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The thermodynamic properties and radial distribution function of a “primitive model electrolyte’”
are calculated in the Mean Spherical Model (MSM) approximation. The system considered is formally
described as a classical fluid of charged hard spheres (hard sheets in one dimension). The interaction
potential between an jon of species ¢ and an ion of species j, v;;(r) is the sum of a Coulomb part and a
hard core part ¢;;(r) = o for r<Ry; or 0 otherwise. The MSM approximation consists of supplementing
the fact that the radial distribution function g;;(r) is zero for r< R;; by equating the Ornstein-Zernike
direct correlation function Ci;(r) to —guv;;(r) for > Ry;, 8 being the inverse temperature. In this paper,
which is the first of two in this topic, we give the method of solution for this approximation and obtain
Ci;(r) for r<Ry; as polynomials in 7, which have a structure similar to that found in the PY approxima-
tion for a mixture of uncharged hard spheres. We give the solution up to a set of algebraic equations in
the polynomial coefficients. In the second paper we discuss the explicit solution and derived thermodynamic

quantities.

I. THE PRIMITIVE MODEL FOR
STRONG ELECTROLYTES

The simplest model system which retains the main
features of strong electrolytic solutions is the primitive
model of electrolytes.! It consists of approximating the
solvent by a continuum in which the ions are im-
bedded—this continuum having a dielectric constant e
different from the vacuum dielectric constant—the
ions themselves interact with two-body additive forces
with the interaction potential between an ion of type 1
and one of type j a distance » apart given by

r< Ri]'
r>R;;.

vii(’) =,
(1

Here e; is the charge of the ith type of ion and R;; is the
distance of closest approach between an ion of type 1
and one of type j, Ri;=3(Ri+R;;), L.e., we are treating
the ions as charged hard spheres with diameters R;=
Rii. We assume over-all electrical neutrality, that is

= eiej/er,

Z pj€;= 07

7=l

(2)

where p; is the number density (assumed spatially
uniform) of species j and m is the number of species.
We will also consider a one-dimensional analog of the
primitive model, given by a svstem of infinite parallel
hard planes with charge e; uniformly distributed over
the surface, thickness R;, and number density p;
interacting via the pair potential v;;(| x|)(| x| being
the distance between the positions of the center of the
charged sheets on the real line):

(%) =, lx|<Rif

=—eie; | x|/2€ | x> Ryj,

(3)

where we impose the same condition of hard core ad-
ditivity, R;;=3(R:u+R;;), and electrical neutrality as

in the 3-dimensional case? Throughout this work,
unless otherwise stated, we will consider a two-com-
ponent system characterized by (p1, €1, R1) and (ps,
€2, Rs). Therefore the electrical neutrality condition is
given by pie;+p2=0 and we choose for definiteness
Ry>R,.

As indicated already by our assumption of spatial
uniformity of the densities p; we imagine our system to
be very large: formally (as a limit) of infinite size. We
shall assume that the radial distribution functions
g:;(r) of these systems exist in this limit,* and consider
a method for finding them in an approximate way. We
restrict ourselves to classical systems.

The Ornstein-Zernike® direct correlation matrix
C;;(r) is defined by the relationship

dr’

all space

hij(r) =Co{r)+

x éplmlu FDCall =1 D), (4)

where #;;(r)=g;;(r)—1 and Cp(r)=Cun(r) because
g12(r)=gun(r) by the definition of the gi;(r).

An important contribution to the understanding of
electrolyte solution properties was made by Debye and
Hiickel” in 1923. Theyv considered the case of point
charges in the limit of infinite ionic dilution. In the
language of the pair correlation functions the Debye-
Hiickel theory corresponds to setting the direct cor-
relation functions Cy;(r) equal to C;;PHE(r) = —Beie;/er,
0<r<». When this direct correlation function is
used, the solution of Eq. (4) for the radial distribution
function is given by

gi"H (r) =1—(B/e) ese; exp(—x7) /7, (5)

where x2=4m(B8/¢) 2.1 pie?. The deficiencies of this
approximation have been discussed over the years;
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MEAN SPHERICAL MODEL. I

the most obvious one is

giPH(r)>— .
r-0
However the thermodynamic quantities derived from
these distribution functions have been found correct
in the low concentration limit. Physically the main
feature of the D-H theory is the asymptotic behavior
of h,](r) ,

| hi;(r) |— constant exp(—xr) /7,
>0

which gives a quantitative form to the very important
idea of “screening” of the Coulomb potential between
two ions by the formation of charge “clouds” around
each ion.

Recently Stillinger and Lovett® obtained new moment
relations which the exact radial distribution functions
of an electrolyte must satisfy,® these are

L] 2
41r/ dr Y perga(r)ri=—e;, for each 1, (6a)
0 =1
00 2 2
- f Ir S pipmtiengin(r)ri=—6 3 pie/x  (6b)
0 1,m=1 1=1

The relation (6a), which we shall call the zeroth
moment relation corresponds to the well known local
electroneutrality conditions. We shall call the relation
(6b) the second moment relation. We note that the
approximate g;;°®(r) fulfill (6a) and (6b).

Stillinger and Lovett also prove that (6a) and
(6b) imply the presence of oscillations in the charge
cloud density around a given ion, for high enough
concentration of the solute when hard spheres inter-
actions are present between ions. For instance in the
case of e;=—e;=|¢|, pp=ps, Ri=R», (6a) and (6b)
imply that the charge cloud density around a positive
ion—given by

Q+(r) = drr’[prergn (r) +pataga(r) ]
=4nr’m | e | [gu(r) —gu(r)]

—cannot be negative for all #’s if xR>6Y2 In the
language of the Ornstein-Zernike direct correlation
function the zeroth and second moments relations can
be obtained using Fourier transforms.’® Defining the
Fourier transform of C;,(r):

Cii(k) = [Cij(r) exp(ik-r)dr,
the moment relations are satisfied if
Ei(k) = Cis (k) +-4mBee;/ ek (7)
has the properties:
(i) limk2E,;(k) =0,

k>

and (ii) &;,(%) is twice differentiable in the neighbor-
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hood of £=0. In physical space this means that to have
the moment relations it is sufficient that the functions
£:;(r)=Cy(r)+Bee;/er go to 0 as r—oo faster than
77! [in the sense defined by (7) ], and behave “reason-
ably” at r=0.

Other recent developments in the field of electrolytes
include the work of Rasaiah and Friedman,!! Rasaiah!2
and Anderson and Chandler.® They have improved
greatly the accuracy to which the properties of the
primitive model of strong electrolytes are known. Of
particular importance is the availability of accurate
computer experiments which constitute the “experi-
mental results” for comparison with theoretical compu-
tations. Such computations have been carried out
recently by Card and Valleau,™ as well as by Vorontsov-
Veliaminov and Eliasheich.!s

We shall compare our results with those of these
authors in Paper II of this work.

II. THE MEAN SPHERICAL APPROXIMATION
FOR STRONG ELECTROLYTES

The mean spherical model (MSM) approximate
integral equation was constructed by Lebowitz and
Percus'® as a generalization to continuum fluids with
hard spheres interactions of the spherical model for
Ising spin systems which are isomorphic to lattice
gases. The exact statement that g;;(r) vanishes for
r<R;; is supplemented in the MSM by setting C;;(r)
equal to —Bu,;(r) for r> R;;; therefore in our case we
have

gi;(r)=0 for r<Ry,
Cij(r) = —PBeie;/er for r>Ry;. (8)

From (8) it is clear that when e, e,=0 the MSM
coincides with the Percus-Yevick approximate equation
for a mixture of uncharged hard spheres, while for Ry,
R;=0 the MSM reduces to the Debye-Hiickel ap-
proximation. Furthermore since

Cij(r) +Beie;/er=Ci; O (r) 9

vanishes in the MSM for r> R;; the radial distribution
functions obtained from this model will satisfy the
Stillinger-Lovett moment relations. We shall indeed
make use of the relations in obtaining the exact solution
of the MSM equations.”

In terms of C;;®(r) the Ornstein-Zernike relation
[Eq. (4)] becomes

hij(r) —CijO(r) — X pefha(| ¥ NCyi@ (| 1—1 | ) dr’

= —Beie;/er— (B/e) Zl: pieie; [ Cha(r)dr' /| r—1' |]

=uii(1). (10)

We work now with the right-hand side of Eq. (10).
Performing the integrations over angles in the second
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term we obtain

E. WAISMAN AND J. L. LEBOWITZ

(10)

€5 4 T o0
uiy(r) =— Bewe;  4mB > pzelej(r‘lf ha(x)x*dx+ / hiz(x)xdx)
€ € 1 0 r
€5 4 0 4 0 0
=— Bese; _ L > ple,e,-/ hi(x) x%dx — in8 > plelej(—r'l / hiy(x) x%dx+ f h,-l(x)xdx),
€r [ S 0 € r r
but
Beie- 4 B
e 2 pieie;
€r [ S

because of condition (6a). Therefore (10) becomes

/ hu(x) Krdx= O,
0

B =C® )= T [ al)C0( £=2 D= E puef 7 [ ha(wytta— [“ha@ads), (1)
14 [4 r r

where we have defined y2= 88/«

The task then is to solve the nonlinear integral equation (11) with the “boundary conditions” A;;(r) =—1 for
r<R;; and C;;®=0 for > R;; when the condition >_; p:,=0 is satisfied.

III. SOLUTION FOR THE THREE-
DIMENSIONAL MSM

A. The Integral Equation

The techniques we use here, follow closely those used
by Lebowitz!® in solving the PY equation for a mixture
of uncharged hard spheres, which are a generalization
to the mixtures of Wertheim’s!® way of solving the PY
equation for a single component fluid of hard spheres.
It is easy to see why one would utilize the techniques
of Ref. 18, by noting that if the left hand side of Eq.
(11) is equated to 0, Eq. (11) would be exactly the
PY equation for uncharged hard spheres with Ci; (r)
the full direct correlation function for that problem.

We define the matrix o;;(7) by

[12(nin;) 2 Jlaii(r) = —Cy @ (r) for 7<Ry;,

=gij(r) fOI' T>Ri]’, (12)

where n;= (7/6) p..

Using bipolar coordinates for the convolution term
in the left-hand side of (11) and recalling the over-all
electrical neutrality condition Y_; p;e;=0, (11) becomes
in terms of o;;(r)

dyoa(y)

y=Rit

gij(r) —Air+ 2
i

min(r+y,Ri;)
x [ ou(w)du=—yr £ D,
i

u={r—y|<Ry;

X

max(r,Ri1)

oa(x)dx+-3v2 2 Dy;
l

X f (13)
max(r,Ril)

oi(x)xdx.

The condition |7r—y|<R;; means that the integral
vanishes if | r—y |> R;;. Here we have introduced the
matrix D;;(D) ;= (pip;)'%.e;, ‘‘the charge matrix”
which is known, and 4,;= (A) ;;=2m(p:p;) *a; where

Rij
a;= 1—4rx Zl: Pl / CU(O) (x) xtdx
0

Rlj
=142 5 /o) [ oy)ad. (1)

1
. Next we differentiate (13) with respect to r, obtain-
ing
0() = di= T [ dyoux)an(l e~y )

XO(Ryj—| r—y ) +Pis(r)

== ; Dy; / i

max(r,Ril)

a,-z(x)dx. (15)
Here o, stands for the nth derivative of oi; with
respect to 7, and §(x) is the Heaviside function 8(x) =
0 for <0, 8(x) =1 for x>0. The term P;(r) is zero
for (7, 7)# (1, 2) since for these elements the upper
bound on the % integration in (13) is independent of 7.
Hence P;;(r) =8:40,P(r), where

Pin=3% * caly—r)on(y)dy

L JRites
for r<A=3(Rs—Ry),
P(r)=0 for r>A. (15
From (13) and (15) it follows immediately that
5i;(0) = — (v*/4) Dy,
o P (0) =Ai— (/) Vi for (4,7)#(1,2) (16)
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where
V= 2 BuDyj,
D

B,~Z=/ a,-l(x)dx=12(mm)1/2/ xga(x)dx.  (16)
R

il Ry
It is seen from (16”) that V,;is related to the average
potential energy per unit volume, which is given by

Eer=¢1 Z Vi (16”)

From (13) we also can deduce directly that
o2(r) =ou(r) = — (v*/4) Du+ (An— (v¥/2) Va7,
forr<X\ (17)

B. Continuity Properties of o,;(7)

By inspecting Eq. (13) we see that ¢;;(r) is con-
tinuous everywhere (r>0). From (15), one can prove
that ¢; is also continuous everywhere. By differenti-
ating (15) once more one shows that ¢;;%(r) is con-
tinuous at r=R;;, and that en®(r) is disconlinuous
at r=X\. By induction one can also prove that o;;™ (r)
is continuous for 0<r< Ry, ¥n, and that oy, (7) is
continuous for N<r< Ry, Vn. Also we know ex-
plicitly from (17) that ox™(7) is continuous for
0<r<A, Yn.

We can also see that o;;®(r) is discontinuous for
r=Ru+Ry;, I=1, 2. Therefore it should be noticed
that when the case R;—0 is considered the fact that the
discontinuities “move in” must be taken into account.
Namely oz® becomes discontinuous at r=A=Ry=
Rs/2. Also ¢9,® becomes discontinuous at r=R, and
0’11(2) atr= 0

C. The Laplace Space Equation

Taking the Laplace transform of both sides of (13)
we obtain the following matrix equation in the s-
Laplace space:

sLG(s)+F(s) ]—A/s—G(s)[F(s) —F(—s) = I'(s)

= (v*/4)D— (v*/25)V+ (v*/25)G(s)D, (18)
where
Gisls) = / " exp(—sr)o(r)dr, (18')
R;j
Fis(s) = / exp(—sr)oii(r)dr, (18")

0

Iii(s) =0u8;2T1a(s) =80 P(—5)—P(5)], (18")

MODEL. 1 3089

where

P(s)= /)‘ exp{—sr) P(r)dr.

I'2(s) is not an independent function, it is determined
by the conditions Gi;(s) =G;i(s) and Fi(s)=F;(s)
which are implied by the symmetry of g;;(r) and
Cij(r).

Multiplying (18) by s and regrouping terms we get

G(s)[s*—sF£(s) — (+*/2)D]

=A—sF(s)+sT(s) — (v¥/4) (sD+2V), (19)
where F*(s)=F(s)—F(—s) and | is the identity
matrix.

We can write (19) in a more compact form, namely

G(s)=H(s)K(s) (20)

H(s) = A—s?F(s) +sT(s) — (v*/4) (sD+2V)
K(s)=[ls?—sF=(s)— (v2/2)D ]

From its definition we have that K(s) =K(—s) =K7(s),
where T indicates the transpose of the matrix.

D. Analyticity in the Complex s Plane

We think of (19) and (20) as functional (matrix)
equations extending the definition of the functions
under consideration to the whole complex s plane.

Since we are considering a disordered liquid away
from the phase transition region, g;;(r) should go to 1
as r—oo sufficiently rapidly. In fact a possible con-
dition for having a disordered fluid® is given by

/w]g,’j(r)—lla’r<°0. (21)

1]

Requiring Eq. (21) implies that Gi;(s) —12(nin;) %2
is analytic for Res>0 and bounded on the imag-
inary axis. We shall actually assume that Gi;(s)—
12(min; )%~ is analytic in the closed right-hand side
of the complex s-plane,® i.e., Res>0. Also if rC;;\ (r)
is uniformly bounded F;;(s) is an entire function of s.
We shall look for the solution of the MSM which
satisfied these conditions. From the same arguments
it follows that T'i2(s) is an entire function of s.
Furthermore, using these analyticity properties of
G(s), F(s), and I'(s) and the conclusions we have
obtained in Sec. III.B about the smoothness of o;;(r)
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the following asymptotic expressions are apparent:

E. WAISMAN AND J. L. LEBOWITZ

lim Fy;(s) =50:(0) — s (R:) exp(—sR:) 1H5[0:V(0) —0::P(R;) exp(—sR;) 4+ -,

Res—+o

lim F21(S) = 5—1[0'21(0) ‘—0’21(R21) exp(—sRm) ]+S—2[0210> (0) "‘0’21(1) (Rzl) exp(—ngl)]

Res—»o0

57 {ou®(0) — [on® (X*) —ou® (X7) T exp(—s\) —ou® (Ru) exp(—sRu) }+---,
lim Fi;(—s) =exp(sRi;) [s7'04j(Rij) — 57203,V (Rij) +57%0; (Rij) +++ -,

Res—»>x

lim Gi;(s) =exp(—sRi;) [s70:;(Rij) +57%040 (Rij) +5704/® (Ryj)  +++ ],

Resg-»0

lim T'(s)=0(s"2exp(s\) 1.

Res—+o

Several things should be noticed. First we denote by
f(at) and f(a~) the values of a function f(r) when
approaches ¢ from the right and from the left, respec-
tively. Second in the expressions for F.;(s) when n2>3
one must write in the asymptotic expression o (R;,”)
to differentiate from the expression for G;;(s) in which
the corresponding form is ;™ (R;;*). Up to <2 we
have written o (R;) because for n=0, 1, 2,
;" (Ri;7) =04 (R;Y). Finally the symbol O( )
indicates the same order, that is

lim Ty(s) =0[s2 exp(As) ]
Res—~»o0
iff
lim [Tia(s)/s~2 exp(As) ]=constant.

Res—+0

E. Solution for the Three-Dimensional Case
We now define the matrix L(s)

L(s)=G(s)H"(—s) =H(s)K(s)HT(—s), (23)

then
L7(—s) =H(s)GT(—s) =H(s)KT(—s)HT(—35)

=H(s)K(s)H"(—=5) =L(s), (23)

where we have used the property K7(—s)=K(s).
Rewriting (22) in component form we have:

Li,(s) = 2]: G{l(S)H,z(—S).

It follows from the definition of H(s) and the fact that
F(s) and I'(s) are entire, that H(s) is also entire. Com-
bining this with the required analyticity of Gy;(s)—
12(nin;)¥%57% in the right half-plane, Res>0, we ob-
tain that L;(s)—125723"; (9:)2H;(0) is also an-
alytic in the closed right-hand plane. It follows therefore
from the symmetry of L(s), given in (23), that L;;(s) —
5724,/ is entire; the definition of 4,/ being

A’ =123 (im) PH;1(0) =12 3 (i) 2450,
l l

(23")

The last equality obtains because

2 () V=0
l

(22)

from the definition of V; and the over-all electrical
neutrality condition.

We can now prove, using in a straightforward way
the asymptotic expressions (22), that

Lii(s) =524 = Lis(—s) —s72 44/
is bounded along every ray in the s plane, and that

L1 (s) exp(Ns) — Ao’ [As7'+572]
= Lp(—s)exp(As) — An'[As714-572]

is also bounded along every ray. Therefore, from the
theory of functions of a complex variable,? L;(s)—
s24;/ is a constant, we shall call 2M;;. Similarly
Ly (s) exp(As) — An'[As™!4s77] is also a constant;
we shall call it 2M,,.

The above resull is the crucial part of our solution.
Using this result we can now take the inverse Laplace
transforms of the right side of (23'"), taking also into
account the asymptotic form for Fi;, Gi;, Tii(s),
and the continuity properties of o;(r) to obtain that

cu(r) =— (V/ ) Dyu+[Au— (V¥/2)Vidr+Mn?

+A4'rt/2, for r<R; (24)
and
on(r) =012(r) = — (v*/4) Dut[An— (v*/2) Vu Ir,
for <A,

on(r) = 012(7’) == (72/4) Dy+ [An— (72/2) Vzl:lf
+ Mo (r—N) 4 An’ (Re— Ry) (r—N)*+(An'/2) (r—N)4,
for A<r< Ry (25)

Knowing o¢;;(r), for r<R;;, gives us Cy;(r) for r<R;;
and hence the full formal solution of the MSM. There-
fore what it is left now to obtain the explicit solution to
our problem is to solve for the unknown coefficients
in Egs. (24) and (25). D;; is known A4;; and 4, are
known in terms of @; and @;. On the other hand Va is
known in terms of Vi from the over-all electrical
neutrality condition. The (¢, )= (1, 2) element is
irrelevant because @z (r) =o012(r). Therefore we have
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seven unknowns, namely
(dl, a3, Vi, Vs, My, My, M21)-

We should remark that the form of a;;(r) for r<R;;
is quite similar to the form of ¢;#8(r), the uncharged
hard spheres PY solution. We obtain polynomials of
the same order as in that case, the main difference
being the presence of a constant term — (y%/4)Di;
which is absent in the uncharged case.

Now, the defining equation, Eq. (14), for a; and a.
are fwo linear equations in the seven unknowns. The
extra equations we need, come from the continuity of
o (R;;) for n=0, 1, 2 in the following way: We have
proven that L;(s)—s 24, =constant=2M;, on the
other hand by definition of

Ln‘(s), Lii(s) = zl: G,‘[(S)H”(—*S).

It then follows that

Y Gals)Ha(—s)=Lu(s) =2M 45724, (26)
1
similarly
exp(As) 2 GuHu(—s) =Lax(s) exp(Xs)
1
=2Mu+hAo's+An's2 (27)

We can now use in (26) and (27) the asymptotic ex-
pressions we obtained in (22) [which as we already
indicated contained the continuity of o™ (r) for
n=0, 1, 2 at R;;]. Equating the coefficients of s, s7,
and s~ we derive the following equations

M= — Xt~ X, (28a)

A =—=2AXaZu+XoZ T+ ¥+ Va2, (28b)
2Mn= — X (Xu+Xn), (28¢)

Mo’ =Xu(Vu— Vo) +Vu(Xn—Xu), (28d)

Ay = —Zn(Xu+Xoo) +Yor (Yt Vo) — Xa(Zu+Zn),

(28e)
where
Xij=0i;(Ri;),
V=04V (Ry),
Zij=0®(Ry;). (286)

Since X;, V., Z;; are evaluated in terms of the un-
knowns using (24) and (25), (28a) through (28e)
constitute seven quadratic equations in our seven un-
knowns. We should, however, realize that not all of
them are independent because of the following property
implied by the symmetry of our problem, i.e.,

o9 (f) (—)011(7’)

when Ry Ry, pr—p1, ex¢e1. That is, o11(7) obtains from
o22(r) by interchanging Ry, p1, &1 with R, ps, €2 and
vice versa.

3091

In general there are several solutions for (14) and
(28), but it is always possible to choose the physical
one unambiguously, as we will show in several special
cases in Paper II. '

Finally we remark that it follows from (24) and (25)
and the definition of o;;(r) that C;;(r) is finite at
r=0, because the term —+2/4D;; appearing in o4(r)
for r<R;; exactly cancels out the ‘“continuation”
of the Coulomb potential inside the core, introduced
in (9).

1V. SOLUTION TO THE ONE-DIMENSIONAL
MSM FOR CHARGED HARD SHEETS
The MSM for this case is given by the relations
gii(r) =0, for r<Ry;,
Ci;(r) =PBeer/ 2e, r>Rij, (29)

where 7 is the distance between the centers of two
charged sheets. The sheets of type ¢ have a thickness
Ri=R;,.

The moment conditions equivalent to (6a) and
(6b) are in this case

2 Z pier / gil(f)[b’: —€;
! R

11

(30)
and

© 2
25 pieionen | ()P =— ¥ e, (30b)
l.om R X1

im
where x2= (8/¢) 21 pies; x~! being the Debye length
for this ¢d problem. We define

Ci,(r) =C 0 (r) +Beie;r/ 2e. (31)

Therefore C;; (r) =0 for > R;;. Next we introduce the
function ¢;;(r) by

r>R;;,
r<R;;.

(pipj) ?a:i(r) = gi;(r),
=—C;0(n),

In terms of ¢;;(r) the one-dimensional Ornstein-
Zernike equation becomes

(32)

oii(r) — A+ gal| y Ney(l r—y Dy

I Y1yI>Rit1|r—yi<Riyj

== 2Dy [ [real)—yma) My, (3)
max(r,ftsl
where ¥2=28/¢, Di;= (pip;)V?e;e;, and
Aiy=(pip;)""a;
pL 1/2  rRy;
~ o 22 ()" [Moutma]. 0
J L]

Following the reasoning we used in the 3D case we
can prove that

(i) o:;(r) is continuous everywhere,
(ii) @4;¥(r) is continuous across 7= R;;,
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(iif) en®(r) is discontinuous for r=\=(R,—Ry) /2,

(iv) ¢i™(r) is continuous for all #’s for 0<r<R;;
and that

(v) eu™(r) is continuous for 0<r<\ and for
A<r< Ry, V1.

We also have from (33) that
O'z'i(o) =Aq+ (72/2) Vi,
on(r) = Au+ (v*/2) Vart (v*/4) Darr,

where

r<x,  (35)

Vi= 2 DyBu= 3. le/ you(y)dy.
! 11 R

il
Taking the Laplace transform of (33) we obtain

G(s)=H(s)K(s). (36)
Here

H(s) = As—s?F(s) =5 (s) + (v%/4) (D+2sV), (36")
K(s) = {s?1+s*[F(s) +F(—s) ]— (v*/2)D}, (36")

where

Ri;
Fij(S) = / o’ij(r) exp(_sr)dr7 (36”')
0

Gi;(s) = /‘”. aij(r) exp(—sr)dr. (36"

Rij
I is the identity matrix, and Ty;(s) =8:10,] Un(s)+
Urp(—s) 7], where

A
Ugp(s) = / exp(—sr) Usp(r)dr,
0

Uxs(r) being given by

Ri2
Un(r)= % ou(Pou(lr—y[)dy, 7<\
4 Rip+r
Um(f) =0, r>A. (36”’”)

It is clear that K(s)=K(—s)=KT(—s). Also we
have that H(s) is entire because by the same arguments
as in the 3D case F(s) and I'(s) are entire. On the other
hand we require that G,;(s)— (pip;)V?/s be analytic
for Res>0. Therefore if we define L(s) =G (s)HT(—3s)
we know that L(s) =L7(s); and this implies L;;(s)—
5713 (pips)2H ;7(0) is an entire function of s. But
we can see that D (pip)2H;;(0) vanishes, namely

; (pip) "H 2 (0) = (v*/4) ; (pip1) ?D;=0

because of over-all electrical neutrality. Therefore L(s)
is an entire function of s.

Furthermore we can prove that L;(s) and
Ly (s) exp(Xs) are bounded along every ray in the
complex s plane. Hence in analogy with the 3p case,

L;;=M ;= constant,

Ly exp(As) = My = constant. 37
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We can obtain the value of M;; by calculating
Lij(O) =lim Z Gil(S)sz(—S) ZM,']'.
s»>0 !
Writing Giz(S) =P,~l(s)+ (Pipl) 1/28—1, Pil(S) will be
finite when s—0. Thus

Li;(0) =lim 3 [Pu(s)+ (pipr) V2s7]

s+0 1
X[—=Aus+ (v*/4) D]
= ZZ: (pipt) 2A 5+ (v¥/4)lim 3- Gu(s) Dy (38)

50 !
Recalling the definition of G;;(s) and D;; we obtain for
the second term in the right hand side of (38)

m 3° Ga(s) Dji=1v*(pip;) 2e; 2. pe
=0 ! 1

X g”(x) dx= —%’YZDU. (39)
Ril

Here we have used explicitly the first moment re-
lation (30a). Therefore we have

Lij(0)=—A4,/—(+v*/8) Dy,

A= 2 (pipr)' 4.

l

(40)
where

Now, using the definition of L;;(s) one can take the
inverse Laplace transform of L,;(s) and obtain for
(1,7)5£ (1, 2) that

oii(r)=Au+ O/ 2) Vit (y2/8) Dir— A7, r<R;,
on(r) =An+(*/2) Vat (v*/4) Dar, 7<),
on(r) = Au+(v*/2) Vot (v*/4) Dayr
—~[(v¥/8) Dy+4,/J(r—\) for A<r<Ry. (41)

To solve the problem completely we have to find the
quantities a, @, Vi1, and V. Equation (34) gives us
two linear equations in these quantities. To get the
needed extra equations we use the continuity of
ai;(r) at r=R;; in the same manner as in the 3D case
obtaining

A’ +(v/8) Dij= 3 ou(Ru)ar;(Ry)),
l

for (4,7)#(1,2)

which constitute three equations, but again, not all of
them independent because of the symmetry between
on and gy, We will show in Paper II that for this case
it is possible to solve explicitly for any combination
of (Ry, e, p1) and (Rs, e, pe), subject of course to
pe1t paea=0.

(42)
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Mean Spherical Model Integral Equation for Charged Hard Spheres.* II. Results
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We continue our investigation of the solution of the mean spherical model integral equation for systems
of charged hard spheres and charged hard sheets (in one dimension). The general method of solution was
presented in Paper I of this series. This paper contains explicit expressions for the structure functions and
thermodynamic properties of a variety of such systems in one and three dimensions. The results all have
a very simple form and are in good agreement with various machine computations. When the charges
on the particles vanish our results coincide with those obtained from the Percus-Yevick equation for
hard spheres while in the limit of zero hard core diameters the results go over into those obtained from

the linearized Debye-Hiickel theory.

I. INTRODUCTION

In the first part of this work! (to which we shall
refer to as I) we have obtained the formal solution of
the mean spherical model (MSM) integral equation
for a mixture of charged hard spheres in three dimen-
sions and charged hard parallel sheets in one dimen-
sion. The systems under consideration are required to
be over-all electrically neutral.

We recall here briefly the statement of the problem
as well as the results we have obtained in L

The interaction potential between an ion of species
1 and another ion of species j is given by

vij(r) =, <Ry,
=¢e;/er, r>R.;, (1a)
in three dimensions, and
24(r) =0, r<Rij,
= —e.e;r/ 2, r>Rij, (1b)

in one dimension.

Here r is the distance between the centers of two
hard spheres (3p) or two hard sheets (1p), R;; is the
distance of closest approach between an ion of type i

and an other of type j and satisfies the additivity
condition R;;=(R~+R;)/2=(R;+R;;)/2, e; is the
charge of an ion of type i. The over-all electrical-
neutrality condition is given by
E‘:pjefz(); (2)
=1
where p; is the number density of species j, considered
spacially uniform, and m is the number of different
species in the mixture. 8 is the reciprocal temperature
and e the phenomenological dielectric constant of the
solvent in which the ions are imbedded.
The MSM integral equation for these systems is
given by
gi(r) =0,  r<Ry

Cij(r) = —Brij(7), (3)

where g;;(r) are the radial distribution functions, and
C;;(r) are the Ornstein—Zernike direct correlation func-
tions defined by the relationship

gii(r} —1=Cy(r)

7>Rij

+ > olgal || )—=1]Cy( | r—1"|)dr'.

all space 1

4)
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