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ABSTRACT

We investigate the optimal capital investment
policy, when disinvestment is prohibited, of a model
regulated firm, constrained to meet a given (inelastic)
demand. The firm seeks to minimize the present worth'of
total costs. We show that demand in the future enters the
optimal pollcy primarily in determining whether or not
tne firm is to undertaxe new investment; once the decision
to invest 1s made, the optimal amount, when the retirement
table is exponential, can be determined myopically, 1.e.,
on the basis of only the current demand. We also show
that inflation induceé‘the firm to increase its current.

investment, so as to offset the effect of higher prices

to come. The argumen®t uses only simple variational methods,

having a natural economic interpretation.
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1. Introduction

In this paper, we 1lnvestigate the optimal capital invest-
‘ment policy of a model regulated firm. Our firm differs from
a nonregulated firm in two ways: (a) it is constrained by its
franchise to meet a certain price-inelastic demand for its
services or output at each time t, and (b) the revenues R(t)
it collects from its customers are regulated. The regulated
revenues consist'of a certain return on the firm's invested
capital, depreciation of that capital, taxes, and the cost of
labor. With its production function given, the firm can meet
demand by employing a variety of combinations of labor, con-
"tracted for period bty period, and capital equipment; the firm's
stock of capital equipment at any time depends on the firm's

prior investment policy. We express the latter by choice of




a (cumulative) construction budget C(t). We also assume
irreversibility of investment, i.e., the firm cannot divest
itself of capital equipment. Thus C(t) is a monotone non-
decreasing function of time. (This 1s a point of much sig-
nificance for the mathematical analysis which follows.)

We do, however, permit discontinuous 1ncreases in capital.

If the firm views itself as being owned by its cus-
tomérs, a reasonable objective for it is to choose a con-
struction budget C(t) which will minimize the present
worth of the revenues 1t has to collect.

We investigate this minimization problem, consider-
ing especially informational requirements and the effects.
of inflation. We owe our sense of the importance of the
former to Arrow (1968), who investigated a problem of
similar type in a formulation which placed somewhat greater
restriction on the mathematical form of the firm's objective
functioﬁ. Our present treatment, which incorporates arbiltrary
capital inflation and depreciatlon, is also more elementary,
in relying on simple variational arguments rather than
on the Pontryagin principle.

Our principal conclusions are, firstly, that the course
of future demand determines whether or not the firm under-
takes new investment; once the decision to invest has been
made, then, with an exponential retirement schedule, the
optimal amount can be determined myopically, i.e., on the
basis of only the current demand. In sum then, we can perhaps

describe this as a "world enough and time" model: 1if the



firm has enough of a future, 1t can ignore 1t, but not otherwise.

Secondly, we show that 1nflation in the price of capital
goods and wages 1nduces the firm to increase its current
investment so as to offset, to some extent, the effect
of the higher prices to come; ‘this phenomenon has no

connection with the Averch-Johnson effect (1962).

2. Formulation of Problem

Our firm is assumed to provide products or services
so essential that the demand for them, S(t), 1s completely
inelastic. Thus we take S(t) as given once and for all.
The regulator adjusts prices to produce the revenues R(t)
requlred by the firm. These required re&enues are deter-
mined so as to cover: an allowed rate of return p on a
rate base. X, income taxes T, book depreciation D, and
labor costs wL, where w 1s the wage rate and L is the
amount of labor employed. (We have suppressed in our
notation the time dependence of these guantities.) Our
model firm thus collects from 1ts customers, per unit

time, the revenues (Linhart, 1970)
R=pX+D+T+ wl.

Taxes are given by

T = 8(R - wL - Dp - ivX),

(2.1)



where 6 is the income tax rate
DT is the tax depreciation
1 1s the interest rate
v 1s the debt ratio;
that is, wages, depreciation, and interest payments are
tax deductible. If, for simplicity, we take book and
tax depreciatibn to be identical, DT = D, then it follows

from (2.1) and (2.2) that
R=aXl+ D + wL,

where a = (p-681iv)/(1-6) 1is the pre-tax rate of return.

The objective of the firm at t=0 1is to minimize the
present worth of R(t), subject to the constraint that the
given demand S(t) be met. To produce S(t), given its
production function, the firm can choose to employ various
combinations of capital and labor. This choice, which
expresses itself through the firm's investment policy,
willl affect R(t), and we wish to make it in such a way
as to minimize the present worth of R(t).

The capital entering the firm's production function
is the economic or productive capital, which we shall
denote by Z. This may differ substantially, for various
reasons, from the rate base X. We shall be particularly

interested in the difference between Z and X which occurs

(2.2)



as a consequence of inflation. This comes about in the
fdllowing way: 1in most U.S. jurisdictions the rate base X
is closely related . to the total original cost of all vin-
tages of plant, less depreciation (Xahn, 1970, p. 40 and
footnote Uk4; Bauer, 1966, Chapter 4). Original cost is
also taken as the basis for depreciation charges. On the
other hand the price, p(t), of each additional unit of
physical plant increases as inflation proceeds. (Techno-
logical change may be occurring simultanecusly; this will
be expressed by the explicit appearance of time in the
production function.)

Economic capital Z(t) and rate base X(t) are deter-
mined by the construction budget, and the price level of
capital goods p(t'), for ¢'< t. In particular, let C(t)
denote the total amount spent on construction up to and
including time t£; we will assume that investment 1is
irreversible, so that C(t) is nondecreacsing. Let t=0 be
the time when the firm was established, and suppose price
level to be normalized so that p(0)=l. Then, since
dC(t)>0 represents the amount of new construction at t

we obtainl

lIf C(t) changes smoothly at t, we have dC(t)=C'(t)d¢t,
and we can describe the quantities of interest directly
in terms of C'(t)>0, the rate of new construction. Ve
employ the formula given in order to allow C(t) the
necessary freedom to be discontinuous.




£
(t) = X(0)q(t) + J\ q(t-y)dc(y),
. & 1
z(t) = z(0)r(e) + J s £(t-7) 577
and
£
D(5) = X(0)s(e) + [ s(e-pac(y).

dc(y),

Here q(t) 1s the fraction of an initial dollar of net

plant still undepreciated at age t, f(

t) is the fraction

of an initial unit of physical plant still unretired atv

age t, both assumed to be independent

s(t), the unit depreciation schedule,
s(t) = =-dq/dt.
Since p(0)=1, Z(0)=X(0) is the amount
the firm started.
The output S(tj for given inputs
productive capltal Z(t) is determined

duction function Q:
Q(L(t),2(T);t) = S(t).

We assume that each isogquant (2.7) 1s

it L is a decreasing function of Z, an

increasing one, i.e.

of vintage, and

is given by

of plant with which

of labor L(t) and.

by the firm's pro-

convex, so that on

d dL/4Z is an

N
n

(W3}

N

(2.4)

(2.5)

(2.8)

(207)



%% <0, 37T > 0. (2.8)

Let us note also that if Z and L vary over the lsoquant

curve (2.7), then necessarily

dL _ _ 3Q/3Z . _ Qu[L,7:t]
- - Rll.ziel (2.9)

EZ_ 3Q/3L - Ql L:

In view of (2.2), the present worth of R(t) now

becomes
R = fo a(t)[a(E)X(e)+D(t)+w(t)L(t) Idt,

where a(t) 1s the present value, referred to £=0, of a
unit expenditure a2t time t. To make the dependence of
R on C(%t) somewhat more explicif, we can substitute (2.3)
and (2.5) and exchange the order of integration for the

first two components of R, obtaining

R = X(0)M(0) + j M(y)dC(y) + J a(6)w(t)L(t)ds. (2.10)
0 0
Here
M(y) = [ a(t)lalt)q(b-y)+s(t-y) Idt
y

represents the "cost," i.e., the contribution to the first
two components of R, of a unit of investment at t=y. C(y)

also dstermines L by means of (2.4) and (2.7). Our goal




is to minimize R by choice of a sultable C(t), subject

to the constraint of irreversible investment
dc(t) > 0. (2.11

We shall have occasion to discuss the consequences of
(2.11) later.

The problem of raising the money needed for new con-
struction through external sources (sale of bonds and shares)
and internal sources (retained earnings and depreciation) will
not be discussed here explicitly. It can enter indirectly Dby
affecting the debt ratlo v and possibly also the interest rate
i, and thus the pre-tax rate of return a. We shall, however,

not consider any‘dependence of a on the constructlon budget.

3; Soldticn of Variational Problem

The natural way to determine the infimum of B is to
show that'the minimizing value 1is attaiped by some con-
struction budget, and to characterize the optimal budget
by means of a variational argument. Wwe do not quote the
proof of the firsé step here; to carry out the second, let
us consider the effect, for a particular construction bud-
get, of a marginal change in dc(t) of eA over the interval
T-4/2 < € < t+A/2. This variation alters the rate base

and econaomic capital; the former affects the cost, the




latter the wage bill.

In view of (2.4), (2.7) and (2.9)

we find that, to first order in &8Z, for t>T.

-1 T+4/2
§2 = €l J
T=-A/2
= SL = - 9
SL 7 82 R

so that by (2.10)

SR = ev(a)
where
o (THA/2
V(a) = A J
T=-4A/2
T+A/2
=A—lj
T-4A/2

M(y)dy + J

dy{M<y) +,J

1
2 __ g
p(y) &

-]

GRS e)2L at

-~}

y

Thus 1f V(A)<0, (3.1) shows that, by a choice of €>0, R

can be decreased without violating the requirement that

dC(t)>0; 1if V(A)>Q and dC(t)>0 in some neighborhood of T,

a choice of €<0 with |e| sufficiently small will have the

same effect. Since A can be made arbitrarily small, <the

sign of V(A) is given by that of

-}

J(y) = M(y) + Jy

a(t)w(t) FH(EIE(E-y) sioy dt.

*(6)uls) FHEIL(ey) gy ot

(3.1)

(3.27
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The integral in this expression represents the present
value of the change in wages produced by an additional
unit of construction expenditure at time y, for this
converts into 1/p(y) of equipment, of which f(t—&)/p(y)
survives at time t, and modifies the amount of labor
required by %% (t)f(t-y)/p(y). Thus J(y) measures the
difference befween cost and benefit, and so the total

net effect on R, of a marginal change 1in construction
expenditure at time y. Since, by (2.8), J(y) varies mono-
tonically with marginal changes in construction at t=y, we

conclude that for the optimal construction budget C(t), either

J(y) = 0, : (3.3)
or |

dc(y) = 0 and J(y) > O, (3.4)

for each instant y. Of %hese, (3.3) represents the

desired state (hencéforth denoted by a subscript D);

(3.4) corresponds to the next best case when, due to

our constraint (2.11), condition (3.3) cannot be attzined.
We note certéin consequences which flow from this

variational characterization. Firstly, if the discount

and inflation measures a(t), w(t) and p(t) are assumed

known for all t, the integral equation (3.3) can be

solved for %% (t), and thus fixes the slope of the 1so-

quant at the optimum operating point. ‘Moreover, if, as
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is often reasonable, we choose the life table f(t) to be

an exponential, (3.3) can be differentiated to obtain an
dL
daz*
demand S(t) prescribes the choice of isoquant, the desired

ordinary equation for (See (3.12).) Since the
amount of economic capital ZD(t) is now.likewlse determined,
using no future valueé of w(t) and p(t).

The most . interesting feature here is that future values
of demand play no role in this calculation. In turn, past
values of ZD(s), s<t, determine the desired construction
budge* CD(t). If the CD(t) so found 1s nondecreasing, it
evidently defines thé optimal construction budget. Thus we

conclude that as soon as demand is sufficient to keep C_.(t)

pt
from falling, the optimum budget can be determined independ-
ently of future demand, hence is myopic in Arrow's terminology
(1964). However, should demand slacken sufficiently that

the CD(t) it defines in conjunction with (3.3) decreases

in certain periods,.we are prevented by (2.11) from follow-
ing CD(t), and the alternative (3.4) will come into blay in
determining'bptimum investment. In such a situation, since
Wwe are not permitéed to divest ourselves of capital as the
best policy dictates, but can only stop construction, the

best stopping time will generally come prior to that when

CD(t) first decreases. Put differently, since we cannot

recover costs by selling superfluous equipment, we are



better advised to acquire less of 1t to begin with. In
such a case, choosing the correct times at which to cease
construction will require watching the behavior of CD(t)

over a certain future horizon.

Capital Intensivity

Let us next, keeping the various discount and 1life
schedules the same, conslider the effect of inflation in
factor prices on the optimal construction budget. If
the rates of inflation for labor and capital are unequal,
then the firm relies ever more heavily on the factor whose
- price rises more slowly. We do not consider this case
further but assumé hHenceforth that the inflation rates of
labor and capital are equal. We therefore now consider
two inflation regimes, designated bty subscripts 1 and

2, such that

wl(t) w2(t)

5.(8) ~ 5 T T (3:5)
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Then Eq. (3.3) dictates, for the two situations,

Iy a(t)r(t) g%%g%- %%f(t)} f(t-y)dt = -M(y),
L

| aterrce) BHE §§§<t>} £(5-y)ds = <M(y).

y L

€ .
If we take pz(t)=p1(t)eB , with 8>0, the known part of
the integrand of (3.7) differs from that of (3.6) by the

factor eB(t_y)zl; since the right-hand sides are the same,

dba (4)

dLy (+
de < (U)

-|dZ,

we can expect the solutions to satisfy

Thus at the optimal operating point the isoquant is flatter
when the inflation rate increases, so that by (2.8) the firm
becomes more capital-intensive. An explanation is that, with
(3.5), there is no inducement for the firm to make instanta-
neous changes in the capital labor ratio, but there remains an
incentive to shift some of the investment to an earlier time

so as to take advantage of the lower price.

Example

To illustrate these general considerations, we now
specialize the problem, first by choosing an exponential

retirement function

(3.6

(3.7

(3.6
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then by letting the discount rate and rate of return be

constant
a(t) = enqt,
a(t) = a,

and finally by choosing for Q the Cobb-Douglas production

function

Q(Z,L3t) = umL"2gHe,

with the My possibly depending on t.

As a consequence of (3.8), (3.3) becomes

J a(t)w(t) [%%(t)] e Mag = ~elyp(y)M(y),
g |

and if this is ftrue in the neighborhood of some point y,
differentiation shows that necessarily

-

e M a(y)w(y) [%%(y>J'= g?[e-ky p(Y)M<y)J’

1 oly) [,
L

dL = MY o' (y) — AV .
L (y) = gy B [+ R ue) - i s

here, to be consistent with (2.8), it is clearly necessary
that the right hand side of (3.12) be negative; thersfore we
restrict the rate of inflation by requiring that p'(y)/p(y)

never exceed A-M'(y)/M(y). Thus we observe explicitly the

(3.9)

(3.10)

(3.11)

(3.12)
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two pnenomena described earlier: that the desired slope
aL . . '

a7 (y) can be determined myopically, independently of the
future course of inflation or demand, and that the éffect

of an increase in the capital inflation rate p'(y)/o(y) in

the presence of (3.5) increases the (negative) slope %%,
hence results in greater capital intensivity.
In passing, let us add the following fuller explana-
tion of the myopic character of the deslred %% (yv). Suppose
that for an increasingAdemand Sl(t) equation (3.11) has been solved
as in (3.12). Suppose now that S,(t) colncides with S; () for £<T bus
becomes ldentically zero thereafter. Since it serves no

purpose here to produce after t=T, the left-hand side of

T

(3.11) now bécomes'J a(t)w(t) [%%(t)] e"Atdt, a quantity

g
distinctly smaller in absolute value than before, while the
right-hand side remains unchanged, and it may seem surpris-
ing that the same solution serves for both equations. We
can resolve this puzzle by noting that if %% (t) continues

to be defined by (3.12) for t<t<T, but is chosen in the

remaining interval t<t<T so that

T
J a(t)w(t) [QL—W)} e Mgt = —e AT (T)M(T), (3.12&
T
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then

jj a(e)u(s) [$2ee) | e at

1!
SN———
< ~

+
N——
T ==

and evaluating these two integrals by (3.12) and (3.12a)
respectively, we find

T . 3 :
[" atwwte) [$eer] eMar = e Mo yme),
N

as (3.11) dictates. However close T may come to T, the
requirement (3.12a) can be met by makihg %%(t) sufficiently
negative in T1<t<T, that 1s by lowering thercapital stock,
possibiy very rapidly. Put in other words, the firm in the
second case can act as though the future were perfectly
secure, with the idea of rectifying ahy resulting miscal-
culation by a sharp change in policy at the very end. If,
however, capital divestiture is prohibited, this strategy

is excluded; the correct solution, which 1s no longer myopic,
is discussed in Section 4.

Under the additional hypothesis (3.9),
M(y) = gla)e %

where, by (2.6) and an integration by parts,

[

g(a) ]O 6”9 [aq(t)+s(t)las

il

« oo
J e“cts(t)dt + % [l - J e"Ots(t)dt}
0 o)
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We may interpret g(o) as the present value, at discount
rate o, of a unit of investment in equipment, which returns

the stream of depreciation payments s(t), while the unde-

preciated investment, having present value [l—j e_Otg(t)dtw,
0

earns the rate of return a. Therefore, (3.12) becomes

dL - p(t) [ by p'<t>]
For the Cobb-Douglas production function, on the isoquant

wiLH2zHe - S(t),

, 1
aL _ _ M3 L _ _ ps [S(£)/p "2
dz Ha Z Ho Lotu, s

Z(t) H2

so that ZD, the desired solution of (3.3), 1s described

explicitly by

with uy possibly depending on t. Finally, recalling (2.4),
we see that the corresponding construction budget CD(t) is

given by

ac(t) = e—Atp(t)d[ZD(t)eAt].

(3.1

(3.1

(3.12
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This rule determines the variation, possibly discon-
tinuous, of CD(t), but it does not define the starting
value CD(O+). If -

4 AL
a‘E[ZD<t)e jll > 0, |

as will be true even in a steady-state condition 6f con-
stant ZD(t), then if we start with the capital stock'ZD(O+)
defined by (3.14), the construction budget (3.15) maintains
equipment at the level ZD and hence is optimal. However,
the firm's initial plant Z(0) is specified. If Z(O)<ZD(O+),
we can attain the required optimum by letting C(t) jump
instantaneously from its value of 0 at 0 to ZD(O+)~Z(O)

at t=o+.2 This immediately puts us on ZD<t), where we

can remain, without violating the constraint (2.11). If
however, the initial plant Z(0) exceeds the desired value
ZD(O+), the constraint prevents us from moving to ZD imme-~
diately. All we can do is cease new investments until the
time T when deterioration of initial stock brings us to ZD’

and stay on Z_. thereafter. This time can evidently also bpe

D
determined myopically, depending as it does only on knowing

the value of ZD(T).

2It is for the sake of this possibility that we described
construction in terms of the cumulative budget C(t),
rather than by means of the construction rate C'(t), for
in the latter formulation this optimal policy could only
be approximated, but not attained.

(3.1
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Next we discuss the case in which (3.16) is violated.

4. Irreversibility of Investment

To observe the effect of a violation of (3.16), let
us again envision the extreme case in which (3.16) is
satisfied for all t less than some time Ty, but, perhaps
because of new.technology or fashion, the demand S(t)
suddenly drops to zgro for ¢t > TO. To avoid extraneous
complication, let us suppose that for ZD(ﬁ) defined by
(3.14), ZD(O+)=Z(O); this ensures that ZD(t) describes
the desired capital stock and CD(t), as defined by (3.15)
with CD(O+)=O, the desired construction budget. However,
ZD(t) becomes 0 for t>T;, while CD(t) calls for instan-
tanecus liquida%ion of all plant at t=T,. Thus, because
of the constraint (2.11), optimal construction cannot
everywhere coincide ‘with CD(t).

The dichotomy we have established in (3.3) and (3.14)
shows that, for the optimal policy, the only alternative
to following CD(t) is to cease new construction, whereupon
C(t) remains constant. Let us assume that this happens
first during an interval T,<t<t,: C(t)=CD(rl) for T<t<T,,
while for some time after t,, we again follow the uncon- ‘
strained path, i.e. C(t) may Jump at T2 so that C(Tz)=CD(Tz).

It is easy to see that an interval where this happens
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cannot be one over which CD(t) steadily increases, for then
we can replace the constant C(t)‘by CD(t) in the interval
without violating our constraint (2.11), and thereby

lower R. Since in the present case CD(t) increases until
t=Ty, the inter&al in which C(t) is constant must have the
form £>T, i.e., we stop new construction at t=T and bear
the cost of existing plant (depreciation and return on
capital) until 1t has completely depreciated. The remain-
ing problem 1s To determine the value of T.

Suppose that, as in (3.1), we contemplate tﬁe effect
of increasing construction marginally at t=T, and thereby
marginally increasing T. The unit cost of additional
investment is M(T), as before, but the corfesponding

change 1in the wage bill is ndw

To dL ] N
JT a(t)w(E) [a‘z‘“)] £(6-T) Spgy 46

with

T

Z(t) = z2(0)f(t) + J £(t-y) 5%§j-dCD(y), T<t<Ty .

0

Here we have modified the expression appearing in (3.2) by
using explicitly the assumption that construction stops at
T (so that subsequent plant 1is determined), and production

stops at T,. The value of T is now determined by the

(4.
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requirement that cost and benefit balance, 1.e., by the
equation

To

M(T)p(T) + J o (t)w(t) [g-lzi(wJ £(t-T)dt = 0.

T

The integrand here is fixed, since plant size and isoquant
are prescribed by (4.1) and (2.7) respectively, so that, in
contrast to the case of (3.11) where the equatioq determines
an unknown function, (4.2) here determines T as the (single)
zero of a given function of T. However, this function can
no longer be computed myopically, for, although (4.1l) uses
data only from the past, the value of T,, as well as S(t)
for T<t<Ty , enters (4.2) in an essential way.

To illustrate this let f(t), a(t), and a(t) be as in
(3.8) and (3.9), let Q be a Cobb-Douglas production function
with constant My, Suppose wage and capital inflation rates

to be constant,

w(t)

1
=
o
[0
-

1
0]

p(t) , I, < Mo,

and finally, take demand to be exponential for t<Ty,

doe¥®, ter,
S(t) =
O, t>rI‘O L]

(b.:

(L.

[ €S
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with Y/uzzIk»IL. Thereupon, by (3.14),

cleét, t:;o
2,(¢) = (4.5)
O, t>TQ ]
with
U
. l/U2]Uz+u
¢, = {H3 Wo do. (4.6)
H2 g(o)(A‘fO"—_‘.kj Ui 4 Iy
5§ = (Lo + 1. -1, ) B,
<uz L k> W2tHag
(We assume here for simplicity that ¢;=2(0+).) If con~-
struction s%ops at T, we are left with capital which, in
view of the cnoice of f, is described by
72(t) = cleﬁTe_A(t_T> T<t. ‘ (4.8)
For the Cobb-Douglas production function we then have, by
(3.14)
%"‘ Hatua Y + ) Yotu t ‘ ((S'\) Uptlus T (u 9)
- I g r27H3 —(&+)) =2TH3 )
aL _ _ous (de) TP TP M2 . W2
dz w2\ ! >
which converts (4.2) into an equation of the form
To
c,e%T = J etax, (4.10)
T
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Wwith g = -¢ + I+ (Y+Auy)/uz, and c, a positive constant,

This in turn becomes
g8 (To=T) = g/ca,
which yields

Ty -~ T = log(l+zg/cy).

wij—

We have thus determined how long in advance of the instant

when demand drops the firm should stop construction. This

duration itself evidently depends on S(t) in the period
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