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Figure 8. Generator matrix ari2 for a polymethylene chain of lo00 
bonds. Each computation uses b / K  = 0.64, and the value for K 
is shown for each curve. The straight line segment has a slope 
of 115. 

is then approximated as a chain of n/n, blobs. Changes 
in the environment of the chain are assumed to affect its 
dimensions through a change in the value for n,. This 
theory predicts a,? = a,? = 1 for i C n, and that d(1og 
a,?)/d(log i) and d(1og a~2)/d( log i) are 1/5 for i > n,. 
Modification of the simple blob theory may replace the 
discontinuous change from ideal to excluded volume sta- 
tistics by a progressive crossover.8 

Figures 7 and 8 include a line segment whose slope is 
1/5. Lines describing computed behavior of the subchains 
may have a slope of 1/5 at some value of log i. However, 
the range of log i over which this slope is observed is not 
large. Furthermore, there is no indication that the slope 
tends toward 1/5 as log i becomes large. Indeed, the slope 
actually becomes negative at  large log i in Figure 7. 
Neither our generator matrix nor Monte Carlo calculations 
provide support for the blob concept. A major difficulty 
with simple applications of the blob concept is that they 

do not properly account for the consequences of the re- 
pulsive interaction of the subchain with atoms elsewhere 
in the main chain. These consequences are a position 
dependence to the expansion of a subchain (Figures 1 and 
3), a maximum for ari2 at  i C n (Figures 4,6, and 7), and 
a pronounced sigmoid character to log ad2 w. log i (Figures 
4, 6, and 8). A maximum for a,? at i C n has also been 
seen with chains on a cubic lattice and recognized as bein 
incompatible with simple applications of the blob concept. 

Subchain expansion factors could be measured by per- 
forming angle-dependent neutron scattering measurements 
on perturbed polymers in which the isotopic composition 
of the subchain was different from that of the remainder 
of the chain. Whether or not these subchains exhibit 
maximal expansion when they comprise somewhat less 
than the main chain will depend on the precise manner 
in which the isotopic labeling is accomplished. If a,? is 
obtained from samples in which the label occurs 
throughout the subchain, a maximum should not be ob- 
served (Figure 8). However, if the isotopic label occurs only 
at the first and last atoms in the subchain, the measure- 
ment will yield aria and a maximum is predicted (Figure 
7). 
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ABSTRACT We study, using Monte Carlo techniques, the equilibrium configurational properties of bead-spring 
model polymer chains with both repulsive and attractive interactions. By varying the temperature, we represent 
a polymer chain in solvents with differing degrees of solubility. We find that (a) at  high temperatures, 
corresponding to good solvents, the dependence of the chain dimension R on the number of units N follows 
the m e  power law as does a chain with purely repulsive interaction (R2 0: w, Y 0.6), 03) there is a temperature 
6 in the neighborhood of Flory’s 8 temperature (at which the second virial coefficient of the interaction vanishes) 
where there is a linear relation between R2 and N (8 - 8 depends on the “stiffness” of the chain), and (c) 
at lower temperatures the chain manifests a collapse which becomes more pronounced with increasing N .  
There is overall qualitative agreement between our results, experiment, and a generalized form of Flory’s theory 
although the behavior in cases b and c appears to depend on more details of the interaction than are taken 
into account in the latter. 

I. Introduction 
The configurations of a polymer chain in a very dilute 

solution are determined by the interplay between the in- 
teractions of chain segments among themselves and with 
the solvent. In a good solvent excluded volume effects 
result in a swelling of the chain relative to a random coil. 

0024-9297/81/2214-1495$01.25/0 

In a poor solvent, on the other hand, the polymer segments 
prefer self-contacts over contacts with the solvent. I t  is 
customary in polymer chain theory to represent these 
effects by considering an effective interaction potential u(r) 
between polymer segments which have a short-range re- 
pulsive part and a longer range attractive part, e.g., a 
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Lennard-Jones type potential. The effect of the solvent 
on the properties of the polymer chain can then be rep- 
resented, qualitatively at least, by the temperature in the 
Gibbs distribution of the chain (which might not be the 
parameter actually varied in the experiment). In analogy 
to what happens in an ordinary fluid, high temperatures 
correspond to situations in which the effective interaction 
between segments is predominantly repulsive (good sol- 
vent) while low temperatures enhance the role of the at- 
tractive interactions (poor solvent).’i2 

A key to understanding excluded volume effects is the 
observation, made by Flory,’ that in a good solvent, when 
the chain is expanded, the polymer behaves like a low- 
density gas and the interaction is dominated by binary 
encounters between segments. I t  can therefore be ac- 
counted for to a great extent by the binary cluster integral 
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This integral is positive at  high temperatures and repre- 
sents then an effective excluded volume. At  the 8 tem- 
perature, defined by B(8)  = 0 (the Boyle temperature of 
a fluid), there is a balance between the repulsive and at- 
tractive interactions, and the “long-range” configurational 
properties of the polymer chain are then similar to those 
of an ideal random coil. For T < 8 the attractive inter- 
actions dominate and the chain collapses to a compact 
globular structure. This “coil-to-globular” transition is 
qualitatively analogous to the gas-liquid transition at  
constant chemical potential or constant pressure-in both 
cases the density changes sharply as the temperature is 
decreased. 

The linear relation between the squared end-to-end 
distance R2 (or the squared radius of gyration S2) and the 
number of units N ,  characteristic of a random coil, has 
been experimentally verified3v4 for real polymers in a 8 
solvent by neutron scattering and by viscosity data. The 
collapse in a poor solvent has also been observed experi- 
men tall^."^ Theoretically the collapse phenomenon was 
first predicted by Stockmayer8 and studied both by the 
Flory mean field type approach*13 and by the application 
of renormalization group m e t h ~ d s . ~ J ~  While there is not 
as yet complete agreement concerning the nature of the 
transition around T = 8, de Gennes and others have 
suggested that the behavior near the collapse (as the size 
increases) is characteristic of a tricritical p ~ i n t . ~ J ’ J ~  These 
studies extend Flory’s original analysis for T 2 8 by em- 
phasizing the role of three-body interactions between chain 
segments at T 5 8. This can be understood by noting that 
a t  T = 8 the binary cluster contribution vanishes, and it 
is then the three-body clusters which dominate the in- 
teraction energy.16 de Gennes has suggested that due to 
these interactions the point a t  which the coil is “guasi- 
ideal” will shift t_o a renormalized 8 temperature 8 < 8 
and that even at 8 the internal structure of the chain will 
differ from that of an ideal c ~ i l . ~ ? ’ ~  At  still lower tem- 
peratures in the collapsed regime, further multiple inter- 
actions become important due to the higher density of 
segments. The system then behaves qualitatively like a 
low-temperature fluid. 

In the present work we study by Monte Carlo techniques 
the equilibrium configurational properties of bead-spring 
and bead-rod chains with Lennard-Jones type interactions 
between beads. Our results provide information about the 
behavior of the polymer chain in the 8 region and on the 
collapse transition. Parts of this behavior have previously 
been studied by Monte Carlo methods on a lattice17 and 
in continuurnla and by enumeration techniques on a lat- 
tice.lg Continuum models, in addition to being more re- 

alistic than lattice models, also offer the possibility of 
varying more parameters relevant to the problem, such as 
the ratio between the thiid virial coefficient C(7‘) and B(7‘). 
More generally, we feel that Monte Carlo (MC) simulations 
can at this stage complement both analytical theories and 
experimental results by offering the possibility to (a) obtain 
results, within known statistical errors, for a well-defined 
model system, (b) control the relevant parameters of the 
problem, and (c) probe local properties of the system that 
cannot be observed experimentally. 

We have previously carried out Monte Carlo studies on 
chains with purely repulsive forces, using a Monte Carlo 
method with an efficient reptation dynamics to generate 
equilibrium configurations.20~1 The same method was used 
in the present work for the study of chains a t  low tem- 
perature. 

The main limitation on these simulations is imposed by 
the number of chain segments, N ;5 80, which we can do 
in a reasonable time. We should remember, however, that 
in the model there is no direct angular correlation between 
successive beads. Each bead can, therefore, be thought 
of as representing a segment of a real polymer (something 
de Gennes refers to as a blob). The basic assumption made 
here is that the large-scale physical properties of the 
polymer which are determined by the long-range excluded 
volume effects do not depend too much on the precise 
nature of interactions and might manifest themselves al- 
ready for relatively small values of N .  Indeed the power 
laws which characterize the N dependence of S2 and R2 
at high temperature are obtained for chains as small as 
5-10 beads. The limitation on the chain size, however, 
makes it difficult to resolve the subtle questions concerning 
the behavior of very long chains below the 8 temperature, 
such as the order of the coil-globule transition. 

This limitation, combined with the fact that the ex- 
perimental information about the gross features of the 
system below the 8 temperature is sparse, made it desir- 
able to concentrate on the general behavior of the polymer 
chain over a wide range of temperatures around T = 8. 
We also examined the dependence of the chain properties 
on N and on a parameter which determines the relative 
contribution of larger clusters (which become important 
as T 5 8)  to the free energy. 
11. Theoretical Considerations 

The qualitative behavior of a polymer chain going from 
an expanded to a collapsed configuration as the temper- 
ature is lowered is described in a general way by an ex- 
tended form of Flory’s theory.*13 There is, however, no 
concensus at present on the quantitative aspects of these 
changes. We give a brief outline of some theoretical ideas 
before describing our numerical simulations. 

The  Flory Theory. As already noted the central idea 
of Flory’s treatment, and of subsequent treatments, is that 
in a good solvent the chain is swollen so the monomer 
density is low and only binary interactions are important.’ 
By combining this idea with some assumptions about the 
entropy of a chain, Flory’ obtained his famous formula for 
the expansion factor a R / W I 2 a  

(2) 
Here a is the distance between neighbors and p’is a nu- 
merical factor of order unity. In the mean field type theory 
leading to eq 2, the correlation between positions of mo- 
nomers induced by the connectivity of the chain is ne- 
glected, and each monomer is assumed to see an average 
density N / R 3  of monomers. In addition, the distribution 
of R is assumed to be Gaussian, as in a random chain 
without interactions. As the chain contracts in the 

a 5 -  a 3 =  p’B(T)W/2/a3 
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poor-solvent regime, the density of monomers increases 
and higher order interactions become important. Flory’s 
approach was extended to this case by de Gennes and 
others9J3 by incorporating the contribution of three-body 
clusters to the free energy. The resulting formula is 

cy5 - cy3 = P B ( T ) N ‘ / ~ / u ~  + rC(T)/u6a3 (3) 

Here C(T)  is the third virial coefficient 

(4) 

where 
f . .  I e-Bu(r(i,d - 1 

V 

and r is another numerical factor of order unity. 
The squared radius of gyration of the chain, 9, is a more 

natural parameter than R2 below 8. An analogous formula 
to eq 3 can be defined for the ratio 4 S2/(Nu2/6).12 We 
recast it here in the following form: 

(5) 42.6 - 41.5 - rc(T)/4’.5 = p b ( T ) w / 2  

where 
b(7‘) = B ( T ) / u 3  

c (T)  C(T)/u6 

and r and p are numerical factors which depend on the 
precise definition of B and C. 

Extensions of Mean Field Theory. There have been 
various ~ u g g e s t i o n s ~ ~ J ~ ~ ~  for improving the approximations 
leading to eq 2 and 3. In particular, Kokhlovn considered 
corrections to the second virial coefficient due to the fact 
that when monomers i and j are interacting, neighboring 
monomers, e.g., i f 1 and j f 1, are also likely to be close 
enough to interact. This leads to a modified second virial 
coefficient B*. Another way to improve the mean field 
theory in the regime T 5 8 was suggested by de Genne~.~,’~ 
The idea is to regard the polymer as a chain of “blobs” 
each made up of many monomers. The number of mo- 
nomers in a blob can be chosen in such a way that the 
correlations between the positions of blobs are small, so 
that it is proper to treat the chain of blobs by a mean field 
approach. The parameters b and c in eq 5 now assume a 
different meaning, the interaction now being between 
blobs, but the general form of the expression will be pre- 
served (apart from the appearance of a slowly varying 
logarithmic factor). This treatment is expected to be valid, 
however, only for very long chains. Other suggested 
modifications of eq 2 include replacement of the term in 
42.5 - 41.5 in eq 5 by a more general function f(4). The 
Gaussian approximation on which eq 5 is based can then 
be relaxed. 

Several general conclusions can be drawn from these 
considerations concerning the behavior of polymers below 
the 8 temperature: 

(a) The ideal coil behavior will not occur a t  the tem- 
perature 8 where the second virial coefficient of the in- 
teraction between monomers vanishes. Due to the re- 
pulsive effect of the three-body interactions, this behavior 
will obtain at  a lower temperature, a t  which a 
“renormalized” second virial coefficient B* vanishes. 

(b) The size contraction factor 4 is a function of at least 
two parameters, 4 = 4(bN‘/2,c).  This is in contrast with 
the good-solvent regime, where for very long chains 4 is 
a function of a single parameter, bN1I2. 

(c) Since for T - 8, b a 7 = (T - e)/@, the collapse 
transition as a function of T will be more pronounced the 
longer the chain. 
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(d) For sufficiently low temperatures where 4 < 1 the 
term 42.5 - 41.5 on the left-hand side of eq 5 might become 
unimportant, and a temperature regime in which the 
polymer is entirely collapsed with 4 N ( T ~ / ~ M ’ ~ ) - ~  can be 
expected. 

In section IV we compare these conclusions with our 
numerical results. 

111. Description of Model and Numerical Method 
Our model chain is made up of N beads located at  

positions {ri) = x connected by springs. Any two beads 
along the chain interact via a Lennard-Jones potential with 
a cutoff, shifted to make it continuous 

u( r i j )  = 4t[(a/ri j)12 - ( u / r i j ) 6  + (1/Z6 - 1/212)] 
r < 2a 

u(rij) = 0 r > 2a (6) 

The total interaction energy for a chain configuration x 
is then given by 

V = Cu(rij) + I/2AC(Fi+l - itJ2 
i>j 

(7) 

In our study we varied the parameters b and c defined 
in eq 3 by varying the parameters @ = l/kT and u2 
- r i )2 ) ,  the mean-square separation between neighboring 
beads. The latter is achieved by varying the spring con- 
stant A in eq 7. The value of u2 is determined by the 
balance between the repulsive short-range interaction and 
the binding harmonic potential. 

We have also studied chains representing a bead-rod 
type model. In this case, the distances liti+l - are kept 
fixed, and u2 = (ii+l - 7J2. 

Near (@& = W, the root of B(T) = 0, one has B = U T ,  

where 7 = (T - e)/@ and 

For the potential given by eq 6, @t = 0.445 and u = 3.75$ 
at T = 8. The third virial coefficient c for this potential 
is a relatively slowly varying function of temperature. 
Apart from numerical constants the normalized virial 
coefficients b and c of eq 5 can therefore be expressed, for 
T N 8, as 

b - (u/u3)7 y7 

c - (u/u3)2 = y2 (9) 

The value of the parameter y gives a measure of the 
strength of three-body interactions relative to that of bi- 
nary interactions.10 We therefore choose y as the second 
relevant parameter in the poor-solvent regime, in addition 
to @€. 

An ensemble of configurations x distributed according 
to the density 

P ( X )  a exp{-@v(x)) (10) 
was generated by a reptation Monte Carlo dynamics as 
follows: A configuration x’  = (r!) is generated from the 
configuration x by the transformation 

Fj’ = - j = 1, ..., N - 1 rj+l 

7” = FN + s’ (11) 

and the components of s’, si, i = 1,2,3,  are determined by 
sampling from a Gaussian distribution 

WGausaian a exd-1/,Asi? (12) 
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With equal probability this transformation is carried 
backward; i.e., i{ is obtained from ?by a similar procedure. 
The next configuration, xnew, of the Markov sequence is 
then taken as either x or x’according to the Metropolis 
criterion 
x,, = x’if exp(p[V(x) - V(x?] - (A/2)(iN2 - iN2)) > q 

xnew = x otherwise (13) 
where q is a random number uniform on (0,l). For the 
bead-rod chain a similar procedure was followed, with 3 
in eq 11 selected with random direction under the con- 
straint Iq = a. Also in this case the harmonic term does 
not appear in eq 12 and 7. The procedure described above 
obeys the detailed balance condition p(x?  X (probability 
to go from x’to x )  = p ( x )  X (probability to go from x to 
X 9. 

The method is an extension of the “slithering snake” 
idea of Mandel and Wall23 for generating self-avoiding 
walks on lattices. I t  leads asymptotically to the equilib- 
rium distribution p(x )  within any region of the phase space 
accessible from the starting configuration. It is important 
to note that applying the backward transformation with 
probability 0.5 is essential for the validity of the detailed 
balance condition. 

The relaxation time of the reptation dynamics described 
above is of the order of -W MC time steps. Equilibrium 
averages are obtained by dividing the total sequence of MC 
steps into 15-20 blocks, each block > W ,  and obtaining 
the final average and the standard deviation by averaging 
over the block averages, excluding the first couple of blocks 
during which the system is still in the process of equili- 
bration. It is clear that the relaxation time is the dominant 
factor determining the computer running time for an ex- 
periment. Reptation MC dynamics, while not appropriate 
for the simulations of real dynamics, is a relatively fast 
procedure for the generation of equilibrium configurations 
of chains as compared with full molecular dynamics or even 
with the standard M ( R n 2  method with one bead moved 
at  random in a box. (See Ceperley et al.24 for a Monte 
Carlo method capable of giving both equilibrium and dy- 
namical properties of polymer chains.) 

IV. Numerical Results and Discussion 
The overall temperature and N dependence of the radip 

of gyration are presented in Figure 1, where 4 = S2/S2(8) 
is plotted vs. @e for several values of chain length! and_ for 
three different values of y, y = 1.15,0.5, 0.22. 8 = 8(y) 
is the temperature at which S2 N for a given y. These 
three cases will be denoted for convenience as A, B, and 
C, respectively. We have employed two somewhat dif- 
ferent models: case A corresponds to a bead-rod model 
(fixed distance between neighboring beads along the chain) 
while in cases B and C the beads are connected by springs. 
Analysis of the results of these two types of model for the 
static behavior in a good solvent indicates that the large- 
scale configurational properties of the chains are not af- 
fected by this difference.21 Thus, only the variation of y 
between cases A, B, and C will be considered as relevant 
here. 

We note that in all three cases the chains contract with 
decreasing temperature, with the change being more 
abrupt for longer chains. This is consistent with the scaling 
properties expressed by eq 5 and suggests, by extrapola- 
tion, that for very long chains the collapse transition will 
occur over a very narrow temperature range (with a sin- 
gular nonanalytic behavior in the limit N - =). Indeed, 
such behavior of a coil-to-globule transition has been re- 
cently observed experimentally by Sun et al.7 for dilute 
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Figure l2 Dependence of the normalized radius of gyration 4 
a S2/p(e) vs. be, where 8 = o(y)  is the effective 8 temperature 
at which all the S 2 / N  vs. fit curves for a given y intersect. The 
arrows represent the value of fit which corresponds to the bare 
8 temperature, for which B(fit)  = 0. 

polystyrene solution in cyclohexane. The value of S2 for 
a chain of molecular weight M ,  = 2.6 X lo7 varied by an 
order of magnitude over a temperature range of about 1 
K while smaller chains, M,  = 2.9 X lo3, showed a relatively 
slow variation of S2 with temperature.6 

While the qualitative behavior of $(/3e,N,y) presented 
in Figure 1 is similar for all values of y, the value of @c at  
which the curves for different N intersect, i.e., at_ which 
s2 = N, depends on y, the effective 8 temperature, 8, being 
lowered relative to the zero-order or “bare” 8 temperature, 
defined by B(8) = 0, for higher values of y, The numerical 
res@ts are roughly consi:tent with the linear ,r dependence 
of 8 - 8, given by eq 5 , 8  - 8 = y/y12, but 8 - 8 does not 
seem to depend on N. This may be interpreted as follows: 
Near 8, the most important nonbinary cluster terms in the 
free energy are those for which nearest-neighbor monomers 
along the chain interact with a third monomer. Such 
connected many-body terms do not appear at low density 
for an ordinary gas of atoms. They should be proportional 
to N ~ ( ( u / u ~ ) ~  so that B(T) in eq 3 should be replaced to 
first order in y by 

B*(T) B(T) + 717 
where q is a numerical factor. This leads to an N-inde- 
pendent correction to 8. 

In Figure 2 we plot the N dependence of S2 for case A 
at three temperatures. The lines on the log-log plots have 
slopes of 1.2, 1.0, and 0.66 for PE = 0.2, 0.6, and 0.8, re- 
spectively. We discuss these separately. 

(i) The excluded volume behavior at the highest tem- 
perature, be = 0.2, is characterized by S2 = p, with Y = 
0.6, in agreement with results for bead-rod chains with 
purely repulsive interactions. The amplitude of the s2 vs. 
P power law is, however, different. For purely repulsive 
potentials, similar to eq 6 but without the attractive well, 
s2 N 0.15a2P,17 while in the present case s2 N 0.09u21P. 
This indicates that the value of the excluded volume ex- 
ponent is insensitive to the specific shape of the interaction 
potential and thus adds support to the idea of the uni- 
versality of this exponent. The amplitude, on the other 
hand, depends, as it should, on the details of the potential. 
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Figure 2. log-log pLot of S2 vs. N for temperatures above and 
below 6 and at T = 8 ( B e  = 0.2,0.8, and 0.6, respectively). The 
slopes of the straight lines are 1.2, 1.0, and 0.66. 

(ii) Be 0.6 corresponds to the effective 8 temperature, 
6, where the cancellation between the repulsive and at- 
tractive effects leads to a linear S2 vs. N behavior. 

(iii) The approximate relationship s2 - No.@ at = 0.8 
suggests an N-independent average density of beads, p - 
N / S 3 .  In terms of the blob picture of de Gennes,14 the 
partially collapsed chain is viewed as made up of relatively 
close packed noninterpenetrating blobs whose size does not 
depend on N; their number is therefore proportional to 
N .  (These blobs cannot be identified with individual beads 
since at B e  = 0.8 the average density of the chain is much 
lower than that of a fully collapsed chain.) However, the 
fact that the S2 No.66 law is only seen in a narrow tem- 
perature range calls for some caution in the interpretation 
and indicates that further studies are needed. 

In Figure 3 we present in more detail the behavior in 
the collapse tcansition region; log $ is plotted vs. l_og 1B1, 
B B(T) - B(8),  for different values of Ifand y. (B a (T 
- e)/$ for (T - 6)/0 << 1. In our case B is in the range 
1 < 1B1< 5 and there are some deviations from this linear 
relation.) Note that the dependence of 6 on y apparent 
in Figure 1 is “transformed out” in this representation. 
Also, if $ dependtd on Nand  B through a relationship of 
the type $ - $[(B/a3)f(N>,  ...I as pedicted by mean field 
theory, then plots of log 6 vs. log IBI for different N would 
have the same shape and just be displaced along the x axis. 
This representation thus highlights the detailed shape of 
S2 vs. B curves in the transition region. The following 
qualitative features are noticeable: 

(a) For a fixed value of N the average slope in the 
transition region is larger for smaller values of y. 

(b) For a fixed value of y the transition is somewhat 
more pronounced with increasing N .  As already men- 
tioned, this implied some deviation from a scaling relation 
of the type 

6 - $ [ ( B / ~ N ) ,  ... I (14) 
(c) The mean Jield result, $ - l&2/3, does not appear 

in the range of B studied here for most values of N and 
y. For th_e case of N = 40 and y = 1.15 the slope of log 
$ vs. log B is close to -0.66 but that might be fortuitous. 

We also plot in Figure 3 the results obtained by solving 
mean_field eq 5. The parameter b(T) in eq 5 was identified 
with B(T)/a3 since in eq 5 at b = 0, 4 = const, or S2 a N .  
The form of eq 5 used was 

$2.5 - $1.5 - r!y2/$1.5 = p’[&T)  /U~]N’ /~  (15) 
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Figure 3. log-log plots of 8 vs. 0: IB - B(6)l. The numerical 
results (solid lines) are compared with the solution of eq 15 (dashed 
lines). The dashed lines correspond to a 4 a 18(-2/3 dependence. 

with p ’  = 0.23 and r’ = 0.44 for case A (y = 1.15) and p ’  
= 0.23 and r’ = 0.93 for case C (y = 0.22) chosen for op- 
timal fit to our MC results. 

curves ob- 
tained from eq 15 depends only on the paramete? r’y2. 
Varying p’or N just shifts this curve along the log IBI axis. 
The degree of fit does not seem to be very sensitive to the 
values of r’and p’ 

obtained 
from eq 15 agrees qualitatively with the numerical results 
but not in some of the details of the transition. Both the 
theory and our results show a more pronounced transition 
for smaller values of y, where the role of three-body 
clusters is least significant. Also, both mean field and 
numerical results show a displacement of the onset of the 
sharp transition region to higher values of log 1B1 for 
smaller N values. However, while eq 15 predicts the scaling 
property $ = $(I&T)1M/2,...), our results deviate from it 
somewhat. This deviation is expressed in a somewhat more 
abrupt transition on the log-log scale for larger values of 
N .  Also, the mean field results for case C show a region 
of rather pronounced collapse transition followed by a 
IB( T)14,66 type behavior a t  lower temperatures, which is 
not generally found in our result. 

Comparison with Experiment. As mentioned above, 
Sun et aL7 have studied the collapse transition for poly- 
styrene molecules of high molecular weight, M, = 2.6 X 
lo’, in cyclohexane. Their log-log plot of S2 vs. T - 8 is 
generally similar to our results plotted in Figure 3, where 
the best agreement is with the chain of N = 80 for case 
C. A more detailed comparison of the two curves reveals 
that the experimental results are charactsrized by a rather 
abrupt transition followed by a -IT - t31-O.@ behavior a t  
lower temperatures. Our result! show a somewhat more 
gradual collapse and the (T - dependence is not 
clearly manifest. Sun et al. fit their result to a solution 
of an equation analogous to eq 15, with (r?2y2 = 0.027 (vs. 
( r?2y2  - 0.04 for our results), Le., with a still lower value 
of y than ours. The number of statistical units, analogous 
to the beads in our chain, in a polystyrene molecule of M, - 2.6 X lo7 is of the order of lo4, i.e., much higher than 

Note that the shape of the log $ vs. log 

The general form of the curves log 6 vs. log 
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Figure 4. Expansion factor of the s uared end-to-end distance, 

C for N = 80. The dashed line represents numerical recults for 
purely repulsive interactions. Inset: a2 plotted vs. ,Z 0: (3/ 
2 ~ ) ~ / ~ 1 & T ) l # / * / a ~  (solid line) and R2/R2(8)  plotted vs. 2 (dotted 
line) for cases A and C. The dashed line represents the results 
for purely repulsive interactions. 

our N = 80. It thus appears from this comparison and 
from our data for different values of N that longer chains 
correspond in some way to smaller values of y. 

A possible argument for this behavior, using de Gennes’ 
procedure of renormalization along the chain may be made 
as follows: If the chain is viewed as made_up of subchains 
or blobs of n units each, one can define b ,  and c‘, as the 
second and third virial coefficients for the interactions 
between blobs. de qennes argues that c‘, is a decreasing 
function of n at T 5 8.14 As shown in ref 3, the mean field 
formula, eq 5, should be applied to the sequence of blobs 
rather than to the sequence of monomers. When a mac- 
romolecule of size N ,  is compared with a model chain of 
N beads, each bead represents a blob of n = N,/N units. 
If in the limit n - m, E ,  - c * ,  then for molecules that are 
not very long a higher value of N ,  might indicate a lower 
value of 2 (or lower value of y). Further numerical studies 
would be required to study this effect. The experimental 
results of Nierlich et al.6 for short macromolecules (M, = 
2.9 X lo4, N ,  - 20) show a gradual contraction instead 
of a sharp collapse. It would be worthwhile to study this 
transition experimentally over a wide range of M, and N ,  
in order to clarify this important point. 

The Crossover Regime: Tk 8. Recently we discussed 
the dependence of the size, R2 or S2, of a chain with purely 
repulsive interactions on the strength of the excluded 
volume interaction (as expressed by the binary cluster 
integral B defined by eq 1).21 Here we examine the 
crossover from quasi-ideal coil behavior in the 8 region to 
excluded volume behavior at  higher temperatures for the 
more general interactions studied in the present work. 

The dependence of the expansion factor of the squared 
end-to-end distance cy2 0: R2/Na2 on 2 0: (3 /2~)~1~B(@e,  
a)N1/2 /a3  for fixed N ,  N = 80, for case A and case C at  
temperatures T > 8 and for purely repulsive interactions 
is shown in Figure 4. In the case of the purely repulsive 
interaction, the value of B was varied by varying a la  while 
pc was kept fixed, whereas in the present case B is varied 
by varying @ e  while a l a  is fixed. It is interesting to note 
that a2(2,N = 80) for case C agrees closely with a2(Z,N = 
80) for the repulsive interaction in the region 0 C 2 5 0.5. 
For case A, however, a2(Z,N = 80) vs. 2 is markedly dif- 
ferent. It might be more appropriate to compare these two 
cases when a’ is plotted vs. 2 0: [(3/2.rr)3/21B(nllN112/a3. 

a2 a R2/Na2, plotted vs. Z a ( 3 / 2 ~ ) ~ /  9 B ( p ~ ) w / ~ a ~  for cases A and 

This plot is shown in the inset. An even more genera! 
comparison between these cases, plots of R2/R2(8)  vs. 2 
is also presented. In all these representations there is a 
significant difference between the crossover from 8 be- 
havior to excluded volume behavior in the case of repulsive 
interactions and in case A. This difference might be due 
to several factors, which are probably related to each other: 

(a) Interactions between beads that are next nearest 
neighbors along the chain. This leads to correlations be- 
tween the directions of subsequent links of the chain such 
that (cos 6 )  0: (a/a)2 - y2I3 (where 6 is the angle between 
subsequent links). This effect would be more pronounced 
in case A than in cas$ C, would result in an expansion of 
the chain near T - 8, but would not affect the linear N 
dependence of R2 in this region. It is interesting in this 
context to compare our case A (with = 0.45 and 
(R2/Na2)lT,~ = 1.4) with the results of ref 15 (where (ala)’ 
= 1 and (R2/Na2)IT,e = 1.7). 

(b) Three-body clusters of beads i, j ,  k such that, for 
example, li - j l  = 1 and li - kI, l j - kJ  >> 1 (or higher order 
terms of a similar nature). The contribution of such terms 
to the free energy is of the order of y2 - As dis- 
cussed above these effects could, in principle, be accounted 
for by a definition of a renormalized cluster integral B* 
= B*(B,y,pe, ...). The dependence of a2 on B* would be 
different from the dependence on B, and C Y ~ ( B * W / ~ / ~ ~ , . . . )  
might then be similar for the three cases compared. 

(c) “Long-range” three-body clusters of beads i, j ,  k such 
that li - j l ,  li - 121, - kl >> 1. These terms are also of order 
y2 - 

All three of these contributions vanish in the limit ala - 0, which could explain why case C agrees quite well with 
the repulsive case for 2 I 0.4. In this 2 region, ( a / ~ ) ~  << 
1 in both cases. For case A, on the other hand, - 
1 for all 2 values. 

In ref 21 we compared the crossover function J.(z), which 
is the limit of a2(Z,N) as - 0,  N - m such that 2 
0: ( a / a ) 3 N / 2  remains finite, deduced from our simulations 
with experimental data for polystyrene molecules in cy- 
clohexane. We found good agreement between our results 
and the experimental data. This suggests that three-body 
interactions, short-range correlations, etc. do not affect 
significantly the asymptotic behavior of very long flexible 
chains. It seems possible that even for bead chains with 
a la  - 1 the universal crossover behavior will be recovered 
in the limit of very large N.  
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ABSTRACT: A theory for the kinetics of high-conversion autoaccelerating free radical polymerization, 
incorporating the reptation model of de Gennes for polymer diffusion, is presented. Earlier models of various 
aspects of the Trommsdorff effect are reviewed and several weaknesses pointed out. These approaches have 
been empirical in the sense that diffusion behavior has usually been put in in an ad hoc manner flexible enough 
so that it could be adjusted to fit experimental data. The present model uses classical diffusion-controlled 
reaction kinetics (the Smoluchowski equation) to relate the termination rate constant to the diffusion constant 
of the growing radical. The best current theory for polymer diffusion is then included in the kinetic model. 
The model is shown to fit data on conversion vs. time and molecular weight vs. conversion up to 70 or 75% 
conversion. Examination of some data due to Brooks shows that the dependence of the termination rate constant 
on molecular weight is consistent, a t  high molecular weight, with the inverse square chain length dependence 
expected from this reptation-based kinetic model. The model suggests several new experimental approaches 
to  a better understanding of the molecular dynamics of polymerizing media. 

Introduction 
The course of free radical polymerization carried out in 

both concentrated solution and bulk monomer has been 
a matter of study for over 3 decades. From the vast array 
of published experimental data’-’’ it is well-known that 
classical low-conversion free radical k ine t i c~ ’~J~  do not 
apply over the entire conversion range in concentrated 
polymerizing systems. In particular, many such polym- 
erizations exhibit a large autoacceleration of the rate of 
polymerization with an associated increase in the molecular 
weight of the polymer produced in media on the order of 
20-30% in polymer content, even under isothermal con- 
ditions. This autoacceleration, known as the Trommsdorff’ 
or “gel” effect, is the result of a drastic decrease in the rate 
of chain termination steps due to severe diffusional lim- 
itations. 

Diffusion theory of polymers has advanced considerably 
in the past 10 years. The purpose of the present work is 
to use some of these advances to put the molecular un- 
derstanding of the Trommsdorff effect on a more solid 
footing. Simple empirical methods have been used to 
describe such polymerization kinetics by correlating an 
“apparent” termination constant with various system pa- 
rameters, such as conversion, temperature, and free vol- 
ume.20-22 More recently, two approaches have evolved 
which attempt to relate high-conversion polymerization 
and the “gel” effect to some feature of the underlying 
physics of the problem. One approach, used by Turner 
and c o - w ~ r k e r s , ~ ~ - ~ ~  deals only with the onset of the au- 
toacceleration. A point of departure of experimental data 
from classical dilute-solution kinetics (there is a certain 
arbitrariness here) is identified with a “critical” polymer 
concentration, Ccrit, a t  which the onset of the gel effect is 
defined to occur. Theories of polymer dynamics and ex- 
tensive rheological data due to Graessley, Bueche, Onogi, 
and othersw32 have attributed observed changes in the 
concentration and molecular weight dependence of poly- 
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mer dynamic properties such as viscosity, modulus, and 
compliance when crossing from dilute to more concen- 
trated solution to the onset of “entanglements”; moreover, 
they have established that the onset of such “entangled” 
behavior obeys an equation of the form 

K = CcritMcrit’ (1) 
where Ccrit is the polymer concentration, Merit is some 
average molecular weight, and a and K are constants, with 
0.5 5 a 5 1. Turner et al.23-28 suggest that the onset of the 
gel effect be identified with either the onset of molecular 
overlap (a  = 0.5) or the onset of “entanglement” (a = 1) 
in the polymerizing mixture, and the dependence of Ccrit 
on the molecular weight of the polymer produced is fit to 
the form of eq 1. 

The most systematic experimental studies of this de- 
pendence are those of O’Driscoll, Wertz, and H ~ s a r , 3 ~  
Abuin and L i ~ s i , ~ ~  Lachinov et al.,35 and Lee and Turn- 
er.24128 O’Driscoll et al.33 studied the polymerization of 
styrene and found that their data fit eq 1 with a = 1, using 
the number-average molecular weight of the polymer 
produced for M ( M  = Mn). They also observed that the 
value of K obtained was lower than that observed in 
rheological measurements on the same system. Abuin and 
L i ~ s i ~ ~  used their own data as well as data due to Naylor 
and Billmeyer,14 S c h u l ~ , ~  and Balke and Hamielec2 on 
MMA polymerization and found that a = 0.5 for high 
number-average degrees of polymerization, while for low 
degrees of polymerization the data did not fit eq 1. La- 
chinov et al.35 studied methyl methacrylate (MMA) and 
butyl methacrylate (BMA) and found a = 0.53 for MMA 
and a = 0.25 for BMA. Lee and T u r n e P @  studied MMA, 
styrene, and vinyl acetate and found a = 0.4,0.35, and 0.34, 
respectively. 

The major conclusion which can be drawn from this 
work is that the onset of the gel effect does correlate with 
some change in the character of polymer solution prop- 
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