"™((1+2n+2m)'K; K,(1 —r)t+exp[(1 —r)K, ] U+ m(0)),

m=0

whence

t
limsup (1+2n)~¢ <u,,(t) +/ v"(s)ds> <limsup (14 2n) "%, (0) for t<T.
o]

Kindss) n- o0

Proof. Using the method of generating functions, by a direct calculation we obtain
that

+ oo

t + 0
Z " <ull+m(t)+ ./ anrm(S)dS>é Z )‘"’u,,+,,,(0)
[¢]

m=0 m=0
+ t
+Ki(1=r) 3 <K2(1+2n+2m)"t+f u,,+,,,(s)ds>,
m=0 ¢

whence as u, and v, are non-decreasing sequences, by the Gronwall Inequality we
get

+ 0

—L(mm+fmm@§zhw@mmnfwm@@>
= ; ;

m=0

+ o0
SKiK,(1—=1)t Y r™(1+2n+2m)

m=0

+ o
+ €Xp [(1 - ")Kl t] Z rmun+m(0) s

m=0

which proves the first statement. Let if:=lim sup,_, ,, (1 +2n)"%u,(0), then for any
¢>0 we have an n,eN such that for n>n,

La +2n)7¢ <u,,(t)+j vn(S)dS>

(1—=r)
to 142n+2m\* -
< X M ) (K(Ky(1—r)t+exp[(1—r)K £](i+e)) .
m=0 1+2n

Now we can send first n— + oo, then r— 1, finally ¢—0, which completes the proof
of Lemma 6.1, [
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Now we are in a position to prove

Proposition 6.1 If ue?y(RQ) is a stationary state of the evolution P, or P, then we
have (RS) or (ES), respectively.

Proof. We have to show that DX[u]=0 or DE[ u]=0, respectively, for each m.
Our starting point is the integrated version (6.5) of (2.10). Since our stationary
measure, i need not be as smooth as desired for (6.6), we have to mollify it in such
a way that we have (6.1) and I[ u®]<I[ u] for its mollified version u’—pu as §—0.
The easiest way is to use a reversible evolution as follows.

Let w, and w, denote independent Wiener processes for keZ*, and consider the
following stochastic gradient system:

dpi=— oy prdi+/ 20.dwy,
0H
qu= — O ‘é;]’“ dt"‘\/ ZdeWk for keZ* s (610)
k

where 0= (0} )rez¢ is a bounded set of non-negative constants. For the construction
and regularity properties of such stochastic gradient systems see e.g. [SS]. Let
u¢ and f;7 denote the state and its local A2-densities at time t>0 with initial value
u3=p. First we assume that ;>0 only for a finite number of sites, then we need
not worry about smoothness of f,. We have a uniformly elliptic diffusion, and using
(KMSQ), an easy calculation [ Fr4] results in

oL+ Y o DY [+ Z o D2 [ 1! ]

kedyn ked,-y

1 af; 1 of7 .
= Z f <Jn,k_— f >d1ut

G‘ —_——
ked\An_y - f,‘,o' aqk fl‘lo' aqk
g d
< > fzk Ju,k-fﬁ,kdﬂféz <25+1(t)—25(t)>, (6.11)
kedAn\Adn_,
see (6.6) for the definition of z,, where 6 >0 is a common upper bound of the
numbers oy.

From the first statement of Lemma 6.1 we obtain an explicit bound for entropy
production, see (5.11),
1

[ DX L1+ D2 [ug])ds, where
0

D,f“’[,u]:: Z UkD;I:’,k[/Jl Dﬁo"a[ll] = Z GanQ,k[#]-
kedn ked,_;

Letting each o, go to their least upper bound, say 6>0, this way we obtain
a translation invariant measure yf for each ¢ =0 with initial value u$=u. Set

1

w= [ e, (6.12)
4]

and remember that i’ converges weakly to our stationary state u as d—0. From
Lemma 6.1 by convexity and lower semi-continuity of rate functions, cf. (5.8) and
(5.9), we get

ILA°1+oDP[a’]+6DC[ ]I ], (6.13)
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thus we can apply Lemma 5.2 and Lemma 6.1 to the original, randomized
evolutions with initial distribution 1% Let /i denote the evolved state, we see
immediately that (6.5) results in

LLE+a [ D,,[ﬂﬁldS§L,[ﬁ5]+f (21 1(8)—2,(s))ds ,
0 0

where
z, () S Ky (L, L ]+ Ko (1+ 2m)%) (6.14)

with some universal constants K; and K,. The evolved measure i is also
translation invariant, therefore for any fixed m>0 by Lemma 6.1 we get

ITAT+a(t+2m)~* ft D, L@ lds<ITR1<Iu], (6.15)
0

which completes the proof by letting & go to zero. []

Finally, Theorem 2.4 and Theorem 2.5 follow directly from Theorem 2.1, Theorem
3.3 and its Corollary 3.1 by Proposition 6.1.

Remark 6.1 The existence of translation invariant Stationary states also follows by
an entropy argument. Starting the process with a smooth ue?,(Q) we see that the
specific entropy I[fi,] of the time averaged distribution ji,:=t 1 Jd usds remains
bounded as t— o0. Suppose e.g. that
U(x)’
Ix]- w 108(1+(x])
then the family fi,, t>0 is tight with respect to the product topology, and any limit
distribution [i is concentrated on Q. Since fi is a stationary state of finite specific

entropy, in this way it is possible to prove the existence of Gibbs states and
a statement on the equivalence of ensembles, too.

=400 forall >0,
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