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I. Introduction

Statistical Mechanics attempts to account for the chserved behavior
of macroscopic physical systems on the basis of the microscopic laws
which govern the behavior of their "elementary" constituents (particles
or molecules). The central fact of the entire endeaver is that the |

A~
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number of particles is very large (~10"7), so that the concepts of

probability theory play an important role. (For large systems a
gtatistical descristion is consistant wich deterministic 'laws!' and
indeed is the onlvy one feasible). It is an assumption, which can be

proven in some cases, that insofar ag many qualitative aspécts of
macroscopic behavior are concerned, the exact nature oI the microscopic
laws, even whether they are classical or quantum, is of little importance.
Since the problems of classical statistical mechanics are mathematlcally
interesting, and since the physical concepts are, in the classical frame-
work, more transparent, classical statistical mechanics continues to be

a subject of much interest. [See Lanford*, and Lanford and Lebowitz
articles in this book].

The success of the program,at least from the mathematical or rigorous
point of view,has so far been largely limited ﬁo the realm of equilibrium
Statistical mechanics, which deals with the description of matter in
thermal equilibrium. It explains in particular how very complex maéroscopic
Systems are susceptible to a complete macroscopic description involving
only a small number of parameters (temperature, pressure, energy, entropy,
volume,...), which satisfy the simple relationships of thermodynamics.

The explanation is obtained by means of the identification, due to Gibbs,
of macroscopic states with measures on the phase space of microscopic

descriptions and. the appropriate utilization of the fact that macroscopic

systems are 'big',

Lanford's lectures contain much of the statistical mechanical background
for this article.




The situation with respect to nonequilibrium statistical
mechanics is far more tentative. Here one is concerned with why
and how systems come to equilibrium, i.e., we would
like to account for the experimental fact that starting from a
nonequilibrium state the system will evolve, under the action of its
time evolution, to the appropriate equilibrium state, and furthermore
that this approach to equilibrium.satisfies thg relevant kinetic (e.g.
Boltzmann), hydrodynamic, and transport equations. We shall say
that such systems exhibic ''good thermodynamic behavior', (ztb). Here, too,
it is argued that macroscopic states should be identified with measures
on the phase space, but the problems of nonequilibrium statistical
mechanics have proven,so far less tractable than their equilibrium counter-
parts.

Because of the key role played by probability theory, it is to be
expected that only in some appropriate thermodynamic limit (number of
particles approaches infinity) is gtb precisely achieved.

Hence, if exact mathematical results are desired, infinite systems of
particles should be directly investigated; their very large yet finite
counterparts, which may for all practical purposes exhibit behavior of
the type described by macroscopic laws, will nonetheless exhibit it

only approximately, precluding the formulation and proof of the appro-
priate theorems. (In the same way phase transitions, which are associated
with non-analyticities in thermodynamic functions, do not occur for finite
systems, though numerical computations on systems containing just a few
hundred particles and experimental observations on macroscopic systems

mimic this behavior very closely).
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The key ingredients in equilibridm statistical mechanics, are
the appropriate abstract framework - co isolate the elements of struccure
relevant to the phenomenon - and the right limit: the framework is that
of measure theory and the limit is that of infinite volume (and particle
number) usually referred to as the thermodynamic limit. A microstate
of a finite system (in a finite volume) is completely described by a
point x of the phase space I; x = (ql,...,qn, pl,...,pn) gives the
coordinates and momenta of all particles of the system. There exists
a natural measur:e g in 1Lebesgue measura) on i whose 'projeccion’ -
ONTo & surface of conscant energy (Hamiltonian funccion)E, gives a
measure W the microcanonical measure. According to statistical mechanics

w?

r

eéxpectations of observables (functions on -E) are equatéd to the
equilibrium values of thermodynamic quantities of the system at energy E. The
exact macroscopic relations are obtained by taking the limit N - @, Voo
E~>® NV=-=p, E/V~ €, where N is the particle number, V the volume,
E the energy, P the particle and € the energy density of the macroscopic system.
A major difficulty in non--
equilibrium statistical mechanics lies in finding the framework and limit
appropriate to the task. We shall assume, as has often been assumed, that
the same thermodynamic limit as used in equilibrium statistical mechanics is
appropriate, at least for part of the problem. (Different or additional
limits may have to be used for obtaining more specific kinetic behavior,
see Lanford's lecture for-the appropriate limit needed for the derivation
of the Boltzmann equation. The underlying structure is therefore taken
to be the phase space of infinite (but locally finite) configurations
of particles ianv Xle, (where V = 3 for realistic systems) ,
Before considering the nonequilibrium behavior of infinite Systems,

we will review briefly the situation for finite systems. Here, the
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nonequilibrium behavior is roverned by fthe time evolution
Tt determined by the Hamiltonian in terms of which the equilibrium
situation is described. Since Liouville's theorem, asserting the

invariance of Lebesgue measure under Tt’ implies that po 1

i

also preserved by Tt’ one finds oneself directly within the context
of ergodic theory: one has a triple (FE, pE, Tt) of just the right
xind. Indeed, ergodic theory arose out of the attempt to justify
the foundations of statistical mechanics. It

has typically provided the framework for the investigation of
the nonequilibrium behavior of finite systems [1;.

It seeﬁs physically plausible to assume that events correspond-
ing to subsets of the phase space which have vanishing Lebesgue
measure have vanishing probability of occurring, and should therefore
Ee irrelevant for experimentally observed behavior (which depends on
reproducibility). We may then regard as physically reasonable only
those measures which are absolutely continuous with respect to the
Lebesgue measure (or ME)+. With this assumption the traditional

ergodic properties have the following implications: (see Lanfordls

lectures and [11). : , S
a) If (FE’ Mas Tt) is ergodic then, for systems with energy E, M. is
the only physically reasonable measure which is stationary (invariant) under

the time evolution; furthermore, any physically reasonable state will tend, in

the sense of time average, to this uniquely determined equilibrium state.

b) If the system is in addition mixing, this. approach to equilibrium

occurs in the strict semse, i.e.,

While W_ is itself singular with respect to the Lebesgue measure dg dp it may
be regarded as the limit of-measures concentrated omn the 'energy shell'

(E, E + 4E). (The energy being both smooth and universally conserved plays
ST s 1 e ama TarmnfAavd e lectureS),



pt(A) = Q(T_tf\> ——=7 . (A),

where P is a absolutely continuo nomequilibrium measure and A is g
bounded observable.

. The stronger ersodic properties - K-system and Bernoulli - are not
so directly susceptible to physical interpretation in terms of good

thermodynamic behavior. We mention onlv that if (T s gE, Tt) is a

[40)

o

X-system, its behavior will ose completely noncecerminiscic fa -ha
following sense: A realistic medsurement CoOrresponds to a ripnice
partition of the phase space of the observed system into subsetsg
corresponding to the possible outcomes of that measurement. If we
wish to obtain more information about the system we can repeat that
measurement at discrete time intervals, If the system is K (and only

1f) then no such measurements even when carried out infinitely often

in the past, determine with certainity the outcome of future measurements.

Thus, in a very strong sense, K-systems cannot be "finitely approximated',
and since it is not unreasomable to expect of a finite system that it can
be approximated by a sufficiently fine coarse graining (into position
and momentum cells), the K-property has significant implications for
finite systems. (For some interpretations of the Bernoulli property
see [1,2]).

Now the KAM theorem and related results suggest that realistic
models of finite physical systems may fail Eo be ergodic
Though this need ‘not prevent large systems
from exhibitigg, for all practical purposes, good thermodynamic behavior,

it renders an exact result rather unlikely. It is therefore natural to

investigate directly the nonequilibrium behavior of infinite systems .
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The basic structural necessities for such an investigation - the
equilibrium states v and measure preserving Hamiltenian time evolutions
Tt- can be realized, as Lanford has indicated in his lectures, on the
phase space X of infinite (locally finite)
configurations, &An obvious candidate for the abstract framework for
the explication of the good thermodynamic behavior of infinite systems 1s
therefore, as before, the (abstract) triple (X, w, Tt). We are thus led
to the investigation of the ergodic properties of infinite systems.
Yowever, some general observations indicate cthat such ergodic theory
by itself is of rather limiced potential:

a) The previous remarks concerning the implicatiods of ergodicity
and mixing can be applied without modification to infinite systems if by
physically reasonable we understand absolutely continuous with respect
to ¢ (the equilibrium measure). Because of the quasilocal nature ;f
the O-algebra of measurable sets employed in the description of these
systems,'measures absolutely continuous with respect to ¥ may be roughly
interpreted as local perturbations of . Therefore, insofar
as return to equilibrium is concerned the situation is satisfactory. If we
are interested, however, in understanding how a system ever comes to
be in equilibrium - the problem of approach to equilibrium - then mixing
says nothing, since the relevant initial states will -
typically be singular with respect to p. Similarly, ergodicity will be
of little value in choosing one stationary state over another withdut
some prior basis for selecting one ergodic state from
the family of stationary (exrgodic) states.

Consider, for example, the ideal gas: where particles undergo free
motion in)Ry X m?. kb is such that the particles are, independently of each

v
other, uniformly scattered in space (R') and their individual momenta

have a Maxwellian (Gaussian) ‘ . |

Tsome additional, hopefully relevant, structure will be discussed later.
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distribution. This state as well as any other state differing
from it only by having a different momentum distribution is stationaryr
(since the momenta are constant) . Furthermore, as we gshall see later,
the free time evolution on these states will typically be
ergodic and, indeed, Bernoulli, the point, of course, being that
states given by different momentum distributions are mutually singular.

b) For an infinite system to be K need ot be a significant
constraint upon its behavior, since it does not appear plausible that
an infinite svstem should permit a finite apvroximation in the éemse
indicated above.

In view of these remarks it should not be very surprising to
find that very simple infinite systems possess very good ergodic
properties. We will now turn to the description of the ergodic

properties of some. such systems, particularly, non interacting

systemsr It will then be shown how the introduction of additional

structure (space translations improves the situation.

{ T

See article by Lanford and Lebowitz fﬁr the ergodic properties of
harmonic crystals .

*



1I. Ereodic Properties of the Time Evolution of Some Simple Infinite

Systems

We shall be discussing two kinds of infinite systems, both
of whose time evolutions have very good ergodic properties, but of
which one exhibits distinctly better thermodvnamic behavior than the
other. Correspondingly, there are two different 'mechanisms'', which
are responsible for these ergodic properties. The first of these,
wnich is the only one possessed by the ideal zas corresponds to the
escape of local information to infinity. The second, better mechanism,
is a local dissipation of information.

Since we shall deal primarily with systems of non intéracting
particles, we first describe a convenient representation of such systems.

Let (Xl’ 21, ul) be a totally o-finite nonatomic measure space.
We regard X1 as the phase space for a single particle and wish to

construct from (X;, Zl’ ul) a probability space (X, Z, W),

~

/X—{x={q p.} iézﬂ>
k\ i’ Fi7? J representing the independent distribution

of particles in Xl according to the measure R Accordingly we let X
be the set of countable subsets of Xl and define for any set A € Zl, NA
by

NA(x) = Fhe cardinality of (A N x)

for x € X.



We then let & = J{N !, be the smaliect O-algebra for which all of
. . - - = © o 5 a:
the “y 4re measuraple, and define « on S as che pProvaoiiicy measure

&
representing & Poisson distribution of points in Xl’ with Jdensity

iven by #~1- This is the measure for which the functions N, have
-~ S

ou
O

distribution given by

w(lx € XN (x) = mi) = exp l-u (A)I (:
A L 1

which, if true for all A, implies that disjoint regions of X1 are
independent [ 37,
For any automorphism T1 of (flow T; on) (Xl’ 21, ul) we define

an automorphism T of (flow Tt on) (X, %, u) by

t t
Tx = Tlx - (Tx = Tl x)
where the right hand side of the equation is to be understood as the
action of the (one-particle) automorphiam (flow) on the subset x of Xl'
Thus we obtain a time evolution on the infinite system by letting all the
particles move independently according to the one-particle time evolution,

: t
We call (X, u, T(?t))+' the Poisson system built over (Xl, 2, Tl(Tl)).

+We will for the most part drop the reference to the C-algebra,



The ideal gas and the Bernoulli construction

In In its simplest manifestations, such as in the ideal gas, the
'escape to infinity' mechanism mentioned earlier has a formal
representation directly exhibiting the Bernoulli character of the

flow. We call this representation the Bernculli construction:

For C & X5 let

= OENAiA Z ¢} be the local T-algebra (= 2) of C. If A"} is a
family of disjoint sets (€ Zl) such that ng-“ A" = X, and TlAn = A
then Z | is an independent generator
) ZAl,... is an independent
sequence of J-algebras and that & = o{Z n‘nAE z}. Since a generalized
Bernoulli shift may be characterized byAthe existence of an independent

n+l

for T. This means that the sequence % o

generator, these systems givé rise to Bernoulli shifts; we shall
say that the Poisson system built over a such a system admits
of a Bernoulli construction«

<ﬁe remind the reader (see [21} that if T is
a flow such that Tl(ET) is a Bernoulli shift then TT is Bernoulli for
all 7; thus, insofar as the Bernoulli property is concerned it suffices,

t , . 1
when investigating a flow T , to investigate T .)

The simplest example of this type of system is the infinite ideal

t
I, TI ) as the Poisson system built

N

\\gas (IG). We can realize IG (XI, M

I I It
overr(Xl, Ml, Tl ) where



I v R
X1 =R X R

I Lv |
dby = P (B/2mM* exp E-%szl dq dp
It
and I (4,p) = (a + pt, p).

sV VY . , A
Here (q,p) €IR X IR, P is the particle density, 2 the inverse tempera-
ture (of the ideal zas equilibrium state), and we have taken all the

masses to be unicty,

That IG admits of a Bernoulli construction follows from the fact

that the set

0 : I ‘
4" = (a,p) = ((@y5--459,) 5 (Pyseeepy)) € X7 |q +p t=0 for some

0<¢t<1]

has, essentially by construction, the necessary properties.

Thus, we construct a partition of Xi on the basis of the time
at which the particle has vanishing first coordinate. We could also
have partitioned according to the time of nearest approach to the
origin. More generally, if our system (X, W,T) were such that the
latter did net determine a unique time, we could try to partition
according to the last time of closest approach to the origin. It
turns out, by virtue of 2) below, that if this too is essentially
inadequate then no Bernoulli construction is possible.

This is related to the observation (suggested by the fact that
though the one particle ideal gas has rather poor mixing properties,

the Poisson system built over it has such properties of the strongest

kind) that insofar as the Bernoulli construction is concerned, the

ergodic properties of a Poisson system are roughly inversely propor=-




tional to those of the ome particle system over which it is built,

This is stated more precic~’: “n the following proposition:

Proposition: 1) If (Xl,El,ul,Tl) is ergodic in the sense that if a set

A €2 is invariant, either it or its complement has zero measure,

no Bernoulli construction is possible.

2) If there exists a set A~ Xy of finité measure which is
recurrent in the semse that points in a non null Zl subset of A
returmn to A infinitely often under the action of Tl, no Bernoulli
construction is possible. If all sets of finite measure are non-

recurrent, one can perform a Bernoulli comstruction [4].

These possibilities are illustrated by the random walk models
(RWV) . RWY denotes the Poisson system built over the automorphism
representing a particle undergoing a symmetfic random walk on Zy.
Thus RW1l is built over (B X 2, Tl), where B is the space of doubly
infinite sequences §i =% ] equipped with the measure obtained by

assigning equal probability to + 1 and - 1 and forming the infinite

product measure, and Tl is given by
Tl(i,n) = (s§, §o + n),

where S is the shift on B and § = i§i§ € B, BX 2 is to be under-
stood as equipped With the natural product measure. The models RWV,
v > 1, are similarly formed.

Since, with probability one, a particle undergoing a random

V ‘ )
walk on 2 will return to the origin (infinitely often) only if vV < 2,
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we have that RWV is recurrent if and only if V < 2, s0 that a
Bernoulli construction (based, say, upon the last time of nearest
] I3 ~ \) I3 ;—vv .

approach to the origin of 2 » using only the Z coordinare to
measure distance) is possible only for v = 3.

Je observe that RWY has much better "mixing" properties than
IG and that this is reflected by the presence in RW of a local
mechanism of mixing, to which we earlier referrad. Before pursuing

this further, we indicate, in the next Section, how the properties

o s o
CT 10 the

W

iG are arffectad if we alley the particles to intar

1,

o

i
et
(]
(o]
W
-

Simplest possible way. We shall see that wihiile the flow o
information to infinity is hindered by the interactions, such a loss
of local information still takes place by a mechanism similar to the
diffussion in the RwV models (without however having a local mechanism
for mixing) and gives rise to good ergodic properties (at lgasF K): To
make this clearer.we digress briefly with a comment about K-systems,

A general characterization of a K-system is by the existence of a
measureable partition (or O-algebra) &, called a K-partition, with the

following properties.

PR —

1) T° £ > & for t > 0.

2) Vit =,
3 ATE g =y
Here § > T means that the elements of the partition Nl are unions
of elements of § (§ is finer than m, Q %2 is the finest measur-
able partition coarser than all the QI, ¢ 1s the partition into
points (corresponding to the full C-algebra & ), V is the partition
whose sole element is the entire space X (corresponding to the
C-algebra of trivial sets, which have measure zero or measure one),
and all statements here and to follow are to be understood as up
to a set.of measure zero. . | -

The connectinn between this characterization and the defini-~

tion (for finite entropy) in terms of the existence of a finite
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generating partition P with trivial tail (?hlj T kP = V) is obtained
-k
T °“P. It should thus not be surprising that

[==]
by setting 3 =k!l

. ® ok

s(kgl T L o) (for the one dimensional IG), the partition according
A

to'origin events' (see below) occurring after t = 1, should be a

K-partition. (This is just the zero-one law for tail events.)

Ergodic properties of the time evolution of some one dimensional

systems of hard rods

The independent generator Z ° which we obtained for IG may oe
A

described for vV = 1 as the O-algebra determined by events at the
origin between times zero and one. The two crucial facts concerning
these "origin events'' are that

a) they generate: two phase points having the same origin events
must coincide (except perhaps for a set of zero measure), and

b) origin events in disjoint time intervals are independent.

We wish to know how altering our system by introducing a pair
interaction, and making the corresponding change of measure, will

affect the ergodic properties of the system, and in particular how

it will affect a) and b).

We may roughly describe the systems we wish to consider - one
dimensional infinite systems of hard rods of diameter d >0 ~ as
having measure spaces which are obtained from that of IG (with
general momentum distribution given by £(p)) by merely deleﬁing
phase points for which some pair of particles is closer than d (we
ignore the difficulty that what remains has zero measure), and as having
a dynamics differing from free motion by the stipulation that when a

pair of particles collide (i.e., approach within a distarnce d of each

other) they exchange momenta (all masses are the same). The dynamics
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may equivalently be described by requiring particles to exchange
positions during collisions, their momenta being unaffected. Since,
if we adopt the latter description, the hard rod system (HR) goes,
in the limit d = 0, into IG even insofar as single particle motion
is concerned, this description is the more convenient ror the
investigation of its ergodic properties,

Sinai [5 J has shown that the partition according to (appro-
priately defined) future origin events are K-partitions for HR.'
Thus a) is preserved by the introduction of the hard core inter-
action, and though b) will no longer hold, the K-property implies
an approximate independence bectween sufficiently separated (in
time) past and future origin events. If f (which, for simplicity
we take to be even) vanishes in a small neighborhood of the origin,
it can be shown [6 ] that enought of b) remains for HR to be

Bernoulli.,

More precisely, what is shown is that if one defines "origin
event' appropriately, there exist arbitrarily "fine" finite partitions
determined by origin events between times zero and one, which satisfy
a4 strong property of approximate independence of past and future
called the weak Bernoulli property (71, Now, if a partition P of X
satisfies this property, then (X,J,E_c° TjP,u,T) is a Bernoulli shift.
Since an increasing union of Bernoulli shifts is Bernoulli [2 ] (i.e.,
if (X, En,,u, T) is Bernoulli for each n and Zn)“ Z, then (X,Z,p,T)
is Bernoulli) these Hard Rod systems will form Bernoulli flows.

The point is that what is going in this case in HR 'is not very
different from what is going on in IG. A particle of velocity v moves
at this_velocity except for moments of collision, when it jumps the
distance d Ln the dlrection of the other colliding particle. However,
the ”free dlstance" between two pulses (obtained by subtracting the

-total length of rods between them) behaves linearly in time: Thus,

if one uses a "reduced descrlptlon" obtained by removing the volume occupied
by the hard cores from the dictareac hepn. . oo - CHOVIDG T o




the exact IG time evolution. If there were.abreflecting'wall at \
the origin, this reduction would be straightforward and one would
immediately obtain an isomorphism between HR and IG L8 1. 1In our
case, however, the reduction is problematical, having the following
defects:

i) The image of the hard rod measure in the reduced description
is Poisson only outside a neighborhood of the origin.

ii) The location of the unreduced origin jumps in the reduced
description whenever a particle crosses it.

necause of ii) the same particle (momentum pulse) may appear at
the origin more than once, precluding the independence of future
origin events from past ones. However, if the momentum distribution
ig as described, all particles will eventually leave the origin, never
to reappear, since the origin undergoes essentially a random walk in
the reduced description. The measure in the reduced description is
then sufficiently close to Poisson to allow the properly defined
"origin event" partitions to satisfy the weak Bernoulli property.

For more general velocity distributions, in particular when
there are a finite fractiom of particles with zero velocity, the

1loss of local information is no longer fast enough to prove the

Bernoulli property. Nevertheless a 'diffusive' type of loss to infinity
is present glVlng rise to the K-property without a good local mechanism
for loss of informatiom. ThlS is made more precise in the next chapter,
where we indicate that a quantity, which may be interpreted as the local rate of

dissipation (of, say, information) is zero for both IG and HR. We thus wish
to consider systems for which a different mechanism, which is local, is responsi
for the "mixing" which occurs, and it is to these that we next devote
out attention.
The Lorentz gas and sysﬁeus.of periodic-K-type

~%

Instead of turning on a pair interaction, which, except in the




most trivial cases, would make the investigaﬁion of ergodic properties
exceedingly difficult, we turn on an external field. The particles thus
remain independent, though the one particle systems are modified. Ve
thus consider the Lorentz gas (LG), which is like IG except that the
particles are excluded from a disconnected region whose components have
disjoint convex closures and smooth boundaries from which the particles
are elastically reflected. These convex barriers. are distributed

L ). We will

throughout Ru in a periodic array (with periods Ll""’ Y

[£2)

' R 4 1 =l o .=} 7 v 1 . ‘e < < -
primari.y comsller thes case when 211 -articlas have unit Te2c ) 39

that the momentum distribution, instead of Maxwellian, is merely
spherically svrmetrical. These tuo svstems, Mawwellian and constant
speed, which may of course be represented as Poisson systems in an
obvious manner, are identical insofar as any of the ergodic properties
which we investigate are concerned. Therefore we will denote both
systems by LG, though the arguments which we give will directly apply
only to the latter system.

An important feature of LG is its periodic structure. A Poisson
system will be called periodic if a) its one-particle measure space
can be reﬁresented in the form (Xo, uo)x ,Zv, when Ko is a finite measure
and‘zuis regarded as equipped with counting measure, and b) the representation

of the one-particle dynamics in XO >Q£v commutes with the translations

Sz, 4L =1,...,0, of XO X,Zv induced by the natural unit translations of

Zv. For LG we may take (Xo, po) to be the restriction of the omne particle

measure to VO X m? (momentum space), where Vo is the Y-dimensional ''rectangle!

14
X[{-%L,, % Li> of sides L; centered-at the origin. Furthermore, since

, i
i=1

the dynamics of LG is invariant under translation by Li in the ith direction,

we alsc have b).
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For periodic systems a set of the form
Xo X 4 will be called a rectangle R if Ais a (bounded V-dimensidnal)
rectangle of Zv. () must be a product of intervals). We equip any
rectangle R with the natural probability measure Rpl induced by the
one-particle measure by and with the automorphism RTl obtained

* VIR,
from the one-particie time evolution Il oy replacing Z by Z /2 2

\, N
where Z R is the subgroup of Z corresponding to the rectangle R.
Finallyv, we let Ro =X X {ot.
v
For LG any rectangle R (whose projection in Z has sides of

v
length n n,) is represented inlIR by a "rectangle' (with sides

1:":
, . t . .
of length nlLl,...,nva) The induced dynamics RTl is obtained from

Tt by identifying the opposite sides of R - periodic boundary

1
conditions. Thus the systems (R, O RTl)are just the finite volume
one-particle systems of which the Poisson system built over (Xl’ “1’ Tl)
is the infinite volume (and particle number) limit.
Though all the noninteracting systems considered here have been

periodic, they can be distinguished by the degree of mixing exhibited
by their finite volume time evolutions RT1° For IG RT1 will be

"far from mixing", while for LG, as Sinai has shown, (explicitly for y=2)the RTl
K-automorphisms (andaxe in fact, Bernoulli) [see Gallavotti's lecture
and references there ]. RWv  is similar to LG in this respect: for RWIl,
for example, RTl is Bernoulli if R has odd length (4]. The good
mixing behavior of these one particle systems should give rise to a

(local) mechanism for the production of good mixing properties of‘

the Poisson systems built over them.



LG and RWY thus satisfy:
a) There exists a sequence Ri of rectangles, whose volumes
\ . .
(in Z2) approach infinity, such that the R T1 are X-automorphisms.

i
They also satisfy:
b) T,(R ) is bounded.
1 7
c) R Tl has finite entropy (see [ 2] or section IITI below for definition).
o) -

ying a) - ¢) will be said to be of periodic-K-type.

o

Fia

h

Periodic

o ey ) )
ysiems satis

an

b) and c) are of purely technical significance.) The main result con-

cerning them is contained in the
Theorem: Svstems of periodic-K-type form K-systems.

We give a sketch of the proof. The basic idea is to "1ift" cthe
structures responsible for the mixing behavior of the one-particle
system to the Poisson system built over it. The essence of the "lifting"
is embodied in the following construction: If & is a measurable partition
of (Xl’ ul), we obtain a measurable partition § of (X,@) by partitioning
X according to the number of particles in the fibers (elements) of §.

The following lemma is crucial:
Lemma: If { satisfies,.

1Y 7, §>¢

1 ° =

2');/1Tlf§=e,

3" the fibers of T;n § expand toward infinity as n — @,
then E is a K-partition for (X, w, T).
3') means that for any point x é X1 and any bounded set A & Xl’ the
fraction of the fiber of T." & containing x which overlaps A approaches

1

ZE€To.

N

Proof. 1) and 2) of the definition of K-partition follow easily from 1') and
2'),while 3) holds because 3') guarantees that the only information

. . -ng . .
contained in Q T "% must be measurable with respect to the local




C-algebra of the complement of any bounded region of Xl, which, since
our system is Poisson, implies 3) L4 7.
To obtain a partition satisfying 1') - 3'") we utilize the K-structure
possessed by (Xl, Ml,Tl). Let P be a finite generator for R Tl. Ye
form the ”product” QOP, where QO ig the partition of X1 induZed by the

- \) . 0 ’ ~ K} . 0 . 0 . -~ I3
partition of Z 1into points. QOP is the parctition obtalned DY rerining

QO by partitioning each of its elements "according to P". Let

- 0= -3 . ' -
g =jV_ 0 Tl QOP (the partition according to future QOP-names). 3
satisfies 1') - 3'). 1') and 2') are immediate. 3'Y is satisfied

because 3/R (the restriction of 3 to the rectangie Ry is a K-partition

for RTl if RTl is a K-automorphism. The Doob Martingale Theorem then

implies 3") L4,

Finally, we observe that the partition € which we have constructed
also satisfies

4') § is invariant under translations (8,),

5') § 2‘10.
Thus systems of periodic-K-type possess translation invariant K-partitions
(g) reflecting a local mechanism for the dissipation of disturbances.

III. Space-Time Ergodic Theory of Infinite Systems

We denote by IGlL the system whichldiffers from the one-dimensional
IG only in that all particles are constrained to move with unit velocity
to the hright“,say. In exactly the same manner as for IG, IGl forms a
Bernoulli f£low.

We are now in a position to further evaluate the adequacy of the
(X,u,TF) framework for the account of the emergence of good thermodynamic
behavior. fﬁo comments are relevant:

a) Since IGl, whose thermodynamic behavior must be regarded as

‘rather poor, forms a Bernoulli flow - the strongest of ergodic properties -

[}
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the ergodic properties associated with the (X, &, T7) framework

cannot possibly bear an adequate relation to gth.

b) The situation is even worse. ;t
appears likely that LG forms a Bernoulli flow, (If it does not it
affords a rather natural example of a K-system which is not Bernoulli
(see [2)). © It is also rather plausible thatlrealistic

models of physical systems which exhibit 2tb
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should have 2r3c as those of systems which
don't, and hence should be Bernoulli. If this is so, then Ornstain's
isomorphism theorem for Bernoulli flows would imply that these systems
are completely identical from our abstract point of view, rendering
the (X, u, Tt) framework entirely inadequate for the formalization of
the relevant thermodynamic distinctions.

(The relevant theorem asserts that two Bernoulli flows of infinite
(K-S) entropy are isomorphic. All infinite systems to which we have
thus far referred have infinite entropy. That systems which permit a
Bernoulli construction have infinite entropy may be seen by noting that
X, Z»o’“) is a continuous measure space, and hence given any n we may

A
find a partition P of X having n elements of equal measure which are
measurable with respect to & o Since & o is an independent generator,

A A
we have that h(T) 2 h(P,T) = log n.)

Perhaps the simplest way to expand our abstract framework is to
replace T by # in the triple (X, &, T), where ﬁ’is'the abelian group
generated by space translations and time evolution. This is sensible
because translation invariant equilibrium states have the greatest
physical significance, since they represent a homogeneous macroscopic
situation. Furthermore, if the temperature and fugacity are such that:

“%

no phase transition occurs (e.g., a low density gas), the unique




equilibrium state must be translation invariant. In addition, since
physical inieractions are translation invariant, space translations
and time evolution will commute. Finally, since the localizing
(physical) space qu) is a crucial element in the un@erlying struc-
ture of infinite systems [see Lanford's Lecturesl, it is naﬁural
that some token of that structure-space translations- should be
embodied in the abstract framework. We also note that the systems
which we are considering - the periodic systahs - fit nalfurally iazo

the new framework, if by < we understand the zroup generated by T and

[

the S,, i.e., the discrete space-time (translation) zroup.

For simplicity we consider only the discrete space-time group.
We shall further limit the detailed description to the case of one
spatial dimension, though everything easily extends, at the expense
of somewhat more cumbersome notation, to higher dimensions.

Introduction of space translations produces the immediate
benefit of alleviating the embarrassment posed by Ornstein's
theorem:; though the theorem should be generalizable to multi-dimensional
abelian groups L 9], it should be much more difficult, and, as we
shall argue, of much greager significance, for an infinite system
to be Bernoulli under the space-time group.

Space-time ergodic properties of periodic systems

We will show that the two mechanism (the local

and the non local) for the production of the "mixing' behavior of
our systems, which lead to similar properties within the (X,H,T)
framework, lead to very different sorts of ergadic properties in
the space-time framework. N

We will denote by (X, &, M, %) both the general dynamical

system and specific infinite particle systems, with & the abelian
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group generated by two automorphisms, S and T, of the probability
space (X, Z, W), If X is the phase space of a system of particles,
S and T will denote respectively unit space translation and unit
time evolution. If (X, Z, u, T) is a periodic (Poisson) system ,
(X, %, b, #) will also be called a Poisson system, and we will
continue to designate the corresponding one-particle system bv
means of the subscript '1",

Though the properties which we shall discuss will Se formulated

terms of thr th
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indicate otherwise. We shall have to distinguish between the svstem
(X, ¥, #) and the system (X, L, (S$,T)) only if S and T are not in-

7

dependent (e.g., IGl) or when considering (5,T) K-systems.
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A system (X, W, ) is ergodic if measurable sets invariant under

éf have measure zero or measure one. Since this property is weaker than

the ergodicity of T alone, we shall have nothing more to say about it.
(X, &, (5,T)) is said to be mixing if
. n TR -
lim 2 "1t aAn3B) =ud) «(B)
(n,m) -
. 2 2 -
for all A, B ¢ . By (a,m) = = we mean that n=- +m =%®. Thus if a
system is (S,T) mixing it is not only mixing under both S and T; after

i} K - [ t A ~ - 3 1T e - aa T n e o~ L4
ficiently long '"time' 2an event a4 - and all it transiates-wiil

th
7]

a su
become approximately independent of a fixed event B. In particular,
an observation will tend tc become uncorrelated not onlv with future
performances of that observation but, uniformly, with similar observations
performed at different locatioms. Thus systems in which the dissipation
of disturbances is purely non local, i.e: in which the disturbances
travel unhindered to infinity and are otherwise unaffected, are mnot
(§,T) mixing.

This state of affairs is illustrated by IGl, for which 8§ and T

R (the identity) so that IGl, with purely

coincide. Here s"T”
non-local dissipation, is mot (§, T) - mixing.

On the other hand, IG is (S, T) - mixing. This is so because

lim @, (sln Tlm A N B =0
(aym) = @
if A1 and Bl are bounded measurable subsets of‘XK (=lR2). Thus the

space-time framework distinguishes two systems identical in the frame-
work of the time evolution. That the mixing which occurs in IG is not
purely non local is a consequence of the dispersion due to the continuous

momentum distribution.
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The mixing which occurs in IG is nontheless 'of a very poor sort
and we would thus like to be able, within the expanded framework, to
distinguish IG from systems like LG in which the mixing is of a much
"better" sort. To do so we will use the notions of (S, T) - X-svstem
and :;; -~entropy.

The concept of (S, T) - K-svstem which we will define (see D)

is a property of an ordered pair (S, T) of automorphisms rather than
. ‘

of the groupab/which they generate. 1Insofar as space translations and
time evolution play ratnher diiferent roles in sctatistical mechanics,
this distinction is quite appropriate. The definition may be regarded
as ootained by means oL a generalization of the natural ordering of

4, on the structure of which the notion of K-system for a single
automorphism is implicitly based, to an ordering of 22. We will write
(m,m) € (p,q) if m<q or if m =g and‘n <p. (X, u, (8,T)) is said

to be a K-system if there exists a measurable partition ¢ which

1) is increasing: st " 281 (n, m) > (0,0)

2) generates: voogt ™ =%,
(n,m)

3) has trivial tail: A $" 17 ¢ =y, and
(n,m)

4) has "continuity": A s” L = T-1 X s ¢.

1)-3) imply that therenéxist an S- invariant K-partition for T.
As it does not appear likely that IG should possess such a partition,
it is suggested that IG is not a (S, T) - K-system. That this is so
we shall later show using.é#entropy.' Furthermore, if (X, w, T) is of
periodic K-type, it is not difficult to comstruct from the K-partition
€ obtained for this system, using the fact that § satisfies 4') and 5')
(see ena of section II), a partitién satisfying 1)-4) above. Thus systems

of periodic =~ K-type, and in particular LG, form space-time K-systems,

and IG is not isomorphic to LG in the space-time framework.




We mention that we are interested in the Eoncept of (8§, T)- K-system
primarily because it is a property which is ecasy to check for systems
of periodic - K-type and which implies fhat the system have completely
positive {%-entropy, of which we shall sobn say more.

The entropy of is defined in a manner completely analagous to
the definition of the entropy of an automorphism T (see T27).

Recall that the entropy H(P) of a partition P = {Pi} is given by

= - T (2 Vioz (P
q9(P) = ,(Ai)_o: w(P.).
h(P,,é) is defined by

h(P,2) = lim 1/]e| H (. v 8T T P)
o - (n,m) ¢ &

where o < 22 is a parallelogram, \al is the number of points in ¢, and
o = ® means that the distances between parallel sides approach infinity.
That this limit exists is a consequence of the subadditivity of the
entropy of a partitiom:
\9
H(P1 Pz) §_H(P1) + H(Pz).

The entropy hg&ﬂ) ofAQ is then given by
ned)
n

If P generates (i.e.. if V s 1™ p = ¢) we have that h(ig) = h(P,é?),
(n,m)

just as for a single automorphism. Recall, toog that for a

sup h(P,Q ).
P

single automorphism we have that

- B . .
h(p,T) = H(®/ VT3 P) =H(@®/ VYT1'P).
j=1 . j<0

Using the ordering of Zz introduced above, one may formulate (see [10 H

a similar expression for the;élentropy of a partition P:

h(n.ﬁ) = H(P/ v o st
. (n,m)<(0,0) 5 ‘.



This expression implies that hCé?) is, rather roughly, a measure of
the local (asymptotic) rate of loss of information.

Another, apparently better, measure 6f the local rate of information
dissipation may be obtained as follows: If &, v, T) is-the time evolution
of an equilibrium state of an infinite system of particles (translation
invariant) and i{f A is a finite ractangular volume, we may consider the

projection (X&, W of (X, u,T) into A obtained by ignoring all

@ T

z\_)

particles not in A and by de

(1]

ining T, unambiguously by means of nericdic
2 o o P

A
boundary conditions (say) and by allowing the motions of the individual
particles to be influenced only by the mutual interaction between particles
in A and possibly by an external field. If (X, u, T) is a periodic

(Poisson) system, A should be taken to be a rectangle (see Section II,)

We define the T-entropy per unit volume to be the

lim h(T)/IAI,
A-e N

where IAI denotes the volume of A and A ~-m in the sense that the
smallest side of A approaches infinity. This quantity may be regarded
as a measure of the loss of information (due to "collisions") occurring
in the system per unit volume per unit time (local rate of information
loss) ¥

It is not obvious from the definition that the local rate of
information loss is an invariant of the (S, T) - framework, i.e. that
two systems which are abstractly isomorphic have the same rate of
information loss. If this quantity were given by h(iﬁ), this of course
would be so, and, at the same time, we would have a nice interpretation

for hGﬁ?). In this direction we have the following result:

+ A -
We are indebted to D. Penrose for very valuable suggestions and

discussions on this point.




Proposition: If (X, u,;y) is a Poisson system (satisfying some rather

mild additional conditions (see [il 1)), then h~£7) = h(TA)/‘Aj for any

rectangle A (no limit necessary).
We conjecture that a similar proposition holds for a general
(interacting) infinite system; of course, the limit A = = would then be essential.
The above proposition implies that IG and LG (say) can also be
e ) . . , ) . . 7,
distinguished on the basis of their space-time entropies: h(xy) must
be finite and nonvanishing for LG since this is so for the finite volume
srojections (X-systems have positive entropy) while the finite volume
IG has vanishing entropy. We now give a sketch of a direct proof of
the vanishing of h() for IG. We do this by finding a partition P
such that
-1 . a
v st p) =¢
j=-¢ n

This will suffice because we would have

A

h(H) = h(Rud) = H(B/e) = 0,

since P< s.
We choose for P the partition with elements of the form

P o(n; LIPRPRR kl,...,kn}.
Here n is the number of particles in [0,1) (i.e., in [0,1) x R, the
unit cell at the "right' of the origin in the ome-dimensional IG). The
particles in any cell [4, 4+ 1) arevindexed according to their distance
from the "left" boundary of that cell. m, labels the cell which at t =1
will contain the particle with index i in [0,1) (the ith particle from
the origin) and ki is the index at t =1 in [mi, m, + 1) of that particle.

Thus the partition Vv s p gives not only the number of particles
. j:-@

in each "unit cell", but also provides some velocity information by giving

the cell membership of each particle at t = 1 along with sufficient index

1
)



information to keep track of the identity of each particle so that

upon successive applications of T we obtain partitions giQing informaticn
about the trajectories with respect to unit cells of the t = 0 indexed
particles. The velocity and the exact position of each particle

may then be determined (using, e.g., the Jacobi theorem for the irrational

rotation of the circle), proving the desired result. (Ve remark that

uq

though the partition P just defined is not finite, its entropy H(P) is
finite 117, and partitions of finite entropy have essentiallv the same
properties as finite partitioms 7 12}). By a similar argument it may be
shown that h(ﬁ?) = 0 for the hard rod systems as well, providing some
justification for our assertion tnat the mixing which occurs in the.hard
rod systems is of essentially the same sort as occurs in IG.

Just as for a single automorphism (¥, uvé?) is said to have completely
positive entropy if h(P,zy) > 0 for all non-trivial partitioms P. For
a single automorphism it is this concept, which is equivalent to that
of K-system, upon which the characterizatiomi of K-systems in terms of finite
approximation and completely non-deterministic behavior given in the
introduction is based. It is therefore of interest that (S, T) - K-systems
have completely positivex;9-entropy. (We don't know whether the converse
holds). IG thus does mot form a (S, T) - K-system. Systems
with completely positivexécentropy are completely non-deterministic in
a much stronger sense than would be implied by completely pusitive
T-entropy. These systems do not admit of an approximation, in the sense
given in the.introduction, by the outcomes of a measurement (coarse
graining) which is global and only locally finite, in the sense that it
is performed by making a doub;y infinite sequence of measurements
(corresponding to v gh P) each of which ié a translate of some finite .
measurement (éorre:ponding to a finite partitioﬁ P). This is evidently '
- @ reasonable extension to infinite systems of the concept of "finite

approximation'! for finite svstems.
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) : 4
The final property we wish to mention is that ofrﬁLBernoulli system.

This may be defined by the existence of a measurable partition P which

. ho el m - .
is an independent generator for.., i.e. {5 T P}, n€ Z, mé& Z, forms

an independent family of mrtitions and generates. If (X, u, %) is

Bernoulli, then a) (I, ., S) is Bernoullil and b) (X, u, T) has an S-
!
. . . R - el ~d .
invariant independent generator (for T, namelv, ¥V §  P). = -Bernoulli
n

systems can, in fact, be characterized by a) and b), since factors of

‘ ‘ : hl i : o A .
Bernoulli shifts are Bernculli 72 . As the spate~cime 3arnoulli properts
taplies e existence 0L 4 (generatimg) slobal weasursi:znt vhose successive

(time) itevates are incepandent, it appcars ¢ L& an appropriata

axtansion to infinite svsiems of the time Bernoulli propertv for finite

1

systems. We have not yet found any particle systems to beﬁ?-Bernoulli.

Concluding remarks

i) The-ﬁ-ergodic properties are invariant under (iﬁtegral) Galilean
transformations. This need not be the case for T-ergodic properties -
consider IGl. This is so because from the abstract standpoint we may
view the sole effect of a Galilean transformation as the replacement of
the pair (S, T)lby another pair of generators (S', T') of 3_(see Ell]).

ii) Space~-time ergodic theory, like time ergodic theory, cannot
deal directly with the approach to equilibrium, as oppesed to the return
to equilibrium, problem (see section 1). Thus, if the LG starts out
with an initial velocity distribution £(p) which is not spherically
symmetric (but-is otherwise Poisson) we cannot, on the basis of its good
J-ergodic properties say anything about approach to a stationary state;
siﬁce this initial state is not absolutely continuous with respect to any

\
stationary state. Nevertheless, it is easy to see that the
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same local mixing mechanism which is responsible for LG being a -
X-system will also bring the system to a stationary state, with a
velocity distribution £(p) obtained from £(p) by angular averaging.
Similar results can be proven for more general initial states of
this kind. Indeed we expect an approach to a stationary state to
occur whenever the initial state is 'singular' with respect to the
good stationary measure gglx in a global sense, i.e. its projection

on any finite reecion &, would be absolutely continuous with respect
o ol b S =

(v

to a correspondingly projected scatianpnary | measura (wWitn zood mixing

Le7)

U

properties). Of course in LG all Poisson measures with spherical
symmetric velocity distributions are stationary and thefe is therefore
no approach to a 'unique' equilibrium‘state. We may expect however
that in a system with mutual particle interactions which also possesses
a good local dissipation mechanism, e.g. a hard sphere systém, that a
true approach to equilibrium will take place from initial states '"locally
absolutely continuous' with respect to the equilibrium state. We con-
jecture ;hat good $-ergodic properties (e.g. completely positive
F-entropy) will be somehow related, as in LG, to such good (non ergodic
theoretic) gtb behavior.

iii) In attempting to formulate, in the infinite system context,
additional properties of physical import similar to that of mixing
for finite systems several vague possibilities suggest themselves.
We mention a couple:

a) One might consider some sort of topological mixing: Infinite

systems come equipped with a natural topology within whose framework

measure zero difficulties or consequences thereof may not appear.



b) the framework of something like Axiom A Attractors might be

useful. Pehaps the phase space is largely decomposable into dis-

joint regioms, each with their own "attractor'" and a unique limit

measure on each "attractor'.

iv) Finally, we note that to completely account for gtb oune

would almost surely have to use the limit employed for the derivation

of the Boltzmann equation Lsee Lanford's Lectures., ia which, in

particular, the particle density becomes infinite while the size of

cthe

ige]

article vanishes. We expect, however, that such a limit should

not be necessary for the problem of (non detaile

ed) approach to

equilibrium - it should be possible to formulate the infinite system

"ohysical'' analog of mixing for finite systems.
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