
Commun. math. Phys. 28, 301-311 (1972)
© by Springer-Verlag 1972

Inequalities for Higher Order Ising Spins
and for Continuum Fluids*

Joel L. Lebowitz
Belfer Graduate School of Science, Yeshiva University, New York, N. Y., USA

James L. Monroe**
Dept. of Physics, Columbia University, New York, N.Y., USA

Received July 1, 1972

Abstract. The recently derived Fortuin, Kasteleyn and Ginibre (FKG) inequalities for
lattice gasses are investigated for higher order Ising spin systems and multi-component
lattice gasses. Conditions are given for the validity of the FKG inequalities for higher
order spin systems with Hamiltonians of the form used recently as models for various
physical systems, e.g. He3 — HeA mixtures. We also investigate various inequalities for
binary lattice gases and show how these can be carried over to continuum systems.

I. Introduction

In recent years a number of physical phenomena have been studied
where systems consisting of Ising type particles of spin one, ^ = 2,0, — 2,
or higher spin have been used as models. Some examples of such phe-
nomena are a) the phase transitions of U02 [1] and DyV04 [2], b) an-
nealed alloys of magnetic and non-magnetic atoms [3], c) the separation
of components in a classical mixture [4, 5], and d) the A-transition and
phase separation in He3 —He4 mixtures [6]. Higher order spin systems
have also been investigated in order to gain insight into the general
nature and existence of phase transitions [7].

An interesting question in these investigations is the extent to which
the many results known for simple spin \ Ising systems, St = ± 1, with
ferromagnetic interactions remain valid for these higher spin systems.
This question was partly answered by Griffiths [7] who showed that
every higher order Ising spin system can be "mapped" into some spin \
Ising systems. Higher spin systems with purely ferromagnetic interactions
were reduced to spin \ systems with the same property. This showed
immediately that the Griffiths [8], Kelly and Sherman [9] (GKS) ine-
qualities for spin \ Ising systems with ferromagnetic interactions re-
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mained valid also for higher spins. Unfortunately though most of the
higher spin systems used as physical models do not have all their inter-
actions ferromagnetic. The GKS inequalities do not therefore apply to
these systems. Recently however Fortuin, Kasteleyn, and Ginibre [10]
(FKG) derived some very interesting new inequalities for certain lattice
gases. The FKG inequalities apply in many cases in which the GKS do
not (and vice versa). In this note we find conditions for the validity of
the FKG inequalities for higher spin systems with Hamiltonians of the
type considered in the physical models.

We find for example that the FKG inequalities can hold for multi-
component lattice gases even in the presence of extended hard core
potentials between particles of different species on the lattice. This per-
mits an extension of these inequalities to continuum systems which may
be considered as limiting cases of lattice systems. An example of such
a system is the Lebowitz-Gallavotti [11] lattice model which becomes
the Widom-Rowlinson [12] continuum model. (The existence of phase
transitions in such continuum models was recently proven by Ruelle [13],
and Lebowitz and Lieb [14].) We also show that some of the inequalities
remain valid even for systems with extended hard core interactions
between particles of the same species. These too are extended to con-
tinuum systems.

We begin in Section 2 by introducing a general lattice spin system
Hamiltonian and also some general notation. In Section 3 we derive
sufficient conditions on the interaction coefficients of this Hamiltonian
for the FKG inequalities to hold. We then show how the spin one system
becomes, through a particular choice of interaction coefficients iso-
morphic to a binary lattice gas having extended hard core exclusion
between A and B particles; S. = 2(Sf = —2) denotes an v4-type (5-type)
particle. This system is designated as the A — B system and satisfies the
FKG inequalities. In Section 4 we consider binary systems which have
extended hard core exclusion between like particles as well as unlike
particles. For these systems neither the GKS nor FKG inequalities are
valid. We show however the validity of a more restricted set of inequalities.
In the concluding section, Section 5, the inequalities of the previous
sections for binary lattice systems are extended to the corresponding
continuum systems.

II. Description of the General System

The general system which we consider in the following sections con-
sists of an arbitrary lattice in v dimensions, enclosed in a region V and
containing \V\ lattice sites. On each site there is an Ising spin variable
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Si9 where Sf can take on the values p, p — 2,..., — p + 2, — p, where p is
a positive integer. The Hamiltonian of this spin system which we shall
consider has the form

H({S})=- Σ J(hj)SiSj- ΣyiUβsfsj-ΣHίjs,- Σμ(ί)sf tjev
(2.1)

where h(i) may be thought of as an external magnetic field. Setting
S. = 2nt — p, n{ = 0,1,. . . , p this system is equivalent to a lattice gas sys-
tem where each site may be occupied by 0 to p particles.

For the special case where p = 3 and J(i, /), y(ij) different from zero
only for nearest neighbor pairs we have the system used as a model for
Dy F 0 4 . If we consider the case where p = 2 we can with proper choices
of the four coefficients, J(Uj\ y(Uj\ h(ί) and μ(i), in Eq. (2.1) obtain the
other lattice systems mentioned in the introduction.

Throughout the paper we define Γ as the set of all (2p + 1) | F | states
of particular system under consideration and we denote specified states
by x, y e Γ. The thermal average, indicated by brackets, of any function /
defined on Γ is

</> = Z^Σ/(x)e-^ (2.2)
xeΓ

where
ZV=Σ e-βH^. (2.3)

III. GKS and FKG Inequalities

As mentioned in Section 1 it follows from the general results of
Griffiths [7] that the GKS inequalities

(3.1)

where SA = γ\ Si9 SB = f ] Si9 A, B C V, hold for Ising systems with arbi-
ieA ieB

trary spins whenever all the coefficients of the spin variables in (2.1) are
non-negative. (By symmetry they also hold when h(i) ̂  0 for all i ε V
and the other coefficients are non-negative.)

We turn now to the conditions on the coefficients of (2.1) necessary
for the FKG inequalities to hold. We shall need the following notation:
For any x,yeΓ let Sf(x), St(y) be the spin on the i-th site, ί e F, for the
x and y states respectively. We define x ^ y if for every ί e V S^x) ^ Sfy).
This definition establishes Γ as a partially ordered set. Next we define
f(x) to be an increasing (decreasing) function on Γ if f(x)^f(y)
(f(x) ^ f(y)) for any two states x and y such that x ^ y. The FKG ine-
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qualities and the conditions on (2.1) for which they are valid may now
be stated as follows:

Theorem 1. Let f and g be both increasing (decreasing) functions
on Γ. Then

< / 0 > < / > < 0 > ^ (3.2)
whenever

J(iJ)^(2p-2)2\y(iJ)\ for all iJeV.

Proof The result follows from Proposition 1 of Ref. [10] after showing
first that the states of the system form a distributive lattice and second
that the stated conditions on the J(/,y)'s and y(ίj)'s are sufficient to
insure the validity of the inequality

μ(xWy)μ(xAy)^μ(x)μ(y) (3.3)

where μ(x) = exp [ — βH(xJ] and x V y (x A y) signifies the state which is
the least upper bound (greatest lower bound) of the states x and y. The
least upper bound, x V y, is formed by taking the maximum spin between
Si(x) and S^y) for all i e V and x A y is formed by taking the minimum
spin i.e., St(x Vy) = max[Si(x), S,(y)] and Sί(xΛy) = min[Sj(x),Si(y)].

Fortuin etal. [10] noted in their paper that the states of a lattice
gas having as many as p particles on a site or the corresponding states
of the spin-p/2 system form a distributive lattice. The proof is simple.
By the definition we see immediately that the states form a lattice. To
prove the distributive property of Γ we must show that for any x,y,zeΓ
the operations satisfy either of the two equivalent conditions

x A (y V z) = (x Ay) V (x A z), (3.4)

x V (j, Λ z) = (x V j;) Λ (x V z). (3.5)

In terms of the spin system we must have, choosing to verify the first of
the two conditions, that for any site i e V

(3;), St(z)]}

= max{min[Si(x),SfO;)],min[Si(x),Sj(z)]} .

The S^x), Si(y\ and St(z) have 13 possible orderings (1 where St(x)
= Si(y) — Si(z\ 6 where two of the spin values are equal, and 6 where all
three spin values differ) and it is then a somewhat tedious but trivial
matter to verify the correctness of Eq. (3.4). Since the distributive property
holds for each site ί e V it holds for all V and therefore, the set of all
states, Γ, forms a distributive lattice.

We now show that the condition J(i,j)^(2p — 2)2 \γ(ij)\ is the
maximum restrictive condition imposed by the inequality (3.3). First we
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note that when x^y, i.e. two ordered states, then (3.3) holds as an
equality since μ(x V y) = μ(x) and μ(x Λy) = μ(y). Next we must consider
two unordered states x and y. The one-body interactions in (2.1), h(ί) St

and μ(ί) Sf, have no effect on the inequality (3.3). This is because each
Si(x), Si(y), Sf(x) and Sf (y) appearing on the right hand side of the
inequality also appears on the left hand side and hence cancel each other.
We are then left with the pair interactions J{i,j) StSj and y{ij) Sf Sf and
(3.3) becomes

ABCD^E(x)E(y), (3.7)

A = expβ Σ J(i,j) (min [^(x), S^)]) (min[S/x), Sj(y)]),

B=expβ X γ(i,j) ( m i n ^ x ) , S^)]) 2 ( m i n ^ x ) , S^)]) 2 ,

J(ί,j)^(7)5,(2)+ Σy(ίJ)Sf(z)SJ(z)\ , z = x or
j ij J

C and D are obtained from A and 5 respectively by substituting max
for min in their definitions.

The inequality (3.7) will clearly be established if it holds for each term
in the sum over pairs in the exponents. Looking now at a particular pair
of sites ij the inequality in (3.7) becomes an equality if Sf(x) ̂  St(y) and
Sj{x)^Sj{y) or Si{x)<*Si{y) and Sj(x)^Sj(y). Therefore we need only
consider two sites i,j e V where these sites are unordered for the states x
and y. Let Sf(x) = a, Sj(x) = b, St(y) = c, and Sj(y) = d. Since the pairs of
sites are unordered for the states x and y we must have a < c and b > d
or a > c and b < d. In either case the required inequality is,

eβJ(ij)ad eβJ(ij)bc e e

> eβJ(ij)ab eβJ(ij)cd βγ(ίj)a^b2 ^y(ij)c2d2 ^ ' '

This gives
) . (3.9)

We must now vary a, b, c, and d subject to the conditions a>c and b< d
or vice versa and thereby obtain conditions on the coefficients J(iJ) and
y(ij). The most restrictive condition is obtained when the value of the
right hand side of Eq. (3.9) is at its maximum value. For y{ίj) negative
the maximum value of the right hand side of (3.9) occurs when a = p,
b = p — 2,c = p — 2 and d = p. For y(ίj) positive the desired condition is
a = p,b=—p,c = p — 2, and d = — p + 2. Hence (3.3) will hold whenever
J(i,j)^(2p — 2)2 \γ(i,j)\, and we have proven Theorem 1.

We note that the FGK inequalities are satisfied for values of the
interaction coefficients much different from those necessary for the GKS
inequalities. There are no conditions on the one-body terms μ(i) and
h(i) and we are able to consider cases where y(ij) is negative.
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At this point we wish to consider explicitely a particular set of values
of the interaction coefficients for a spin one (5̂ - = 2,0, — 2) system. Let
us interpret Sf = + 2 (— 2) to represent the presence of an ,4-type (IMype)
particle at the ί-th site while St = 0 corresponds to the i-th site being
unoccupied. For the spin-one case the conditions of Theorem 1 require
that J(ίJ)^4\y{ίJ)\. We now set J(ίJ)= -4y(ίJ)^0 for all \r(ίj)\^d
where r(ί,j) is the vector between the /-th and /-th sites. For sites i and /
with \r(ίj)\ >dwe make no restrictions on the values for J(iJ) and γ(i.j)
other than that the inequality J(i,/)^4 |y(ij)l is satisfied. The Hamil-
tonian (2.1) now assumes the form

H=-Σ'J(ίJ) SMI -iStSj)-Σ"J(i,j)StSj

- Γy{Uj) Sf Sf - Σh{ϊ) St - Σμ(ί) Sf

where Σ' and Σ" indicate summations over all pairs of sites for which
\r(Uj)\^d and \r(ij)\>d respectively. Letting now J(ij)->oo for
\r(i, j)\ ̂  d we obtain a system in which A and B particles exclude unlike
particles from a sphere about their centers of radius d. We shall denote
this as the A — B system. If J(ίJ) and y(ij) are zero for \r(ij)\>d then
we have the lattice gas system for which Gallovatti and Lebowitz have
proven the existence of a phase transition. This system has as it's con-
tinuum analog the Widom-Rowlinson model. We shall prove the exist-
ence of the above correlation inequalities for this continuum model in
Section 5.

IV. Restricted Inequalities

We shall now consider a spin-one or binary lattice gas system in
which there are extended hard cores of radius d not only between A — B
pairs but also between A —A and B — B pairs. We shall label such a system
the A' — Bf system. This system may be obtained by letting y(ij)^> — 00
in the Hamiltonian (2.1) for \r(i,j)\ ^ d. For the A — B' system neither the
GKS or FKG inequalities are valid. Nevertheless we will prove the
existence of a restricted set of inequalities for this system whenever the
interactions for \r(ίj)\ >d satisfy the conditions for the applicability of
the GKS or FKG inequalities to spin-| systems.

For any "permissable" configuration, x9 let R(x) C V be the set of all
sites occupied by an A(Si = + 2) or B(St = - 2) particle. By "permissable"
we mean configurations where no particles are within a distance d of one
another. Note the transformation x-^R(x) is many to one. For any
function / of the spin variable or of the occupation numbers in lattice
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gas language the thermal average can be written as

</> = Z ~ 1 X X fe-'H, (4.1)
RCV S«=±2

α = l , 2 , . , |Λ|

where \R\ is the number of sites in R. This may be rewritten as

</> = x P(R) (z(R)-1 Σ fe~βH\ = Σ P(R) </; *> (4 2)
α = l , 2 , . . , |Λ|

Λ S α = ± 2

Here </; #> is a conditional thermal average of/ when we are given the
set R of occupied sites, P(R) is the probability of having the R sites
occupied,

P(R) = Z~1Σf e~βH(x) = Z(R)/Z . (4.3)
X

The prime indicates a summation only over those states x which have
the set R as the occupied sites.

It is seen from (4.2) that </: R} is the average of/ with respect to
a spin \ Ising system, Sf = ± 2, z e #. Hence if the interaction J(ί,j) ^ 0
for all ij e R then the FKG inequalities are valid for this subsystem and
if in addition h(ί) > 0 (or h(ΐ) < 0) for all ί e R then the GKS inequalities
too are valid. (Note that there is no constraint on the form of γ(ίj) or
μ(i) in (2.1).) These inequalities are of the form

</#; κ > - < / ; # > < # i O ^ o . (4.4)

where / and g have the form appropriate for the different inequalities.
We shall use (4.4) to derive linear inequalities of the form

<F;R}^(G;Ry (4.5)

where F and G are new functions of the states x. When (4.5) holds for
all RCV, (P(R) Φ 0) we can multiply both sides of (4.5) by P(R) and sum
over all R to obtain the desired result

<F>^<G>. (4.6)

We now give an example of such an inequality starting with the FKG
inequalities and therefore only require that J(iJ)^0 for all UjeV,
\r(i,j)\ > d. We define <ρ^(0> ( < £ B ( 0 » a s the density of A(B) particles on
the i-th site. In terms of the spin variables, Si9 we have

M i ) _ ^ ± ! and < l W . ϋ f c a . ,47,
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Since ρA(ί) and — ρB(ί) are increasing functions of x we have for any RcV,

<QA(Ϊ) QBV)', R> ^ <fti(0; R> <QBU)\ R> (4.8a)

and
<QB® QΛH)\ R> ^ <QB®1 R> <QA(J R> (4 8b)

Multiplying the two inequalities together and then using the FKG
inequality

<QA® QAH)\ R> ^ <QA®1 R> <QAV)'> R> (4.9)

and the similar inequality for ρB(i) and ρB(j) we have

<QA®<?*(/); *> <e*(0QAU)\ R> ύ <QA(i)QAV); R> < ^ ( 0 ^ ( / ) ; ^ > ( 4 i0)

Until now we have placed no restriction on the one-body interactions
μ(i) and h(i). We now restrict ourselves to the case of a uniform periodic
system, i.e. h(i) = h, μ(i) = μ, ieV, and the potentials J(ίJ) and y(ίj)
translationally invariant and satisfy periodic boundary conditions (when
h(i) = 0 these requirements of uniformity are not necessary). With these
restrictions we have then that the two thermal averages on the left side
of inequality (4.10) are equal.

Hence we have

<QA® QBOT, R> £ {<QA® QA(J)1 R> <QB® QBOΎ,

Multiplying (4.11) by P(R) and then summing over all possible JR we
obtain

< ^ ( 0 QB(J)> £ Ί KQA® QAQ)> + <QB® βn(/)>] (4.12)

Clearly other inequalities may be derived using these procedures the
main requirement always being to first obtain an inequality for the sub-
system R in the form of Eq. (4.5).

We note that for systems where in addition to the A' — B' system's
hard core exclusion of radius d we also have an additional exclusion
between unlike, A — B, pairs to a greater radius which we call D then the
inequalities of (4.6) still remain valid if we begin with the FKG ine-
qualities in (4.4). The inequalities hold for such systems because the
additional hard core interaction is a result of requiring J(iJ) = 4y(iJ)
and then letting J ( Ϊ J ' ) - > + oo for d < \r(ij)\ ^ D and this is clearly allow-
able for the FKG inequalities.

V. Inequalities for Continuum Systems

In this section we make use of the results for the lattice systems of
Sections 3 and 4 to derive similar inequalities for continuum systems.
The transition from lattice systems to continuum systems is accom-



Ising Spin Systems 309

pushed by considering a sequence of cubical lattices with spacing δ in
a given domain V C1RV and then letting the lattice spacing, <5, go to zero
while keeping the interaction potentials fixed as a function of rtj the
Euclidian distance between the i-th and /-th sites.

We consider a continuum system contained in an open bounded set
(domain) FCIRV. The system contains two molecular species (the case
where more than two species exists can be treated in a similar fashion)
labeled by α = — 2, 2 where α = 2 will denote on A particle and α = — 2
a B particle. Each of the molecular species has a fugacity, zα, which may
be a function of position and is given by

za(r) = expβ Lμ(r) α2 + h(r) α] , α = - 2,2, r e V. (5.1)

There is also an interaction potential φΛΛ,{\r — r'\) between a molecule
of species α at position r and a molecule of species α' at r' which is given by

^(|r-r'|)=-J(|r-r'|)aa'-y(|r-r'|)a2a'2. (5.2)

We assume at this point that the functions exp — β φa0L>{\r — r'\) and za(r)
are piece-wise continuous functions and satisfy the usual stability con-
dition necessary to insure the existence of thermodynamic behavior, i.e.,
the total potential energy for an arbitrary configuration of JV particles
has a lower bound of the form — BN, where B<co and is independent
of N. It is apparent with these definitions of the one and two-body
interactions that this system is the continuum analog of the spin-one
lattice system with the Hamiltonian of Eq. (2.1).

To make more explicit the correspondence between the lattice gas
and continuum system let X specify a configuration of the continuum
system and let ω be an open set in 1RV, ω C V. Define now the function
sc(X] α, ω) to equal the number of particles of species α which are in ω
when the configuration of the system is specified by X (cf. Ruelle [15]).
In a similar way we define for the lattice gas the function

sδ{x;a,ω) = £ ρα(i)
ieco

where ρa(i) = 1 if the spin variable on the i-th site of ω is equal to α and
is zero otherwise ( ρ 2 ( 0 Ξ ^ ( 0 » £ - 2 ( 0 = £B(0 given by Eq. (4.7)); the sum
is over all lattice sites i which lie in the domain ω hence sδ(x; δ, ω) depends
on the spacing δ of the lattice. It is now easily verified that under the
conditions specified earlier the expectation value, in the continuum
system grand ensemble, of any continuous function of the sc(X; α, ω)'s,
f({sc(X; α, ω}), is equal to the limit, as (5->0, of the expectation value of
f{{sδ(x; α, ω)}). The Hamiltonian H(x) of (2.1), with St = 2,0, - 2, to be
used in (2.2) and (2.3) for obtaining the expectation value oϊf({sδ(x;a,ω)})



310 J. L. Lebowitz and J. L. Monroe:

is related to the continuum functions defined in (5.1) and (5.2) in the
following way

J(ίJ) = J(\rt - rj\), γ(i,j) = y(|r4 - η\)9 h(ϊ) = ft(r£), (5.3)

1 (5.4)

where rt and Vj are the position vectors of the z-th and -th lattice sites
respectively and with the introduction of the logarithm in (5.4), (2.2), and
(2.3) become Riemann sums of f(x) e~βH(x) and e~βH(x) respectively.
These Riemann sums go over into the appropriate continuum integrals
when (5-+0.

It is seen now that whenever J(r)^.4\y(r)\ then the FKG lattice
inequalities hold also in the continuum system for the expectation values
of functions f({sc(X; α, ω)}) and g({sc(X; α, ω)}) for which the corre-
sponding lattice functions are monotone functions of x.

As an illustration of these inequalities we first note from (4.7) that
sδ(x;2, ω ) ^ 0 is an increasing function and sδ(x; — 2, ω ) ^ 0 is a de-
creasing function of x. Hence, defining, in the usual way [15], the dis-
t r i b u t i o n funct ion nhth(xl9 ...9xll9yl9 ...,yh; {zjf)}, V) as t h e a v e r a g e
j o i n t d e n s i t y of h a v i n g lx par t ic le s of species B a t p o s i t i o n s xl9...9xh

a n d l2 par t ic le s of species A a t p o s i t i o n s yl9 ...9yh9 * , e F a n d yjβ V,
we h a v e w h e n e v e r J(r) ̂  4 |y(r) |

= ldx1... f d x h [dyt... J d y h n h h ( x v . . . 9 y l 2 ; {za(r)}, V)

cot co/j (X)[ ϋ>ί

ί ^ Π *c(X; - 2, ω ^ ^ Π ^c(^; 2, ω'j)\ (5.5)

= \dxγ... J dxh J ί /JΊ . . . J dyhnluo(Xl,...,xh;{za(r)} V)

where the sets {ωj, {ωj} are assumed to be disjoint. Since (5.5) holds for
all such domains {ωj, {ωj} and the distribution functions exist and are
piece-wise continuous (for a fixed volume V) we must have

nha2(xl9...9xh,yt9...9yιJ^nlltO{xl9...9xlί)nOtl2(yl9...9yl2). (5.6)

The inequalities (5.6) apply in particular to the Widom-Rowlinson
model and similar systems discussed by Lebowitz and Lieb [14] and by
Stillinger and Helfand [5].
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When there are hard core interactions between particles of the same
species in the continuum system we are still able to obtain the modified
inequalities of Section 4. We expect that the inequalities for continuum
systems can be used, as they have been used for lattice systems, to
establish the existence of the infinite volume limit of correlation func-
tions in certain cases and to obtain inequalities between critical
exponents. We plan to investigate this further.
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