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We prove the existence of new Griffiths type inequalities for anti-ferromagnetic Ising spin systems
and the corresponding lattice gases. It is shown in particular that for such a system the two spin
(or particle) Ursell function [(0;05) - ;) (03] is positive when  and j are on the same sublattice and
negative when they are on different sublattices. This is true for all values of the external magnetic
field {or chemical potential) at the different lattice sites.

In a very interesting recent paper Fortuin et al. [1] made an important extension of the Griffith et
al. [2] inequalities for ferromagnetic systems. In lattice gas language they proved that whenever the
two particle and higher order interactions are attractive then the inequalities of [2] hold independent of
the sign or magnitude of the one body interaction (which includes the chemical potential). It is the purpose
of this note to point out that the result of [1] implies new Griffiths type inequalities for anti-ferromag-
netic spin systems and corresponding lattice gases.

Let A be a set, e.g. a finite lattice, whose sites will be designated by ¢, i=1,..., |A| In the usual
notation p; € (0,1) designates the occupation number of the ith site and o; =(sz-- 1)e (-1,1) is the cor-
responding Ising spin variable. We shall denote by P,@,R,... the subsets of A and let pp=[];jcr Pi
Ogr =[1;er% » €te. The lattice gas Hamiltonian of this system has the general form,

Hy= T o®)pg - )
RCA

The result of [1] which we shall need is that
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whenever o (R) = 0 for R containing two or more sites. Here

(PP>={E .OPEXP[ERCP(R) PRE){{{E}EXP[ER"O(R)}DR]}: (3)
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and we have included the reciprocal temperature § in the Hamiltonian (or simply set it equal to one).
Inequalities for the corresponding Ising spin system can be deduced from (2). In particular if there are
only pair interaction between the particles,

Hy ==z X5 ¢@,) pip-D0@p;,  i,jeh 4
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then the corresponding spin Hamiltonian is
Hg=-3 f%jJ(i,j)afc_xj-Eh(i}cﬁconst. (5)
with
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In (5) k(i) is the external magnetic field acting on the ith site. It is then a consequence of (2) that in-
dependent of the sign of the external field at the different sites,

{o;0;0-4o,) (o) =4 p;05) - (o) (0] =0 (7)

whenever J{i,j) = 0.

Consider now a set A which can be decomposed into two disjoint subsets A' and B', A' U B' = A, eg.
A is a subset of an infinite cubic lattice and A' and B' are the intersections of A with the two sublattices
Aand B. Let

lifie A
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and set e 8
L= A; 04, ?1?::% (”'f.+ 1):1“)1:4-%(] —ht’) - (9)

It is readily verified now by using the transformation (9) that whenever Ap @(R) = 0 for R containing
two or more sites (which for a system having only pair interactions means that the pair potential in (4)
(and (5)) has the property that Ajrj o(i,j) = 0, i.e. @(i,j) = 0 for i and j on the same sublattice and
©(i,j) < 0 for i and j on different sublattices) then the inequalities of [1] apply to the(nR ). We thus have
in particular that

@f%‘)'(%) (aj}=likj1(cricrj)-(ai)(aj}1. (10)

Eq. (10) and its generalizations which can be obtained by using (9) on the inequality (2) of [1] is the
main result of this note. It shows that for an anti-ferromagnetic Ising spin system in an arbitrary ex-
ternal magnetic field two spins are positively correlated when they are on the same sublattice and
negatively correlated when on different sublattices. In lattice gas language (10) is a statement about the
two particle Ursell function F(i, ) =( p; pj)-{p;)}{pj) = Ak | F(i,j)| which alternates in sign as j is
translated along a row or column in a cugical lattice whilé ¢ is held fixed. This result remains true in
the limiting case of the interparticle potential - @(i, j) becoming infinte when i andj are nearest neigh-
bors (hard cube lattice gas).

The results we have obtained may be used to prove the existence of the thermodynamic limit of the
correlation functions {pp) in these systems under suitable boundary conditions. When A is a subset of
an infinite lattice X and A, B are parts of the A and B sublattices outside A we may consider the two
boundary conditions in which all the sites in A (B) are occupied by particles and the sites in B(A) are
empty. We then find that for any fixed R, (np) =(lier[2in+ 3 (1-1;)]) decreases (increases) monotoni-
cally as A— « for any preassigned values of the chemical potential or external magnetic fields at all
sites of X. This proves the existence of the thermodynamic limit of the {ng) and hence also of the (py)
(at least when the interparticle potentials are bounded). The limiting correlation functions need not
coincide for the two different boundary conditions. They do however give bounds on the (#p) obtained
with any other boundary conditions.
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