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I. INTRODUCTION

These notes, like my lectures in Erice consist of several parts
which are loosely related by the fact that they all deal with some
aspects of statistical mechanics of Coulomb systems. In some sense
of course all of statistical mechanics, which is the microscopic
theory of macroscopic matter, deals with Coulomb systems. The pro-

.perties of the materials we see and touch are almost entirely deter-
mined by the nature of the Coulomb force as it manifests itself in
the collective behavior of interacting electrons and nuclei. In
most applications of statistical mechamics however this fact is not
explicit at all. One starts with an "effective' short range micro-
scopic Hamiltonian appropriate to the problem at hand. For example,
to discuss the superfluidity of He% we describe the fluid as a
collection of neutral atoms represented by point masses interacting
via Lennard-Jones pair potentials. This description seems very ade-
quate. Statistical mechanics of Coulomb systems therefore usually
refers to those investigations in which the Coulomb potential is
explicitly considered as a part of the starting microscopic Hamil-
tonian. (Appropriate quantum statistics are always assumed).

There are two reasons for considering explicitly systems with
such Hamiltonians. The first is primarily a theoretical ome - we
would like to understand in a more precise way how the Coulomb for--
ces give rise to the effective interactiomns. The second reason is
more practical. There are many systems, e.g. plasmas, molten salts,
ionic crystals, etc. where bare Coulomb interactioms are part of
the appropriate effective Hamiltonian. We shall review here, very
briefly, the status of some selected topics in both of these cate-

gories.




Since the aim of the two types of studies mentioned above are
different, precise vs. pragmatic understanding of macroscopic beha-
vior, their methods are also different. Workers in the first vine=-
yard state their results as mathematical theorems while those in
the second make and exploit various physically reasonablt approxi-
mations. Of course the good work in either category, such as that
reported by Aizenman, Brydges, Fréhlich, Lieb, Seiler, Thirring and
other speakers on this subject here, is relevant to both areas. They
are the interpid brave explorers leading the attack against ignmo-~
rance and sloth.

II. THERMODYNAMIC LIMIT FOR COULOMB SYSTEMS (LIEB-LEBOWITZ)

The rigorous derivation of effective Hamiltonians from first
principles is at the present time mostly beyond the reach of our
mathematical abilities. I simply have no ideas of how to show that
the Lennard-Jones description of He% 1is a good approximation, in
certain ranges of temperature and density, to an overall neutral
system of a-particles and electroms jnteracting via the Coulomb
potential and satisfying the proper statistics, Bose for the
a-nuclei, Fermi for the electrons with spins (see however Remarks
later). We have therefore to be satisfied at present with much more
modest goals : Prove that the most basic fact of macroscopic thermo-
dynamics, extensivity and stability of the free energy of neutral
systems, follows from the prescriptions of statistical mechanics
for computing this free energy, -8a(B,p) ' S

a(g,p) = lim lAl'lzn['tr exp(-gE(N;A) ] (2.1)
|A] 7 R’
Here H(N;A) is the Coulomb Hamiltonian of k species of charged
particles, with charges eq4 and numbers Nq , o = 1l,...,k con-

tained in a box A , A =R’ with volume |A| . The thermodynamic
limit A #R3 1is taken along a "reasonable' sequence of boxes A,
and particle numbers Ej such that J

k \
N.-E= I N?ea =0, N? > 0 , (neutrality) (2.2)
j=1
and
N/(a, ] =0 > o (2.3)
J J J jom

The existence and thermodynamic stability of the limit functiom
a(8,p) was proven by Elliott Lieb and myself [1,2] under the as-
sumption that at least one type of charge, the positive or negative

N

ones, obey Fermi statistics - as indeed electrons do. This condition



was proven by Dyson and Lenard [3] to be both sufficient and neces-
sary for the extensivity of the ground state energy of the system,
H-stability,

Min H(N;A) > =bN , b < = (2.4)
koo :
N= I N . A simple elegant derivation of (2.4) with a greatly
a=1 ‘

improved constant b was later given by Lieb and Thirring; see lec-
tures by these authors in this volume.

The actual Hamiltomian for which (2.1) was proven in [1] is

N
HN) = ¢ p§/2mi + % z eie./lxi-x.l + U(xl,...,xN) ©(2.5)
i=1 igy J

where e, T ey and m o= when particle i 1is of species ao .

Dirichlet boundary conditions are used for the wave functioms on

3A and the negative charges are Fermiom. U is any "standard"
short range 4-body interactiom, & = 2,3,... £finite, which satis-
fies classical H-stability [4]

Min U(xl,...,xN) > =bN | (2.6)
{x:}

1

U is essentially such that if e = 0 Va , then the thermodyna-
mic limit in (2.1) would exist ¢ without any restrictions ‘on the
statistics (superstability is not required when e, # 0 ) = in fact
the system could be treated by classical statistical mechanics with
the trace in (2.1) replaced by the appropriate symmetrized integrals. -
In fact if U contains a hard core, i.e. U(xl,...,xN) = o when-
ever Ixi fx.l <d,d>0, then classical and hence also quantum
mechanical H-stability for H(N) in (2.5) was proven by Onsager
[5] in 1939. ' The results in [1] then hold also for such classi-
cal systems (a suitable representation in many cases).

Onsager's proof is based on the fact that in the presence of
hard cores the charge on each particle can be considered (as far
as the interactions are concerned) to be smeared out on the surface
of a sphere of radius d . This has a self energy e(d) . It is
then a basic fact of electrostatics that

N I

H 2 |
1] (2.7)
> =Ne(d) , lxi-le_l d .

z eiej/lxi-’ﬁl - L £R3 Ez(x)d3x - £ self energy




Here E(x) 1is the electric field at the point x and the integral
is obviously non-negative.

To the best of my knowledge, Onsager was the first one to con-
sider the problem of H-stability. This expresses the '"saturation'
of the interactions between a particle and the "rest of the univer-
ge". This is an absolute necessity for the existence and extensivity
of the free energy in macroscopic matter. Onsager's proof is not
conceptually satisfactory because it requires the existence of a
hard core. Even if such a hard core (or something equivalent to it)
were to be true in nature as a comnsequence of other non=-Coulombic
(strong, weak) interactions, the lower bound &(d) in (2.7) would
be, for any reasonable d , orders of magnitude larger than the
actually observed energies : see article by Thirring, Thus Fermi
statistics of electroms are a central ingredient in the "stability
of matter.

Once we have H=-stability there still remainms the problem of
how to deal with the long range nature of the Coulomb potential :
if all the charges were of the same sign then clearly the energy
would be non-negative but the system would "explode™ - all particles
going to the surface of A . The reason this does not happen for
neutral systems is of course screening . Just Dbecause the Coulomb
forces are long range they are also very strong (their integral
diverges at infinity) and cause the system to be locally neutral.
The “effective® interaction between different regions of a macro-
scopic system is therefore greatly attenuated. This idea was turned
(with some effort) into a formal proof of (2.1) for neutral systems.
Since I have nothing to add on this point to what is already des-
cribed in references [1,2] I shall not discuss this further here.
Instead, I shall turn, after a few remarks, to the situatiom in
which the system is not strictly neutral. Elliott Lieb has disco-
vered a £law in one point of our reasonings in (1] regarding some
charged systems which leaves a (small) gap in our proof there. The
question raised also concerns general mixtures in which the inter-
actions are short range. I hope that this will soon be resolved.

Remarks : (i) We note that the results described above are for

*he three dimensional Coulomb system specified by the non-relati-
vistic Hamiltonian (2.5). For results in two dimensions we refer

the reader to the article by Frdhlich and Spencer in this volume [67.
For the one dimensional Coulomb system see the article by Aizenman

(see also remark iii).

It is not clear at present how to deal with inclusion of rela-
rivistic effects. H-stability is the basic problem here - magnetic
dipolar forces behave as |x|“3 and their inclusion makes even
the hydrogen atom unstable against collapse. Until this is resolved
- which might involve getting a good theory of all the forces in
nature - there seems little incentive to consider the thermodynamic



limit problem for relativistic Hamiltonians. This is also the only
answer I know to a question raised by E. Wigner in one seminar - if
the Coulomb ground state energy per particle for a neutral collect~

ion of 2N bosons, with charges * e , is unbounded below,
EO(N) ~ —N7/5 according to Dyson (3] , then why is there not spoun-

taneous generation of positive and negative w-mesons.

I believe, on the other hand, that the problem of deriving
effective (e.g. Lennard-Jones) interactions between neutral atoms
from the Coulomb Hamiltonian (2.5) while very difficult may not be
entirely hopeless. I regard the work described by Frdhlich and
Spencer on the two dimemsional charged lattice gas as having (des-
pite its being two-dimensional and entirely classical) the right
flavor for this problem. They show, in a precise way, that in a
certain range of temperature and demsity the weight of the Gibbs
measure is concentrated entirely on "neutral molecules of finite
extent. We don't expect this to happen in three dimensiomns where
the Coulomb force is weaker and there should always be a finite
density of loose charges (electrons and ions) around - we do expect
that these play a negligable role at low temperatures and moderate
densities. (At very very low demsities the system will always be
almost completely ionised. )

(ii) The Hamiltonian (2.5) corresponds to the box A having
insulating boundaries. The existence of the thermodynamic limit for
a Coulomb system in three dimensions with super—conducting boundary
conditions was proven by Penrose and Smith [7]. It is not known
whether the free energy is the same in both cases,

(iii) A model often used by physicists to describe certain
kinds of plasmas or solids is the so-called jellium system. In this
model one of the charges, SaY electrons, are assumed to form a
uniform background of constant negative charge density in which the
ions move. We shall not go into the justification of this model,
which neglects fluctuations in the density of one of the species;
or into any details of its properties referring the reader to the
excellent recent review by Baus and Hansen [8]. The Hamiltomian
for this model is obtained from (2.5) by adding there the potential
produced by the uniform background of charge demnsity fy

N
1 2 3
! = —
H'(N,A) = H(N,A) + iil e;pgV, (x;) + 5 0y J’Av(x)d x (2.8)

with

wx) = | d3y/Ix-y[ .
A



Charge neutrality is now given by the relation

k
a _
I Ne + QBIAl =0 (2.9)
a=1
Lieb and Narnhoffer [9] proved the existence of the thermodynamic
limit for the free emergy of this system in three di-

mensions. In two dimensions the electrostatic potential is, of
course , fu|x| rather than |[x|~] and the proof needs changing

In one dimension the Jellium model with electrostatic potential
|x| and one moving component, the so-called OCP (One component
plasma) can be solved exactly classically as can the two component
(no background) charged system : see article by Aizenman. The Jel~-
lium system is known to form a crystal, periodic state with spacing
-el/pB (k = 1 here) [10] at all temperatures 8 > O . This is

true in both the classical and quantum description and is the ounly
system with' translation invariant forces (in the thermodynamic limit
or periodic b.c.) for which a crystalline Gibbs state is known to
exist. There is strong theoretical and numerical (computer simula-
tion) evidence that in three (and two) dimensions the OCP forms a
crystal at low temperatures (Wigner crystal) which melts as

the temperature is raised [8] . : -

This system is in séme sense both simple and interesting -
since its interactions are exact rather than approximate or modeled
- and therefore presents a worthwhile challenge to the theorist. It |
would be particularly interesting to know whether its behavior in
three dimensions is "physical despite of the suppression of flue-
tuations in one compoment. As already. noted the behaviour in one-
dimension is artificial. In two dimensions the system is exactly
solvable at one temperature, Bel = 2 , where the truncated corre-

.lation functions are found to be Gaussian [llj a much faster than
typical decay.

It may also be worth mentioning here another problem in this
area which is a challenge to theorists. There is some evidence
[12] that when there is more than ome species of positively charged
jons in a uniform negative background, say protons and a=particles,
then the system will segregate into a "hydrogen" and "helium" phase
at low temperatures. This can be understood to be a comsequence of
the systems attempt to stay locally neutral which, since the back-
ground is assumed at a uniform density, requires a larger spacing be-
tween the more highly charged species. If this is true and persists
also in real plasmas it may be of great relevance in astro-physics
where it might cause the highly charged heavy ions, e.g. irom, in
a star to clump together ~ rather than be uniformly distributed.
This might even help explain the apparent deficiency in the number
of observed solar neutrinos [12]. (The calculated rate assumes a
homogeneous distribution of the heavy ioms.)

Cobl.



Finally I want to mention here the question of the existence
of the thermodynamic limit of "real" jellium, that is of a regular
Coulomb system, confined to a two dimensiomal layer, i.e. the parti-
cles move in Ré(and Py {s a surface charge density) but the inter-

. . . - 2
action potential 1is Ix! L s, X ER . Such systems are used

[13] as models for layers of electroms om the surface of fluids like
helium. The methods used in [1] make essential use of the harmonic
nature of the Coulomb potential and do not therefore apply here.

The requirement on the regularity of domain shapes A, in [1] rules
out the consideratiom of this case as a limit. - - ]

(iv) As mentioned earlier classical H-stability, Eq. (2.6),
can be proven for more or less all potentials commonly used to
describe the interactions between neutral molecules. There is a
little known simple proof of this fact in a very complicated paper
by Morrey [14] for pair potentials v(r) satisfying the inequali-
ties

v(z) 2 ¢ r-(v+€) y T < T,
(2.10)
V(g) > <, r-(v+e) , T,

where T ER’, = [3[ , and 0O < Ci , € <o , It seems worth-
while presenting his argument here.

Consider a comnfiguration {xl,...,xN} with xg ER’ . Let A
be the smallest distance between any pair, A = Minlxi-xj| , L #3 .

Call the'pair for which this minimum is achieved x, and x, .
. ) S | 2
Write then .

N
z v(xl-xj)]

U(xl,...,xN) = % v(xi-xj) - [v(xl'xz) + i=3

L
4]
(2.11)

+ U(ngt L) ’XN)

Since the spacing between X, and x., is at least ) we have by
(2.10) that J
N , ‘
: v+e v
Vi v(x; xz) + j-z-s v(xl xj) _>_A1/A AZ/k G(A)

where O < Ai <®» , Let now =b = M%n G(\) > =» and repeat the

procedure on the interaction between the N-1 particles
{xz,...,xN} to obtain (2.6). N.B. The theorem does not give a

lower bound for the interaction emergy of amy particle with the
rest of the system. This is clearly impossible if wv(r) < 0 for
some r and there is no hard core, e.g. for the Lennard-Jones



potential.

The paper by Morrey sets out to prove that in a certain limit
the Liouville equation leads to the Euler equatioms of hydrodynamics.
It is not clear whether the paper ever achieves this goal (I doubt
it) but it does prove on the way the convergence of the Mayer expan-=
sion for the pressure at small fugacities for potentials satisfying
(2.10). This is a remarkable achievement since the author had appa-
rently never heard of the Mayer expansion before, so he derives it
as an aside (in fifty pages). His proof ante-~dates by many years
the proofs of Groeneveld, Ruelle, and Penrose (41 .

III. SYSTEMS WITH NET CHARGE.

it is intuitively clear that the condition of strict charge
neutrality, EjZE = 0 , is unnecessarily restrictive. We expect

that a "small"™ amount of uncompensated charge will have no effect
on the free energy density in the thermodynamic limit while a
"large™ amount of uncompensated charge will lead to a divergent

free energy demsity in that limit. The dividing line between "small"
and ""large™ occurs when the excess charge Qj , in a domain Aj s

increases in proportion to the "surface area" of Aj as j > =,

In this case we expect the thermodynamic limit of the free enmergy
density to exist but that its value depends also on the limiting
shape of the domains Aj .

These expectations come from macroscopic electrostatic theory
[L5] which shows that the lowest emergy configuratiom for any net
charge Q confined to a domain A 1is obtained whem Q is concen-
trated at the boundary of A . This configuration of the charge
is described in electrostatics by a two dimensional charge demsity
c(f), X € SA , where SA is the surface of A . This surface

charge demsity will be such as to make the electrostatic potential
constant in the interior of A , i.e., there will be mo electric
field in A . The electrostatic emergy of this surface layer is

equal to -% Q2/C(A) where C(A) 1is the capacitance of A .

For a given domain shape, C(A) 1is proportiomal to
1 .
tveay 13

me will thus be proportional to [Q/V2/3]2 , the square of the

"average surface charge density". Hence for sequence of domains

{Ai} with volumes {Vj} and capacitances {Cj} each containing
1/3

a nmet charge Qj such that as j > = , Vj + o Cj/vj +c¢ , the

minimum electrostatic enmergy per unit volume e, will also approach

(V(A) = |A|) and the electrostatic emergy per unit volu-

a limit -% cz/c .



We therefore considered in [1] a sequence of domains Aj (el-
lipsoidal for technical reasons) with particle numbers ﬁj + Ej
such that ﬁj' E=0, Ej‘g = Qj . It was then claimed that as

j = @ the free energy demsity

1 2 .
aj(B’e_j ’E_J') - a(B,g_) 'i' g /C ’ _e_ = lim Ej/Vj . (3-1)

where a(B,p) 1is given in (2.1) and ¢ is shape dependent. In the
proof of (3.1), for arbitrary Ej’ we used the continuity of the

neutral free energy density a(B,p) im each p4 . The argument
used for this was the standard ome - comcavity of a(8,p) .

The difficulty discovered by Lieb-in the proof of (3.1) is
that, as is well known, concavity does not guarantee cgntimuity at
the boundary of the domain of the fumctiom, i.e. at p =0 for
some a . This is taken care of in the usual considerations for
one component systems [ 4 ] by showing explictly that a(p) ~ plogp
near p ~0O . A similar form is true for multi-component systems,
including Coulomb omes [1,6]in the neighborhood of p = O . We have
however been unable to come up with a proof of contimuity at a ge-
neral point of the boundary of the positive come % > O . This
requires that we add some conditions on the sequences 5% for

which (3.1) can be shown to hold rigorously (at the present time).
Namely we need to assume that there exists m?_i 0 such that

a) (Ej+55)'§ =0 and b) p% >0 for all those a , a = le-«k for

(s Je )

for which nj+mj > 0 . In other words we require that the excess

charge and what it requires to neutralize it be available inside
the system at a non-vanishing density. If a) and b) are not satis-
fied then (3.1) would still be a lower bound but in the upper bound
a(g,p) would have to be replaced by a(8,p+) the limiting value

of aj(s,gj,gjfgj) (It might be necessary as in [1] to imtroduce

a "new" charged species, a = 0 , to satisfy the strict neutrality
condition (E§+Ej) . E=0).

As I already mentioned before the difficulty here has really
nothing to do with the specifics of the Coulomb interaction. Con-
sider, for example, a classical system of two kinds of "neutral
atoms" interacting with Lennard-Jonmes type potentials, i.e. they
satisfy (2.10). It is then a standard (by now so familiar as to
be trivial) argument [4] to show that for a sequence of 'regular
domains' Ay 7 R3 and densities gy > e

lim aj(B,pgl).png))-» a(B,p(l),p(z)) (3.2)

o ]



exists with a(p(l),o(z)) defined and concave in the positive qua-
drant of the p plane (8 > 0 fixed). It follows from this that

a(p<l),p(2)) is continuous in the open quadrant :mf . The method
of proof also yields,

(i)lnp(i) as p>0 (3‘3)

(1)

a(p) ~ -Zp

and the chemical potentials Wy = -3a/3p exist and are monotone

for almost all o €'R3 . Independent arguments further prove that

a(p) + chl)lnp(l) is analytic in some domain D < CZ around
o = 0 (convergence of the density expansiom [16] .) What is not

known however is whether, outside the regionm D+ =D DJRE R

tim a0 @y 2.6 W) (3.4)

NN ‘
the free energy density of the one component system. (The same pro-
blem arises when one considers the grand canonical pressure as a
function of the fugacities =z and z2). Indeed I do not even know

1
how to prove when N§2) is fixed, say ome, that aj(B,p§l), l/Vj)
approaches the same limit as aj(B,psl)) . Help please !

J

The difficulty here lies entirely with obtaining an upper
bound to aj (lower bound on the free emergy). This requires prov-

ing (the "obvious" fact) that configurations in which a finite frac-
tion of particles of species ome (A particles) which sit in the
"minimum" of the potential of the species two (B) particle make a
vanishing comtributiom to aj as j > = . There is of course no

such problem if the particles have hard cores in which case (for

interactions decaying faster than r-(v+€)) the interaction energy
of any specified particle with the rest of the system is uniformly
bounded, e.g. lattice systems. A similar situation obtains when

the interaction potential is non-negative - but this still leaves
open the gemeral case.

To be a bit more specific let the Hamiltonian of the system,
in A , be written as

H(NA,NB,A) = H(NA,A) + H(NB,A) + W(NA,NB,A) (3.5)

The standard techniques [1,4] will then give, for the partition
function 2Z ,

Z(NA,NB,A) > Z(NA,AA)Z(NB,AB)GXP['B4W>'] (3.6)

where AA and AB are non overlapping regions contained in A

10



and <W>' 1is the expectation value of W in the ensemble specified
by having all A-particles in AA and all B-particles in AB .

Using the décay of the interaction givenm in (2.10) the "distance”
between A, and AB can be increased, as A.ﬁjmy , in such a way

A
[1,4] that in the limit j - =.

] ] | ] ] I. ]
where QA and pé are the (increased) limiting densities in AA
and AB and ¢ < ®» 1is some constant. Letting pé + 0 gives

“pl >0, pA P, and the right side of (3.7) then approaches
a(B,pA) by the continuity of aA(B,p) , 'p>0, and the bound on
aB(B,p) as p + 0 . (When NB/V(A)ﬁ; 0 as A ARY the right side
is just aA(B,oAl) . The same kind of argument, suitably modified
for Coulomb systems [1,2] , yields (3.1) as a lower bound.

The difficulty arises in getting am upper bound on a . A geme-

ral method frequently used, for doing this is to define a new Hamil-
tonian Ho = H-G where H is given in (3.5). For G =W , Ho is

just the energy of the A and B particles in A without any
mutual interaction. It is however possible to make H_ be the Ha-
miltonian of quite a different system, e.g. by adding™ some parti-
cles to the system (as was dome in (1] ). What is important is that
Z, . be somehow "controllable™ in the sense that we can split G

into two parts, G = G1 + G2 and then use the Peierls-Bogolyubow
inequality

Zo = Z(N A) < expBG>2>1Z, exp [<G2>l (3.8)

A"NB’

to yield a useful bound on Z . Here < > is the expectation taken
with the Gibbs measure specified by H im A while Z1 and < >1

"are obtained from Hl = H+G1 . TB be useful we will want
znzl/V(A) - a(B,pA,pB) and the lower bound obtained from (3.8) to
coincide with aA(B,pA) when Pg 0.

In the case where G =W = G2 we find
a(sypA:QB) h a(B)QA) + 3(5993) - B <w>

where w(x) is the pair potemtial between A4 and B particles -
and

11



<w> = lim f(#L +x;j)dvxl] w(x)d x
j i

Iy, Pa®1%
] J
N (3.9)
= lim pAB(x;j)w(x)d X
joe _
pAB(xl,xz;j) is the demsity of A,B pairs in Aj (for particle
numbers NA 3 and NB j) and the limit may have to be taken along
b4

subsequences. Writing w(x) = v, (x) = w_ (x) , w+‘> 0, w_ >0,

we find, using (2.10) that to control the r s. of (3.9) it is cer-
tainly sufficient to have a bound om the radial distribution funct-
ion :

-<w> < < pprgK iiﬁ [sip pAB<x,J)/oA(J)oB(J)] (3.10)

with K = fw (x)d X < » and the sup is over the support of W_ .
It should certalnly be pOSSlble to do this in gemeral.

IV. CORRELATION FUNCTIONS AND SUM RULES

So far we have dealt only with the thermodynamic limit of the
free energy - which is necessary and sufficient for the descriptionm
of the macroscopic behavior of bulk matter. Statistical mechanics
goes however beyond thermodynamlcs in that it also gives a prescrip-
tion for computing results of microscopic experlments on bulk mat-
ter - experiments which dlrectly probe the atomic structure of mat-
ter as.they show themselves in the deviations from ' ‘average" beha-
vior, e.g. fluctuations in the local density measured by x-rays
and neutrons.

It is part of the basic dogma of statistical mechanics [4],
whose validity has been confirmed experimentally beyond any reaso-
nable doubt (despite the lack of completely couv1nc1ng theoretical
arguments), that the results of such microscopic experiments on
macroscoplc systems can be obtained in thermal equilibrium, from

"appropriate' Gibbs ensembles. These are, for finite systems of
N-particles, the canomical (micro, macro grand,...) ensembles. Re-
sults of observations are obtained as ensemble averages using the
appropriate density matrix or, for classical systems, the measure
on the phase space.

The passage to the infinite volume limit, required to obtain
unambiguous, surface independent, results for bulk systems is much
more delicate, and therefore mathematically more difficult, for
these distributions than it is for the free emergy. It is particu
larly so for quantum systems [17] and I shall not discuss these



further here. For classical systems with rapidly decaying interact-
ions between the particles the mathematical theory is based on the
existence of infinmite volume Gibbs states [4]. These are the gene-
ralization, via the Dobrushin, Lanford and Ruelle equations, of

the grand canonical emsemble for a system with a given temperature
and fugacity in a finite box A . They are (modulo some technical
restrictions) the infinite volume thermodynamic limit of all the
different ensembles, e.g. microcanomical, canomical, etc..., usad
to describe finite systems in equilibrium. This requires at the
very least that the potential be integrable at infinity, e.g. if
the particles interact via a pair potential them it should decay as

fast as r-(V+g) , e.g. the Lennard-Jomes potential which decays
as r 6 .

A problem occurs however when we are dealing with systems in
which the very long range Coulomb force is explicitly present
(there is also some problems for dipoles). In this case, there is
no conceivable way in which distant parts of a system would be suf-
ficiently decoupled for arbitrary configuratioms. The usual treat-
ment of infinite volumes Gibbs states, e.g. the DLR equatiomns, will
therefore not work here. We expect nevertheless as indicated ear-
lier, that for typical configurations distant parts of am overall
neutral system will sufficiently decouple, due to screening, to
make the passage to the thermodynami¢ limit well defined. (For non-
neutral systems the limit way present some extra problems) . More
precisely we expect the correlatiom functioms to have well defined
infinite volume limits. This holds indeed at sufficiently high tem—
peratures and low densities where, as described by Brydges here
(18] the correlation functions cluster expementially and for
"charge symmetric systems' where it follows from the Frohlich=-Park
cotrelation inequalities [19]. These results however still leave
¢sen the question of how to characterize directly the infinite
volume Gibbs states of gemeral Coulomb systems in the absence of
well defined DLR equations ?

In 2 recent saries of papers [20] Gruber, Martin and their as-
gociates have explored the consequences of assuming that the equi-
librium correlation functions of Coulomb systems satisfy the sta-
tionary BBGKY, (Bogolyubov, Borm, Green, Rirkwood, Yvon) hierar-
chy. These equations are obtained from the time dependent BBGKY
hierarchy which describes the time evolution of the n-particle spa-
tial and momentum distribution functions of a classical system
fr(xlpl"" xnpnjt) . These have the form [21] '

2af
.—.—E:Hf + C
na n

ot £

n= 1,‘2,0.0 (4‘1)

,a+l n+l ?

where H and C are linear operators. Assuming that fn

13



is a product of a Maxwellian momentum part and a purely spatial part
and setting EEE = 0 leads to an integro-differential equation for
the f . These stationary eqs. are identically satisfied by the
finite™volume canonical and grand camomical distribution functions.
It is also known that for short range potentials these eqs. are es-=
sentially equivalent to the DLR eqs. for the Gibbs states [22]. 1t
"is thus expected that the infinite volume limit of the correlations
for charged systems will also satisfy them; in fact, this can be
rigorously shown to hold for Coulomb systems in onme dimension [20]
and can presumably be established in all cases where the existence
of the infinite volume limit has been proven [23] . It is therefore
reasonable to expect that this is always true and explore the con~
sequences which are nmon-trivial. I now describe briefly this work
including extensioms in which I participated [24].

Description of the system.

We comsider as before a system comsisting of k species of
charged particles which move either im the whole v-dimensional
space RV , or in a restricted domain 0 defined by appropriate
walls. The only condition we impose on 0 1is that it extends to
infinity in at least onme dirsction. Typically 0 can be the half~
space {x €RV; xl > 0} of the electrode probleam.

The particles interact by means of a two body force of the
form

. s . s T
F (x,~x,) + e e  F(x,-x,) where F (%)
ayaq 1 72 ) 172 a3,

is short range and F(x) 1is the Coulomb force,

F(x) ~

X5 sl e

The thermodynamic equilibrium state of the system at a tempe-
rature T 4is assumed to be described by means of correlation funct-
ions pal(xl) ’ palaz(xl,xz)..., which have their usual meaning,
fq (xl) being the density of species @, at x; , etc,.. We

sh%ll write these as O(ql) ’ p(ql,qz) , p(Q) , using the abbre-

viated notation q = (ai,xi) , Q= (qil,...,qi ) . These functions
: n

are assumed to satisfy the stationary BBGKY equation

kI7,0(q,,Q = [ealE(xl) + jEZF(ql'qj)]p(ql,Q) (4.2)

+ [5 daF(a;=) [p(q},0,Q) = p(a Q0 (D]

14
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Here E(x) 1is the electric field due to all the charges, i.e. all
the system's and all t g -q. )= -
¥ nd a he extermal charges, F@l q2) e, eazF(x1 xz)

In order to understand (4.2) and the structure of E(x) , it is
useful to comsider first the equilibrium distribution of finite
systems in bounded regions {A} and then take the thermedynamic li-
mit A+ D . It is easily found that the correlation functioms of
the finite systems satisfy eq. (4.2) with the electric field EA(x)
given by the sum of an ""extermal™ and anm "intermal™ field '

EMx) = 0Mx) + [ agF(z-y) ()
A . A A (4.2)
C'(x) = § eaoa(x)

being the charge density at x . Let now A » D and assume that the
state of the finite system converges to a state of the infinite
system defined by (4.2). We then have

E(x) = D(x) + lim J dyF(x-y)ct(y)
A A (4.3)
D(x) = lim D (%)
A->D
Writing

C(x) = lim CA(x) = I 2,0,(x) ,
D o

, (4.4)
E(x) = G(x) + kia IAF<x-y)C(Y) , -
defines the effective externmal field G(x) :
. A
6(x) = D(x) + lin [pdyF(xy) (€ () = C3)) L (4.5)

Clearly the second term in (4.5) represents the field due to the
system's charges located at infinity when A becomes U . There-
fore, one must remember that G(x) has its origin both in extermal
and in the system's charges which reside at "infinity'" and are thus
invisible in C(x) for any x (see Appendix A in [24] for illus-
trative example).

It turns out that (4.2) together with certain clustering assump-
tions on the truncated correlatiom functions p.,(g ,...qn) imply
the abzence of non-tramslation invariant Gibbs states [25] as
well as, certain sum rules. I only describe the latter here.

Electrostatic sum rules.

Define the excess charge density at x inm presence of charges
located in Q = (ql,...qn) as :




C(XIQ) iea( Q(Q) + ? éaajé(x xj) P(é,x))

and consider the following relationms.

O-sum rule : neutrality

fc(x|Qdx =0 .

More explicitly,

X
(T e, )0(Q + fdqe(p(qQ) - P()p(Q)) = O
J ]

l-sum rule : absence of dipolar moment

fxC(x]Q)ax =0 |,
or

n
(2 ey x,)0(Q) + [daex(o(q@) = p()p(@) =0 .
3]

2-sum rule : isotropy

ez lQdx = §_ = [|x|cx|@dx

Proposition. .
Let pn( X Kneesl ,X ) = O(———E;-—na) e >0
T\ %% R¥e n’“n |x{v +44€

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

unif.with respect to X, when n >3 . If (4.11) holds with
4= 0, the O-sum rule follows. If (4.11) holds with %= 1,2 , the

1-2 sum rules follow respectively, except in one dimensional Cou-

lomb systems.

Sketch of proof of & =0 sum rule for Q = 1,

Combination of first and second BBGKY equation and defimition

of truncated functions gives the identity

ealp<q1)p(q2) fF(xl-x)C(quz)dx =

(4.11)

krVlnr(qlqz)-<ea1E(x1)+F(q1qz)>oT(q1q2)- quF(qlq)oT(qlqzq)

‘1‘6,‘



Clustering hypothesis with £ = ¢ implies that the 17
left side of (4.11) has the form

~

fF(x -x)C(x|q,)dx = i - IC(x]qz)dx $ o L) (4.12)
l . \)_l \"'l .
N lxll lel

and that all terms on the right hand side of (4.11) are

1
O(T;va:r)
It follows therefore that
fc<x]q2)dx =0 .

The £ = 1,2 sum rules are obtained in a similar way—they
are trivial for invariant states when only one particle

is kept fixed. In the latter case the right side of (4.9)
takes the form SrsIY/(vpa), where

3 2 T | |
Ia = fdxlxl [geapa,Y(le,O)] | (4.13)

is the second moment of the spherically symmetric charge
density cloud surrounding an iom of type & located at
the origin. This quantity was Investigated by Stillinger
and Lovett [26] who showed, on the basis of certain physi-
cally very reasonable assumptions, that for Coulomb systems

Iy = -2/(Buwy) _ (u.14)

[ 2 B

as=1l

is a universal constant, independent of the short range
interactions,

ymr, see also [27].

wy = 2, wg = 2T, w3

Eq. (4.14) is known as the Stillinger-Lovett second moment
condition (the first being the corresponding zero moment
condition) and can be shown to hold in the high tempera-
ture clustering region of Brydges and Federbush but may
fail at low temperatures in two dimensiomns [23]. An
interesting open question is whether (4.l4) holds at low
temperatures (or at critical points) in three dimensioms.
This may be related to the question of screening of non-
integer charges [6, 2u4],



V. APPRCXIHATIONS

In Erice I spent some time describing certain
commonly used schemes for calculating the pair correl-
. ation functions, and from them the thermodynamic funec-
tions, of a charged fluid, i.e. a molten salt. Among
these the Mean Spherical Approximation [28] can be
solved easily in a closed form., It ylelds substantial
improvements (when compared with computer and real X
experiments) over the Debye-Huckel theory at mot too low
concentrations., A more accurate description is given
by the Hyper Netted Chain Approximation which can
however only be solved numerically. Since that time
there have appeared two review articles covering this
material, references [8] and [29]. I refer the
interested reader to these excellent expositions, (I
should also mention here some interesting recent work
on the critical region of the two dimensional Coulomb
system by Hoye and Olaussen [30].
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