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Abstract: We give simple proofs of the existence of the thermo- .. .
dynamic 1imit of the free energy and of equilibrium states for
continuous spin systems with "bounded" boundary conditiopns. For:
spin-Y2 Ising systems we show that the infinite volume limit -of
a state in which there is a field hb > 0 on the boundaries is
the same as that obtained from + boundary conditions (independent
of the magnitude of hb). In an appendix with E. Presutti we pre-
sent stronger results about the existence and uniqueness of

equilibrium states for continuous spin systems.
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the conference on "Quantum Dynamics: Models and Mathematics",
Bielefeld, Germany, September 1975. Research supported by AFOSR
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I. Introduction

In this lecture I "continue" my review of the thermodynamic prop-
erties and equilibrium states of spin lattice systems. I shall
be concerned both with continuous spin variables and with the
Ising spin-Y case which I reviewed earlier [1].

The setting will always be the lattice 2V at each site.of which

there is a vector 'spin' variable S,, i€ z2Y, Siéfmn. Each 8, has

associated with it an intrinsic, or free, probability distribution
(the same for all Si);p(S)dS:p(S) depends only on the magnituqe
of S, |8}, and satisfies the bound _ : N

bS2 . o ; . -
e p(S)ds < =, all b < b_. oo ()

where, unless otherwise specified, bo = =, I shall designate the

class of measures satisfying (1.1) by 5 1 Typical examples of
such distributions are

p(8) = exp [-Vj(S)] where V; is an even polynomial in [S], J

J=2 s?4+a,,a >0.For]j
J J o

S

- J
Vj(S) = ag S +oa,

(1.1) is satisfied with b = =, while for j = the Gaussian

case, b_ = a_.
Yo o)

A more restricted class of distributions, c is obtained
2 1°

if p(S) is required to have compact support. This may be taken,
without loss ol generality, to be the unit ball,

p(8) = 0 i s} » 1 : (1.2)

The simplest case of such a measure is p(S) = K (constant) inside




the unit ball. A still more restrictive class of measures,

33 C X;E is
p(8) = K 8(|s]|-1) (1.3)

For n = 1,2,3 these are respectively the Ising spin-Y2, the rigid

rotator and classical Heisenberg models.

The Hamiltonian of the system in a finite domain AcC z° with
'boundary conditions' (b.c.) bA corresponding to specifying the
values of the spin variables outside A has the form

H(S b

Syl

R L fp 0 J@G-j) sy sy - Iohg s

2 jijeA J i€
5,=(5;31€0) o e

Here J(i-j) is a symmetric n x n matrix, J(i-j) Sy Sj =

n

) Jyd(i~j)81 S;, and we assume that the interaction has a

y,$

finite range, J(x) = O for |x| > R : h; is the "magnetic field"

n

ite i = i-35) § - Y gy 3

at site i, hy = h + DAY 8, ny 8 = 2 n] s{ , and (5;)
JgA =l

is a specified set of values of 3, for i ¢ h. These constitute
the set of boundary conditions {bA) = b, i.e. they specify the
fields hi acting on spins near the boundary of A. (More generally

only the probability distribution of the spins outside A need be
specified.) The most commonly used b.c. in statistical mechanics
are the'zero' b.c., corresponding to setting §i = 0 (this is
essentially the Dirichlet b.c. in field theory [2]) and the
periodic b.c. We can take the latter into account for A a "rec-

tangle", by modifying the definition of J(x).

The Gibbs probability distribution of spins in A at a temperature

T = 8—1 is, for a given external field h and b.c. bA’

-1
v(dSA,B,h;A,bA) = 72~ exp [—BH(SA3 bA)] iII [p(Si)dSiJ,

(1.5)
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where

z(8,h;0,b,) = exp[[A] ¥(8,h3A,b,)] = Jexp[-BHJ TT  [(s;)as,]
ieA

(1.6)

Here |A| equals the number of sites in A, and ¥ is (except for

a factor -g) the free energy per site.

Let v(dSA,B,h;A,bA) be the projection of the measure (1.5) onto

Ach, SA: (Si; i €A)}. We are interested in the behaviour of the

v(dSA,B,h;A,bA), or (essentially) equivalently the correlation

functions, as A - 2” through some sequence of domains Kj. We are
also interested in the properties of the free energy per site,

aw(g,h;A,bA) in this 1imit: here we want{toﬁrequire that the Aj

be reasonable, e.g. the fraction of siteés within a.distance R of
3h IaRAj|/|Aj| go to zero as j + = [3]. We shall denote these

limits by v(dSA,B,h;b) and ¥(g,h:b). Some of the questions which

naturally arise are the existence, uniqueness, analyticity (in B8
and h), and cluster properties of these 1imits. Uniqueness refers
both to different ways of letting A = ZV for given b.c. and to

the dependence of the limit on b.c.
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‘independent of b.c. The problem is however more difficult in the
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I1. Thermodynamic Limit of the Free Energy

Among the above questions the easiest one to tackle is the ex-
istence and uniqueness of the limit of ¥(8,h; A’bA)' It is easy
to show, using standard methods, [3] that for p(S)€ 3@ (and any

reasonable sequence of domain shapes Aj)’ ¥(8,h; A ,bA)~+JY(B,h)

case where the spins are not bounded. This problem has. been
tredted in some detail by Guerra, Rosen and Simon: (GRS) (4] for
cases of interest from the point of view of constructive guantum
field theory. They were able to prove that various b.c.. lead to
the same limit for P(®)2. I shall describe here briefly how to
prove such results for the spin lattice systems: we. are considering
here. (I will however not try for the 'best' results which in-
volve considerably more complicated methods: see Appendix for
statement of "current" best results). I shall consider first the
case of zero b.c., then the case of periodic b.c. and finally the
"general" case, which however, as was pointed out by GRS cannot
be too general. In all cases the thermodynamic limit will be
approached through a sequence of cubes Fn, whose sides. have
lengths 2nLO. ‘

Zero b.c.
Let 2z = exp[|rn| Wn] be the partition function for a cube

- nv v .
o |rn| = 2" L, with zero b.c. Clearly
¥, < log [jexp[a 5% + ns] p(8)as] (2.1)
n
where a = } a(x), a(x) = max ) 6|JY6(3)[. The right side
x <R oot

of (2.1) is a uniform (in n) bound on Yy whenever o < bO in (1.1)

which we shall assume to be the case. We next wish to show that




Yol 2 Wacn with J e, < This will imply the convergence ofl

¥ to a limit ¥(g,h;b ) [3].
Remark: We note that by Jensen's inequality
z, = exp [—Mﬂﬂ)l > exp [—BGﬂPI] =1 (2.2)

so that wn > 0. Here the subscript I indicates that the expec-
tations are with respect to the intrinsic measure TT[p(Si)dSi].
Combining (2.1) and (2.2) shows that IWn| is bounded and thus

we can always get convergence on subsequences. We are aflter
something stronger however.

To obtain the bound ¥ > ¥ -—eg we note that T can be
nt+l - n n n+1

\Y

thought of as the union .of 2Y cubes T yeve 2 o The

(k),k =1
n

Hamiltonian of spins in Fn+1 can therefore be divided into a

part which contains only. interactions between -spins -in the same

cube Fﬁk) and the interaction part between spins in diflerent
cubes Fék),
2V 2V
H(S ;b )= § OH(GS, ;b )+ ] u - (2.2")
fher 90 k31 r‘r‘] o fkr=1 OK
where
L .. . (k) . (x") 2
Uk’k, = -7 J(i J) sy Sj,lél"n y JET, : (2.3)
Using Jensen's inequality then ylelds
2\)
- ol
Zovq 2 (20) exp[-8 § <Uk,k'>n] (2.4)

where <>n indicates expectations with respect to the product of

the Gibbs measures in each rﬁk? Thus,

SR UMD NI CES PERC NI ALY $sp (gonir o),

per(, jerle” (2.5)




T

207

Clearly if <Uk,k'>n < 0 then ¥ .4 2 ¥, establishing the desired

result. This will be the case if h = O or if the system is
'properly' ferromagnetic [2]. To deal with the general case it

is sufficient to obtain a bound of the form
) ¢s®) (8,h; T, b ) < K |agr |
i 2 'pn? To’ - 'n R'n

n
>

'such that } K_ 271 ¢ w, since due to the finite range of the

interaction we would have

2 2
8 lUk,k'l < a(iég LK) s;t T ey 850 (2.6)
R'n R n

giving ¥ ., > Yo TELsE, T Const. (Kn 2
We shall now obtain such a bound (using an idea due to E. Lieb:
private communication) for the case where'p(S):exp[fvl(S)],Lgu.
(The Gaussian case can of course be treated explicitly). We write

for a general domain A with b.c. b,

Ve (55

1

IONE

-1 d
-7 sti Vi(84) q5- - (e

exp(-H(S,,b,)] TI [p(SJ. )dSJ.]
JEL

i

(v;v-(si) [§ J(-3) 85 + hi]> + <V'1'(Si)> (2.7)

<V1'L'(Si)> + <V£(Si)hi> + u<[V"l(Si)]2> 1/2<Sr?1> Y,

1A

where the prime stands for differentiation, <§$> = Max <S§>
JEA

and we have integrated by parts, used Schwartz's inequality and
dropped irrelevant subscripts, etc. Eq. (2.7) remains valid for
i = m. Using then the fact that for any k>1 and 6>0,

lk k-1

slsy 1™ 2 syl + M, we obtain

GD)y K, VEER (2.8)

e T SN

5
3
3
o,
-
1
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The dependence on A comes in only through the hi (or §j, J ﬁA)
§o that for free boundary conditions (or when the §i are bounded

for all i€ 2") we have a uniform bound KA = K and the result is
established;

Y(B,h;[‘n, bO) —n_’—m—> ‘P(B,h; bO)’ (2.9)

for p(S) = exp [—Vl(S)], (The method is clearly applicable when-
ever log p(S) = ¢(S) € c2 and [¢'(S)]2 + = as 8 + = 'papidly
enough' compared to |¢"(S)].)

Periodic b.c. ‘
Let us consider as before the sequence of cubes L but now with
periodic b.c. The "translational invariance" of H(SF 5 bP)'makes‘“

this case simpler to treat, Writing n
P )
H(S 3 by) = H(S 3 b + G (2.10)
Cher P Koq r(k) ) P

n
we have immediately that

[6] < const. J' s (2.11)

AR

where the prime indicates that the sum is restricted to i near

the "boundaries" of the rﬁk). Thus |

. : 2 n
1 ¥(r g0 bp) 2 ¥(r ,b,) - K, (si)(rn,bp)/Z . (2,12)

& , where we have used the fact that with periodic b.c. <S§>:
. ) <$?> (A,by) 1s the same for all i. But it is quite
Al jea N9 P

easy to obtain a uniform bound on the average <§i> , which is
independent of the volume

Y I 42 Y 2
IA' i€A <sl> (A’bP) 2 IAI log {exp Z Si>




R ETESa

< log (jexp (Caty) s? + ns] e (8) ds//

jexp[—(a+y) s? 4 hS] o (S)ds}

:K2’

where we have used the same estimates as in (2.1). Thus

¢(8,h; Fn, bP) _?1-:;_“’—) lb(B,h;bP). . -

General b.c.
We may write generally

| H(S,; b,) = H(S,5b.) + Uy
where
U= ¥ ¥ J(i-j) s.S,
b jen jén 1
so that
lsu | <ol ] so+ 5, 8D
i€aph j€ag A J

where a; Ac A® is the set of sites in A within distance R of A.

Hence, using the same arguments as before, we obtain that when

the §j-are bounded then

lim ¢(B,h;r b, ) > w(B,h;b )
n-+e n

The same arguments also show that ¢(B,h:bp) = ¢(B,h:bo)

Acta Physica Austriaca, Suppl. XV1
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ITI. Equilibrium States

The infinite volume limit of Gibbs states with boundary conditions
b will satisfy the Dobrushin, Lanford and Ruelle (DLR) equations,

y(dsA:b) = I“(dSAlsAc) v(dSAC:b), (3.1)

where

v(dsA]s o) = exp [-8H(S, |S Jl TT e(sp) dS;/Normalization
: A ] A - 1€A
(3.2)

is the conditional brobability of spins S in A given (Si;iEZAC)

. and H(SAIS C) is given by the right side of (1.4) with
A : .

hi h +jéA J(i J)Sj.

The converse statement; any state satisfying (3.2) may be obtained
as the limit of finite volume Gibbs states given by Eq. (1.5)

with suitable general boundary conditions (permitting a speéified
probability distribution for the Si’ i€.AC), is also true under
mild regularity assumption on the solutions of Eq. (3.2) (see

Appendix) .

The questions regarding the existence and uniqueness of the in-
finite volume 1limits of Gibbs states are therefore equivalent to
questions regarding the solutions of the DLR equations, e.g. iff
(3.2) has a unique (state) solution (for some values of B and h)
then v(dSA,B,h;A,bA) will have a limit independent of (reasonable)

b.c. Furthermore under the same type of regularity assumptions,
the DLR equations are also equivalent to Kirkwood-Salsburg type

equations. The latter type equations are particularly useful for
proving uniqueness and analyticity of the state at high tempera-




tures and fields [5].

g ik

It is clear that for p(S)EZ,g2 the measures v(dSA;A,bA), having

their support in the unit ball of'mn'Al, will have subsegquences
which approach limits as A+e, Similar results will hold for

p(S)E.X1 with periodic or more general b.c. such that IhilgM,Vi,

since we then have by (2.8) that <S§>A p S K uniformly in A, ;
3 A j

and this implies that for any & > 0 we can find a'ball\BECIRnlA'

such that 8, = (S;: 1€A)€ B_ with probability > (1-¢), -

The requirement that-hi, i.e. Sj,j ¢ A, be bounded is however too:

strong a restriction since it will clearly not be satisfied by

the "natural" b.c.occurring in (3.1); see Appendix. -

Uniqueness—-Analyticity~-Decay of Cérrelations . o -
It has been shown by Israel (5] that for p(S)ELjZ‘theresis a

unique equilibrium state at sufficiently high temperatures and
large magnetic fields. This state, which being unique is of neces-
sity translation invariant, has correlation functions analytic

in B8 and h, which (for finite range potentials) decay expo-
nentially. Similar results were proven a long time ago for Ising
spins and for continuum systems [3] where "large magnetic field"
corresponds to "small fugacity". We expect similar results to -
hold also for p(S)€ Xi: indeed they have been proven for some
cases of interest in field theory [6]. o

Since these results do not hold at phase transitions we cannot

expect to extend them beyond such a limited region in the g-h R
plane without further restrictions on the interactions J(x) and .
the p(S). A particularly interesting class of systems, of impor- :
tance both in statistical mechanics and in field theory, are

ferromagnetic spin systems for which such nice results ought to

(and in many cases have been shown to) hold for all h = O. This

can indeed be shown to be the case; see Appendix.




IV. Ferromagnetic Ising Spins with Boundary Fields

From the point of view of the DLR equations we need only consider

b.c. which are superpositions of 'pure' b.c., bA’ corresponding
to a specification of 3;, i€'Ac, with 8; € Supp. p(S). For some

purposes however it is useful to consider also 'unrestricted’

b.c. where we simply specify the hi's, i 63R A, without regard

as to whether they actually come from properly specified spins
outside A. Thus zero b.¢. for p(S)E §3 are of this type.‘Perisdiq‘
b.c. as well as those of interest in field theory may also be put :
in this category of b.c; In any case however a state ostaihed
with such b.c. should agaih satisfy the DLR equations.'

We shall now show that for a spin-1 ferromaghetic Ising system
J(x)>0, the infinite volume equilibrium state obtained by putting

on an external field hy > 0 on the boundary spins is identical

to v,; the state obtained from + boundary conditions. To emphasize \
the fact that we are now dealing with the simple Ising system we
shall use o, = + 1, instead of Si’ for our variables., Let us
denote by Q”Q (hb;A) the expectation value of LIy = iZA 05 in

a region Ac A in the presence of a boundary field hb. As we
already know, when there is an external uniform field h # 0 or
when the temperature is above the critical temperature for
spontaneous magnetization there is a unique equilibrium state [1]
and hence we need only be concerned with the case h = 0, and

) =m > 0, where <o > = 1lim <o,> (h) = lim <o;> {h_;A).
<l>+ ’ 1+ h+0 Ao +
We first note that + boundary conditions correspond to a field
h; for 1€ agh, the boundary of A with h; <« = h'. Thus by the

. co s . + )
GKS inqualities [1,2,3] (o (hyin) 2 (o, (M) Af By 2 b On the

other hand letting hy -+ = clearly corresponds to putting + b.c.



on the region A~ = A\@RA. We therefore have, again by G.K.S.,

that for AcaA™,

G, (A7) 2 (o) (hsa) 2 (o), (A) for ny > h' (’4.1;
Letting A+2" then yields [7]

G (ny) = Lin G,) (hy3h) = {op), for by > n' (4.2)

Our strategy‘for proving (4.2) for all hb > 0 will be to show
that (bA) (hb) is analytic in hb for Re hy > 0. It will actually .
be sufficient to prove the result just for <bi>‘(hb),since by

the FKG inequalities [7],

0 < <°A>+ () A <°A> (hbsA) EviéA [<Di>+ (Af)v_> 

(p5) (hysm)] (4.3)

.1 -
where Py = 3 (1+ci), Py = L p

jen  *

We remark that (i) by GHS <Oi> (hb) is a concave function of hy,
so that by (4.2) <°i> (hb) > 0, (ii) If o, is replaced by P p

then (4.1) and (4.2) remain valid in the presence. of non-uniform

fields.

The argument so far is valid for all measures in j2' To obtain
analyticity in hb we have to restrict ourselves to the Ising
spin Y, case. We use the Lee-Yang theorem in a manner similar to
its use by Lebowitz and Penrose [8] for proving analyticity in

a uniform external field. Letting n = exp [28h,], &; = exp [2Bhi]

(assuming for the moment that there is an external field present
at site i) the grand partition function in A can be written (up

to factors which are irrelevant) in the form

E(n, €458) = P(n,A) + &5 Q(n;A) (4. )

where P and Q are polynomials in n.
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We then obtain [8], when ¢, = 1,

0.) (h ;A) = [1 - e(nsn)]/7 (1 + o(n,A)]
1 b

where ¢(n;A) = P(n,A)/Q(n;A). By the Lee-Yang theorem
E(n,g550) # 0 if Ieil > 1 and |n| > 1. Hence fe(n;a)| < 1 when

in| > 1: e(n;A) is thus a bounded analytic function outside

the unit disk and

e(n;n) = [1 - <°i> (hb3A)]/[1+<°j> (hysM)] 5= %, h >h* :

Therefore by Vitali's theorem lim ¢(n;A) is: constant for Inf > 1
A—H:u

which proves the result.
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Note: The following note was submitted to The Fourth Interna-
tional Symposium on Information Theory, which will be held in
Leningrad in June 1976. The notation is slightly different from

that used in the body of the paper. In particular p(ds) =
exp[@(S)] w(dS) where -¢ is the self-interaction.

Appendix: ' ‘ ‘ - _

STATISTICAL MECHANICS OF CONTINUOUS SPIN SYSTEMS
by
J.L. LEBOWITZ AND E. PRESUTTI*

Abstract: . .
We present results relating to the existence and uniqueness of ..,
the free energy equilibrium states for classical continuous spin

systems with superstable interactions. .

We consider the lattice 2¥ at each site of which there is a
vector spin variable Sx’ X € Zv, SX€ Rd. We denote by S €{S} a
spin configuration on z¥. Each Sy has associated with it an

intrinsic positive measure p(dS), the same for all sites, such

2. .
that Ju(ds) 6%°°¢ « for « > 0. The energy of a given spin con-

A
and satisfies the following conditions:

figuration S, in AC 2Y consists of both pair and self interactions

a) Superstability There exists A > O, CER such that

u(s,) » ):AS2—C (1)
""xe/\[ X ]

where SA is a configuration in A.

permanent address: Istituto Matematico
Universita Dell'Aquila, L'Aquila, Italy
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b) Regularity If Ai’ A2 are disjoint then their interaction

energy W(SA1|SA ) = U(s, ESAZ) - U(SAI) ~ U(SAZ) has the bound

2 1
Wesy 18,00 s 3k IS | syl [x-y| 77 (2)
1 2 xEA1 yEA2 .
. d .o
where |x| = max |x'|, [S]| = [ = (31)2]‘/2
1<i<v i=1
For A bounded in 2’ we consider the restriction, S c of 8 to I
and define the partition function Z(A|S C) and free energy per
A
site F(A|S C) with 'boundary conditions' determined by S as
A o
z(AlsAC) = juA(dsA) exp [—U(SA)—W(SAISAC)]
-1
F(A[S ) = |a]"7 an Z(A]s )
A A
where u,(dS,) = N u(dS_),|A| = # of sites in A. (The dependence '
A™"7AT T yen x :

on temperature and magnetic field is included in U and W; it
will be made explicit when necessary.)

Theorem 1. Let (1) and (2) hold and 1let §€Aﬂf

}fa = (§[S§ < an |y| for |y| > 1)}. Let (A} be a sequence of

increasing domains tending to 2" in the sense of Van Hove (1]

then 1lim F(AnIS C) = F exists and is independent of the sequence
n-+e A €]

{A_} and of the b.ec. S .
n ¢

A
Remark: "Zero" b.c. correspond to,SX = 0 for x€ A%, The thermo-

dynamic limit of the "periodice" b.c. free energy can also be

shown to exist and be equal to F.

A probability measure v on the configuration space (S} is said
to be regular if it satisfies the following condition: There
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exists y>0, &§20, such that for every A bounded in Z° and N2>0

the following holds:
2 2
v[B(N?|a)] < exp [-|al (v N°- 4]
where

BN2|a) = (s | ¢ S22 8% Ja
X€A

For A bounded in 7Y we denote by F(A|v) the free energy in A

for boundary conditions‘specified by the measure v as

F(Alv) = J v(ds) F(A]S )
A

Theorem 2. ) ;
Let (1) and (2) hold and let A ' be as. in theorem 1 then for v
regular lim F(Anlv) = E.‘

n+e

)

The finite volume equilibrium measure with boundary conditions

SAC, vA(dSAISAC) is given by

c

vA(dsA\sA y = 271 (AISAC) w(as,) exp[-U(s,) —w(sAlsAc)]

(3)

A measure v on {S)} is said to be an equilibrium measure (for our

system) if its conditional probabilities v(dSAls o) satisfy the
A

Dobrushin, Lanford and Ruelle (DLR) [2] equations, i.e. eq. (3).

Theorem 3.
Let the conditions of Theorem 1 be satisfied and let

Va (dSA |s c) be finite volume equilibrium states: it is always

n
n

possible to choose subsequences nj (which may depend on the

b.c.) such that v (dSA ISAc ) + v a regular equilibrium

An n
i .

1 .
nl

measure on {s), [3].
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The one component spin system, SXG:R, will be called ferromagnetic

with translation invariant interaction if

1
U(s,) = ~= I J(x-y) 8.8 -~ © #(8 ) =
A 2 x # yen XY xen x

-h I S J(x) > 0, R
XEA :

Theorem 4.

Let v be a regular equilibrium measure of a ferromagnetic system
in an external field h whose interactions satisfy (1) and (2)
then v is unique (and hence translation invariant) whenever the

infinite volume free energy F(h) is differentiable with respect
to h [4].
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