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Mixtures of Hard Spheres with Nonadditive Diameters: Some Exact Results and
Solution of PY Equation*
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We investigate the properties of binary mixtures of hard-sphere fluids with nonadditive diameters: calling
R;; the distance of closest approach between particles of species 7 and j we assume Rypy=1(Ry~+Rx)+ta
with o7#0. We find the exact correlation functions as well as the solution of the Percus-Yevick integral
equation for this system with 0<a<3(Rxn— Ri), in one dimension. For the three-dimensional case the

Percus—Yevick equation is solved partially.

I. INTRODUCTION

In the absence of any exact results for the radial
distribution function of dense gases and liquids, our
understanding and interpretation of experiments in
fluids relies heavily on the use of various approximate
“integral equations” for these functions. These equa-
tions, derived on the basis of some “reasonable”
physical, mathematical, or psychological hypothesis, are
usually nonlinear and their solution, therefore, generally
requires the use of a computer, which reduces their
usefulness.! By some serendipity one of the more
successful of these integral equations, the Percus—
Yevick equation,? has a relatively simple closed form
solution for a system of hard spheres. The solution for a
single component ‘hard-sphere” fluid with inter-
particle potential

s r<R

>R (1.1)

was obtained by Wertheim® and Thiele.t Wertheim’s
method was generalized by Lebowitz® to yield the
solution of a more general Percus—Yevick equation for
mixtures of hard spheres with potential between
particles of species 7 and 7

vii(r)= oo, r<Ry

=0, r>R;; (1.2)

when the diameters are additive, i.e.,

Rij=%(R;i+Ry;). (1.3)

These solutions have been used extensively in connec-
tion with x-ray and neutron scattering data from simple
fluids and from liquid metals.® It was in connection with
the latter experiments that Enderby (private com-
munication) remarked on the “good” agreement
between experiment and the results of the PY equation
for some binary liquid metal mixtures, and the lack of it
for others. There seemed to be a correlation between the
deviations from the results of the PY equation and the
degree of nonideality (excess volume) of the mixture.
Now it is well established that ions of tin, bismuth, or,
for that matter, atoms of argon, do not act exactly like
billiard balls. The interpretation of their structure
functions in terms of those of hard spheres must there-
fore be thought of as “modeling,” with the diameter an
adjustable parameter, and not taken too literally. Tn
particular, there is no compelling reason to assume that
the best “effective’” diameter between particles of
different species 7 and 4, R;;, is the arithmetic mean of
Ri; and R;;. It may indeed be expected that a system in
which the true interspecies potential ¢;; was more
repulsive (attractive) than the average of the intra-
species potentials ¢;; and ¢;; would be better represented
by an R;; which is larger (smaller) than (R,;+R,;)/2.
These considerations led us to investigate the PY
equation for a binary mixture of hard spheres with non-
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additive diameters, i.e.,
Rip= (Ru+Ra)/2+e (1.4)

with o a measure of the degree of nonadditivity. The
solution of the PY equation for this system presented
here is considerably more complicated than that ob-
tained for the additive case. Indeed the complexity of
the problem in three dimensions is so great that we are
able to present here only part of the solution for such a
system. In one dimension, however, where the solution
of the PY equation has a structure very similar to that
in three dimensions, the result can be given in a more
explicit form.

In both cases we are led to a new kind of functional
equation in the complex plane involving Laplace trans-
forms of the direct correlation functions. The complete
solution of this equation, which is used in this paper for
the one dimensional case, will be given in a separate
paper by Penrose and Lebowitz.”

For comparison we also find and give the exact results
in one dimension. We find that for the case of non-
additive diameters the PY equation is no longer exact
in one dimension, the exact direct-correlation function
having a longer range than the interparticle potential 8
Nevertheless the PY solution appears to be a good
approximation to the exact result and we hope that this
will be the case also in three dimensions where the exact
result is not available.

Formulation of Problem

Let g;;(r) =g;:(r) be the radial distribution functions,
i,7=(1, 2), of a uniform binary mixture with densities
p:. The direct correlation functions C.;(r) are defined
by the relations

gff(f)—1=C¢j(r)
+ lz:Plegil(r')—1:|Cl]-(r—r')drr’ (1.5)

with C;(r)=C;;(r). As is well known, the chemical
potentials of the different species may be obtained from
the direct correlation functions via the relations®

81— puJ Coi(r)dr = pi[ dpi(py, p2)/3p;]

and hence

1— 2 pJCis(r)dr= flj pu(Om/dp;)=0p/dp;, (1.7)

(1.6)

where y; is the chemical potential of the /th species and
p is the pressure (we are using units in which 2T=1).

For a system of hard spheres with interparticle
potential (1.2), g;;(r) =0 for r < R;;. The PY approxima-
tion for this system then consists of the assumption
that Cy;(r) vanishes for 7> R, i.e.,

g:i5(r)=0, for r<Ry,
C{j(?’):(), for »> R” (18)
Finding a solution of Eq. (1.5) which satisfies (1.8) and
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the asymptotic conditions g;;(7)—1 as 7— o constitutes
our problem.

II. ONE DIMENSION: EXACT SOLUTION

A. Equation of State

For a one-dimensional binary mixture of hard rods the
exact equation of state and correlation functions can be
obtained in a simple way. Using the isothermal-
ispbaric canonical ensemble it is easily shown!® (in the
infinite volume limit) that when the position of a
particle of species 4 is fixed then the conditional prob-
ability density, P;;%(r), of finding as its first neighbor
in some direction a particle of species j at a distance r
away is given by

Pij0(r)=E(r—Ri;)p;K ¢, (2.1)
where E(x) is the Heaviside function
E(x)=1, x>0
=0, x<0, (2.2)

p; is the density of particles of species j, K;;=Kj; are
constants independent of r, and p is the pressure (in
units of £7"). The normalization of the P; yields

2 ©
2| drPy®O(r)=1=p' 3 p;K,; exp(—pRy;),
=179

i=1,2. (2.3)

Simple considerations of symmetry show that for
r> maxR;; the ratio Pa®(r)/ PV (r) is independent of
1, Or

K12= (K11K22)1/2. (24)

We may relate the K;; to the -.sual radial distribution
functions g;;(r) =g;:(r) by noting that

pigii(r)=P;;P(r), for r< min[Ry+Ry]. (2.5)
11
Equations (2.3) and (2.4) may now be rewritten in

terms of the contact values of the radial distribution
functions; g.;(R:;) = K;; exp[— pR.; ],

P =pgu(Ru) +pogrz( Riz) = prger (Rya) + pogas (Raa),
and
g12(Ruz) =[gu1(Ru)goa(Rss) V27
= —piotpe—[(prtp2)?+4010:0 12} /[ 201020 ],
(2.7)

where = (¢***—1) and «, defined in (1.4), measures
the nonadditivity of the diameters. To obtain the
equation of state, we now make use of the virial theorem

p= pl+ pz+ p12R11g 1 (Rn) + 2p1P2R12g 12 ( Rm)
+,022R22g22 (Rzz)
= DJ1+P2+ 2p1p2ag12(R12)]/( 1— 5),

(2.6)

(2.8)
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F16. 1. Exact equations of state. Plots
of p/p vs £=3p Ry for a one-dimensional
mixture of hard rods; pi=p:=%p, Ru=

2Ry A
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where £=p1Ry1+ psRs2g and we have used (2.6) to obtain
the second equality in (2.8). Using now (2.7) yields the
equation of state

p=pQ/{ POLRu+y(Rss— Ru) ]+Q— pe

+pal1+4y(1-2)01"},  (2.9)
where
p=pite:,  y=p/p=1—pi/p. (2.10)
The excess volume of the mixture is given by
(e )Fr=af[1+4y(1—y)Q]"*—1}/Q, (2.11)

which, as expected, has the same sign as a.

It is interesting to look at (2.7) and (2.9) as the
pressure increases. For a positive the states of small
volume correspond to a segregation of the components,
while for @ negative a smaller volume is obtained for a
thorough mixing. Hence as the pressure increases the
state of the system will change, for y>£0 or 1, from a
random one to an ‘“ordered” one. (The difference
between the orderings for >0 and a <0 is very similar
to the different orderings found in ferro- and anti-
ferromagnetic states.?) A quantitative measure of this
effect is provided by the ratio

g12(R12) /[ g1 (Ru1) goa(Rog) 2= g v

according to (2.7). For our one-dimensional system the
transition from a random state at low pressure to an
ordered state at high pressure proceeds in a smooth way,
whereas in three dimensions we expect there to be a
phase transition.

As p— oo the system will go to a state of close packing
which for a>0, when there is segregation, clearly cor-
responds to £=pRn+p2Rae—1, yielding, for fixed y, a
maximum density

Pmax=[R11+y(R22—R11)]_l, a>0 (212)

(the same density as for «=0). For <0 the maximum
value of p for fixed y can be obtained from (2.9) as

pmax=[Ru+y(Rpp—Ru)+a(14+ [(y—%)NT,  «<0.
(2.13)

6 .8 1.0 1.2 14 16 8 20

In Fig. 1, we plot p/p vs & for y=%, Ry=2Ry, and
a==x3Ry, a==+3Ry. The expected behavior of
£=3pRy as p— = is clearly seen.

B. Correlation Functions

Let P;;®(r) be the probability density that the nth
neighbor of a given particle of species < is a particle of
species 7 located a distance » away. Then clearly!-13

2

P (r)= 3 / Py (PO (r—¢ )y, (2.14)

=19
and

o0

pigii(r)= 22 P;;™(r).

n=1

(2.15)

Hence, defining the symmetric Laplace transforms

Gi(s)= [ e lom)iigs(rar,  (2.16)
0
Pii(s)= /“’ e (ps/ ;) 12P ;0 (r)dr
0
= (pip;)PK 5 exp(—sRyy) (s+p)7,  (2.17)

Tasre I. Values of (£;;mx) and r;; from Figs. 2-4:
ko=3n/(Ru+Re), 7o=4m/(Ru+Ras), p1=p2,p=0.991/ (Ri+Roz) .

(2, 7) (Rn+Re2) /2Ri;  (kij™x) ko Ti5/70
a=0

(1, 1) 1.12 1.12 1.12

(2,2) 0.90 0.91 .

(1,2) 1.00 1.00 1.00
a=(35/39)A

(1, 1) 1.12 1.15 1.12

2.2) 0.90 0.93 0.90

(1,2) 0.91 0.93 0.91
a=—(35/39)A

a,1) 1.12 1.15 1.12

(2,2) 0.90 0.93 0.90

(1,2) 1.11 1.11 1.09
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we have, in matrix notation,

G(s)=P(s)[I-P(s) T, (2.18)

where I is the unit Lnatrix. The Fourier transform of
(pip;) 1 gis(r)—1], Hi;(k), is given by

H(k)=G(ik)+G(—ik), (2.19)

while from (1.5) the Fourier transform of (pip;)V/2C.;(7),
Cii(k), is given by

C(k)=H(k)[I+H(E) T
=1-[I+G(k)+G(—ik) T
Explicit calculation gives
Cu(k)=1—{[p*+#*~ K>~ K¢*]
X [pr+-k+K2— 2K, (p coskRy—k sinkRy)]
— 2K pK; coskRy— kK, sinkRy~+ pK, cosk(2a+Ry)
— Kk sink(2a+Ru) — Ki— K 1K, cos2ka]
+K[p+k—K2—K?]}/D, (2.21)
Cra(k) =Co(k) = —2K{[p*+E [ (K1+K2) cos2kh
— p coskRip+k sinkRys |4 K[ p coskRio—k sinkR;; |
— K Ko p cosk(Ri—2a)—k sink(Rie—2a) ]}, (2.22)
where

Ki=pigi(Rii), K= (p1p2)"g12(Rr2), A= (Re2—Ru)/2,

(2.20)

(2.23)
D=[p*4-k¥] det[I—P(ik)P(—ik)]
=[P+ B—Ke— K[ p2+k—K,— K2]
— 2K KLK? cos2ka— K2 (K K9?). (2.24)

The expression for (Chy(k) is obtained from that of
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F16. 2. Exact one-dimensional Cy;(k)
(additive diameters). Plots of the
Fourier transforms of the direct correla-
tion functions for a=0. Values of the
other parameters arc given in Table I;
k is in units of kg.

Cu(k) by interchanging the subscripts 1 and 2. It is
readily seen that for a0 the range of C.;(r) extends
beyond R;; so that the PY equation is not exact even in
one dimension when a0, Graphs of C;;(k) for various
a are plotted in Figs. 2-4. The values of & for which
C.i(k) has its maximum, kmax¥, and the approximate
distance between successive maxima, r;;, the “period”
of C,;(k), are presented in Table T together with the
values of 1.57/R;; and 2w/R;;, with which they are seen
to agree closely. Assuming that a similar simple relation
holds also in three dimensions permits us then to deduce
an ‘‘effective” parameter « for binary mixtures of
liquid metals, etc., from the difference between (A !?)™!
and 3 (Amax) 7'+ (Amax®)~1]. The latter quantities are
accessible to experiment via neutron scattering.

III. PY SOLUTION: ONE DIMENSION

We now describe the solution of the PY equation for
a mixture of hard rods with diameters Rg> Ry and
Ryo=%(Ras+Ru)+e. Our method follows along the
lines of Ref. 5. Using the basic PY approximation (1.8)
we can define a function

aii(r)=— (pip;)12Cy;(r),

= (pip;)12g:i(r),

rSRij
7> Ry (3.1)

in terms of which Eq. (1.5) can be written in bipolar
coordinates

aij(r)=A4,— 3 [dyoa(y)ei(r—1y),

| v 2R, [r—y | <Ry, (3.2)
where
A= (pip))?[1— 3 pif Coj(r)dr]
=1,2
= (ps/p;:) 124 5;= (pip; )2 (3p/Bp;). (3.3)

The last equality relating the direct correlation func-
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F16. 3. Exact one-dimensional C;;(k)
(positive o). Plots of the Fourier trans-
forms of the direct correlation functions
for a=+(35/39)A. =. 41

tion to the pressure is exact for the correct functions
(1.6)-(1.7). When the PY correlations are used in
(1.6) and (1.7) they define approximate chemical
potentials u;° and a “compressibility pressure” for the
PY equation®

Define the following integrals:

Gﬁ(s):f e vaii(r)dr=Gji(s), (3.4)
R;j
Rij
Fo)= [ erosdir=Fils),  (33)
0
R12
Uii(")=5i151‘22/ ou(r—3)on(z)ds,
Riptr
r<ita
0, r>Ata=3(Ru—Ru)+a, (3.6)
A -a
Usi(s) = / U (r)dr. (3.7)
0

Taking the Laplace transform of (3.2) and rearranging,
we can write in matrix form

50 (s)=A—sG(s)[F(s)+F(—s)]—s[U(s)—TU(—s) ],

(3.82)
or
G(s)=H(s)K(s). (3.8b)
Here,0(s)=G(s)+F(s),
H(s)=A—sF(s)—sU(S)+sU(—s), (3.9)
K(s)=s[I+F(s)+F(—s)], (3.10)

and I is the unit matrix. We also define
L(s)=G(s)H?(—s)=H(s)K-(s)H"(—s) = —L7(—s),
(3.11)

3339

where the superscript 7 denotes the transpose of a
matrix and the last equality follows since K (s} is an odd
function of s and is symmetric in its indices.

As mentioned at the end of Sec. I, we look forsolutions
of Eq. (2.1) such that g;;(r)—1 as r— . More specif-
ically, we require that [|g;(r)—1]dr<e. This
implies that G;;(s)— (p:p;)*s7! can have no singularities
in the closed right half-plane. F(s) and U(s), being
Laplace transforms over a finite interval, are entire
functions of s and thus, from (3.9), H(s)—A as s—0.
Therefore, letting

A =3 (pip1)?A 1= (pipj) [ An+ A2 ]= (pips)a,
(3.12)
the function
G(s)HT(—s)—stA'=L(s)—s1A"  (3.13)

has no singularities in the closed right half-plane. Using
now (3.11), L(s)=—LT(—s5), we have that L(s)—
s71A’ is entire.

We now cxamine the growth of L(s) as s— .
Looking first at the diagonal elements of L(s), Li(s) =
- LzL( - S);

Lu(s)=Gu(s)[An+sFu(—s)]+G(s)

X[A12+3F12(—S)+SU12(—S)—SU12(S>:|, (314)
L22(S) =G21(S)|:A21+SF21(—S)]
+G22<S)[A22+SF22(—8)]. (315)

When Res— o, G(s)~s1 exp(—sRy;), Fij(—s)~s71X
exp(—sRy;), and Up(—s)~s'exp[—s(A+a)], so
that [ L:;(s) — A./s™']is entire and everywhere bounded
and thus by Liouville’s theorem equal to a constant™,

Lu(s)—Aun's™'= B, (3.16)

Las(s)— Ag's™1= Bys. (3.17)
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By looking at L(s) as s—0 we have that By=Bap=0.
Writing out explicitly the diagonal terms of o(s) and
using (3.16) and (3.17) we find that

0'11(5) =s5"1dy—s24 11’+Gl2(5)
X572 412—Fra(s)+ Ura(—5)— Ura(s)]

+Gu(5)[S_IA11——F11(S)], (318)
on(s)= S_IA22—5_2A22'+621(S)[S_IA'A—le(s):]
+G22(S)[S_1A22—F22(S)]. (3.19)

Looking at the PY equation, directly in 7 space we
find that for &>0, the case we shall consider here,
oo1(r) =Aa=012(r) for r<A—a. We shall assume also
that aS >\, i.e., RuS (Rn—f—Rgz)/ZSRle Rgg. Taklng the
inverse transform of (3.19) for < Rs,, the last two terms
vanish. In a similar manner, Ui2(—s) in (3.18) does not
grow faster than exp[ (A+a)s] as s goes to plus infinity
so again the last two terms will vanish. Hence,

ou(r)=An—Ay'r, r< Ry, (3.20a)
on(r)=Agp— As'r, 7< Rog. (3.20b)

The result for the diagonal elements, for a>0, is seen
to be of the same form as for the case of additive radii,
thatis, where a=0. Using (3.20) in (3.3} we can express
the 4;; in terms of = Ay~+ Ay We find

An={(p1—p2)+a[ (1—p2Ry;)?
_P12R112] } /2 ( 1“‘P1R11—P2R22)

and a similar expression for 4.
The off-diagonal terms of L(s), Eq. (3.11), we have
the form

Lzl(S) =G21(S)|:A11+5F11(_5)]

+Goo(s)[ ArotsFip(—s)+sUre(—s)—sUs(s)], (3.22)

Liz(s) =Gu(s)[An+sFu(—s)]
+Gis(s)[AaatsFa(—s)].

(3.21)

(3.23)
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Fi16. 4. Exact one-dimensional C;;(k)
(negative «). Plots of the Fourier trans-
forms of the direct correlation functions
for a=—(35/39)\.

Combining (3.23) with (3.8) yields
§T Las(s) — Ura(—5) = 5714 15— Gui(s) F12(5) — Gro(5) Fas(s)

— U12(S)+S_1[A21611(S)+A22612(S)]-0’12(S). (324)
Defining the function
() =—=sLye(s)+Un(—s)+s 24" +s51U,, (3.25)

where Up= lim,,o[ L12(s)— 412's71], we see from (3.13)
that f(s) is entire and from (3.24) that it is bounded in
the right half-plane. Using (3.11) we find that,

f(=5) = =5 (s)+Usnls)+s241'—s7 0, (3.26)

But, from (3.22), Ly (s) is also bounded as s—+ o so
f(s) is entire and bounded and, by Liouville’s theorem,
equal to a constant, which in this case, too, is found to
be equal to zero. Hence,

La(s)=5sUwn(s)+s141 — Uy=e sV (s) = — Lia(—5),
(3.27)

where we have introduced the new function ¥ (s). ¥'(s)
will increase as s7le*** as Res—d- «. Taking the in-
verse Laplace transform of (3.27), using (3.22) gives
Up(r)=U,—Ay'r for r<A—a and by looking at
012(1’) at 1’=0, we find that Uo= (Azl—/lu)/z. When
a=0, Up=AAy', then ¥ (s)=A44'/s* is entire and
bounded leading to the results of Footnote 14 in Ref. 5;
aie(r)=constant, for r<\; ogwp(r)=C+d(r—)\) for
A<r<Ryp. For our case, 0<a<}, there will be breaks in
Ci(r) at r=XFq, and at Rj3—2a. This can be seen by
using (3.27) to rewrite (3.24) in the form
0’12(5) =S_1|:4412+2U0]‘—G11(S)I:Fu(&)-S_IAQIJ
—Glz(S)EFQQ(S)—S_lAzzj—-e_)‘sY(S) (328)

and noting that the second term on the right will con-
tain expressions of the form exp[ —s(Ru+A—a)]=
exp[ —s(Riz—2«) ] while the last term will have ex-
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ponentials of [—s(Aza)]. This suggests defining a new
function U(s), [to be distinguished from U(s) and
Ui2(s)], such that it has the same asymptotic behavior
as Y (s);

Fio(s)=s5"14n~—~e2V (s)+ exp[—s(Ru—a) JU(s)
=Fy(s). (3.29)

We now proceed to express H(s) in (3.9) in terms of
Y (s) and U(s) and substitute them and (3.27) into
(3.11) to obtain equations for ¥ and U. We find, using
(3.20),

Hii(s) =B:(s)+7vi(s) exp(—sR:),  (3.30)

where
Bi(s)=s"144/, vi(s)=—A/ s+ (A~ A/ Ri).

(3.31)
Also

Hu(s)=se ™V (s)—s exp[ —s(Rie—a) JU(s), (3.32a)
Hp(s) =56V (—s)—s exp[—s(Rie—a) JU(s). (3.32b)
Now, from (3.8) and (3.11),
G(s)=H(s)K(s)=L(s)[H"(—s) ]
=—{[H(=s)I"L(=95)}7, (3.33)
but since G (s)=G(s) and L7 (s)=—L(—s), we have
H(—s)H(s)=—L(—s)[sI+H(—s)~H(s)], (3.34)

where (3.10) has been used to eliminate K (s).
Expressing everything in terms of U(s) and Y (s)
yields for the diagonal elements of (3.34),

U(U(=s5)=Y(s)¥ (—s)+s*{vi(s)yi(—s)
—Bi(s)[s—B:(s) 1}

=V(5)V(—s)—s%?, (3.35)
with i=1 or 2 (no summation), and
pi=A— (A Ru—Au)=¢—9? i=1lor 2 (3.36)
where we have used (3.21) for the second equality with

g= (mp2)"?/(1-8), (3.37)

y=[(om+p)—a(1-£)]/2(1-£), (3.38)

£=p1Ru+paRos. (3.39)

From the off-diagonal terms in (3.34) we find the
relation

exp[ (Rie—a) ) [B2(s)—B1(s) JU (=) +m1(—5)¥ (=)
=72 (=)V () e { =y (=s)U(s)+72(s)U(~s)
+ Y ()[Br(s)+Ba(s)—s1} =0. (3.40)

Equation (3.40) is true as s goes to plus or minus
infinity and thus each of the bracketed expressions must
separately be equal to zero. We thus find from the first
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bracket
U(=9)=In(=9)V (=) =7a( =) ¥ () /[Bi(s)=Bals)]
(3.41)
or
U(s)= (a1 b)YV (s)F (axt-bos) YV (—s), (3.42)
where
a=—An' (4o —An' )= —p/ (p2—p1), (3.43)
as= Az (Ase'— A ) =ps/ (p2—p1), (3.44)
bi=(An—Au'Ru)/(As'—Ax')
=—[2a(1-5) T+ (1-8)/2(p2—p1), (3.45)
by= (— Aoo+ A2’ Raz)/ (Ao’ — Avt')
=—[2e(1=E) T+ (1-£)/2(p1—p2). (3.46)

The second bracket in (3.40) yields the same relation-
ship as (3.41). Substituting (3.42) in (3.35) vields a
functional equation involving ¥'(s) and ¥ (—s) which
we now have to solve. Before doing that, we note that it
follows from the definition, Eq. (3.27), that s?¥(s) is
entire. We can therefore write

Y(s)=ulsP(s)+s7Q(s) ], (3.47)

where P(s) and Q(s) are even and entire functions of
the variable s. Substituting (3.47) in (3.42) yields

U(s)=u[ (a1+a2)s7?P(s)+ (b1—b2)Q(s)
S (bitba)s P () (a—a2)s=0(s)]. (3.48)

Using this last expression in (3.35), multiplying by —s?,
and noting that ¢;+as=1, gives

(B1452)2P%(5) — 4 (azbi— axd2) P(5)Q(s)

H[(a—a2)2— 1— (b—b2)22]0%(s)=1. (3.49)
Letting

A = (b1+b2)2, (3.50)

B=2(bga1—a2b1), (351)

C(S) = (01—02)2— 1— (bl—b2)252= —4(11(12— (bl—bg)st,

(3.52)
then (3.49) becomes simply

AP(5)42BP(s)Q(s)+C($)Q(s) =1
Multiplying by A and defining
D(s) =BZ—AC(52= —4(ah"+arbe?) + (b —bg?)s?

(3.53)

=[s>—4p*]/ (pr—p2)%a?, (3.54)
(3.49) takes the form
[AP(s)+BO(s) P—D(s)Q*(s)=4. (3.55)
Setting
AP(s)+BQ(s)=¢(s) (3.56)
the final form of our functional equation is
o (s)=D(s)Q(s)=A. (3.57)
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Equation (3.57) is a functional equation for the two
entire even functions of s, ¢(s), and Q(s), whose growth
as s— o is ¢2*, The solutions of a general equation of the
form of (3.57), which will be needed also for the three
dimensional case will be given in Ref. 7. For (3.57) it
can be readily checked that there is a solution of the
form

o(s) == (A2 cosha(st—4u2)12

Q(s)==+[A4/D(s)]'" sinha(s2—4u?)'2,

(3.58)

(3.59)
with

(A)2= | ByF-by|, and D'2(s)= (s2—4u2)V2(py— po)a

(3.60)

an odd function of s with a cut on the real axis between
+2pu.

IV. PROPERTIES OF THE PY SOLUTION

Having obtained the solution of (3.57) satisfying the
proper symmetry and asymptotic conditions, i.e., having
found a solution of the PY equation, our problem is now
reduced to finding the parameter a and the correct signs
for ¢(s) and Q(s) in (3.58) and (3.59). This can be
obtained by substituting our expressions for P(s) and
Q(s) in (3.47) and then comparing the resulting ¥ (s)
as s—{) with its defining equation, {3.27). This leads to
the choice of the negative sign for ¢ in (3.38) and the
positive sign for Q in (3.59) and yields the following
1mp11cit equation for d=A11+A22=plaﬁ/ap1+pgap/ap2,

2ag=—[1—x*]""2 arcsing= —@/cosf,  (4.1)
where ¢ is given in (3.37) and
sinf=x=y/g=5[p+p—a(1—£)*]/ (pip2)"*> (4.2)
or
a=[p1+ps— 2x(p1p2) 2]/ (1—£)2 (4.3)

For a given value of « and ¢ (4.1) is solved for # and/or
x which is then used in (4.3) to find the “compres-
sibility” a. When a—0, x—0, and a—(p1+ps)/(1—£)?
the correct result for the additive-diameter case. Ex-
panding the right side of (4.3) in a power series in «
and solving for a as a power series in ag we find

a=[1—-£12{prtpat[4p1pe/ (1—£)]
X[1—(8/3)g%a*+(64/5)gtat+-+ -+ ]},  (4.4)

which agrees up to O(a?) with the exact result. As £—1,
the maximum possible density, g— % and x——1 giving

lim (1—£)e=[(p1)"*+ (p2)"* P, (4.5)
E>1

showing that at very high densities the compressibility
a=p0p/dp1+p20p/ps is independent of . This agrees
with the exact result and corresponds to a complete
separation of the two components at high pressure as
would be expected intuitively. (A comparison of the
PY and exact compressibilities show that they agree
well over the whole density range.)

AND D. ZOMICK

We now show that the thermodynamic state obtained
from our solution of the PY equation via the relations
(1.7), defining “compressibility” chemical potentials
ui, is stable. As shown elsewhere,’ the thermodynamic
stability of a mixture of hard spheres requires that the
matrix M;=8u;/dp; be positive definite. Since the
diagonal elements of M are positive in our case we need
only look at the determinant. Using (3.2), (3.20),
(3.21), and (4.3) we find'®

(prp2)? det(M ;) = {[Autp1paf Cra(r)dr]
X [Aza+pip2[Cra(r)dr]
—pp’[ [ Cra(r)dr P}
=[Andatpipsa[Cra(r)dr]
= (A11A22+%01P20f{ —a+ 3 p;
X[1=pi[Cui(r)dr]})
=pip2(1—2?)/(1—£)*
= [arcsinx ’/4a*— (7/8)2/4a?.

1

(4.6)

For a=0, x is also zero and (4.6) coincides with the
exact result. For >0 the PY solution, like the exact
result, yields a smooth transition to a phase-separated
system. This separation proceeds smoothly, without any
phase transition, if we follow in (4.1) the branch of
arcsinx which vanishes for x=0.

A particularly instructive way of seeing the separa-
tion of the components is to examine, as we did for the
exact solution, the contact values of the radial dis-
tribution functions g;;(R;;)=—C;(R;;). For additive
diameters, the PY solution agrees with the exact one,
gii(Rij)=(1—£)7, i.e., there is complete mixing. For
our case, a2 0, we find from (3.20), (3.21), and (4.3),

gu(Ru)=[1~(ps/py )2 ](1—£)7, (4.7)
go2(Raz) =[1—(p1/pe) 5] (1— )7L (4.8)
To obtain gi2(Ry2) we use the general relation

0ij(R;;77)= lim [—sF;{—s) exp(—sR;;)]

=0ij(Ri*)
= lim [s exp(sR;;)G;(s)],

S0

(4.9)

where the second equality follows from the continuity
of o;;(r) at r=R,. Substituting our expression for
Fy3(s) in (4.9) we obtain,
gro(Riz) = (1—a)V[1—£ ]
= —[arcsinx [ 2a(p1p2) 2 ]!
1/2

=u(mp2)” (4.10)

This agrees with (3.36) which may now be rewritten in
the form

0'122(R12)=p1t0,—0'ﬁ2(Rﬁ), i=1or 2 (411)
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a relation which can also be derived by taking the limit
as s— o of sL;(s) in (3.14) and (3.15). As &1,
a——1, g12(Ry2) goes to a finite value whereas g;(R:;)—
0,

The contact values of the radial distribution functions
also furnish us with a “virial pressure” p°, Eq. (2.8),

pP=ptpat 2 pipiRiigii(Rij)
= {prtpat+20paRye[ (1—22)12—1]
=+ (p1p2 [ 20 prp2) 12— xE]} / (1—£)

Due to the approximate nature of the PY equation for
hard rods with nonadditive diameters, p* agrees with
the compressibility pressure only to order a.

V. PY SOLUTION: THREE DIMENSIONS

The solution of the Percus—Yevick approximation in
three dimensions for 0<a <)\, follows closely the one-
dimensional solution of Sec. ITI. To facilitate the com-
parison we use the same symbols for functions which
play a similar mathematical role although their defini-
tions in terms of the g;; and C,; are different. We define,
as in Ref, 5,

oij(r)=—12(nm;) V% Cy;(r),
=12(nam;)rg.;(r),

(4.12)

TSR,;]'

7’2R1‘]‘ m=7rpi/6.

(5.1)
With this definition of ¢;; the PY equation for hard

spheres in three dimensions takes a form similar to
Eq. (3.2),

min [r4y,8 5]

si) == % [ ayou(y) ()
=1 YR;j |r—y}
(5.2)
with
C(12)2m; 172 A=[1— X pif Cyi(r)dr ]
=1,2
= 3 pidu/dp;=03p/0p;, (5.3)

using (1.6) and (1.7) to define compressibility g;’s and
pressure. Defining G(s), F(s), U(r), and U(s) in
terms of the three-dimensional a5, (5.1), by Eqgs. (3.4)-
(3.8), we find upon taking the Laplace transform of
(5.2),

$*[G(s)+F(s)]=A—sG(s)[F(—s)—F(s)]

+s[U(s)=U(=s)], (54a)

or
G(s)=H(s)K(s), (5.4b)
H(s)=A—sF(s)—sU(s)+sU(—s), (3.5)
K(s)=sT+sF(—s)—sF(s). (5.6)

As in one dimension we define
L(s)=G(s)HT(—s)=H(s)K(s)HT(—s)=L"(—ys),
(5.7)
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where the last term differs in sign from that in Eq.
(3.11) since K (s) is now an even function of s.

The requirement that g;;(r)—1asr— « insuch a way
that [7|gi;(r)—1| dr< o implies that G;(s)—12X
(nm;)Y2s~2 has no singularities in the closed right half-
plane. This in turn implies that L(s)—s~2A’, where

Aif =12(qm )V (An+As) = (12)*(nm;)?a  (5.8)

is analytic in the right hali-plane and hence, by (5.7),
is entire.
Explicitly, the diagonal terms of L(s) are

Lu(s)=Gu(s)[Au—sFu(—s)]
+Gro(s)[Are— 52 F12(—5)+sU1a(—s)—sU(s)]
=Lu(—s), (5.9)
Las(s) =Gu(s)[An—sFau(—s)]
+Gaa(s)[A2e— 5*Fas(—5) ]
= Lyo(—35). (5.10)

Both expressions are bounded as Res—+- © so that
using Liouville’s theorem we can, as in the additive-
diameter case, set L;;(s)—A;//s? equal to a constant
which we call 2B;;. We may then write

Gu () An—sFn(—s) J+Gi(s)
X[A1o—s*F12(—s)+sUn(—s5)—sUn(s)]
=2Byts24y, (5.11)
G ($)[An—~5tFa(—s) |+Gaa(s)[A2a—5Fa(—s) ]
=2Borbs— Ay’ (5.12)

Combining (5.11) and (35.12) with (5.4) to eliminate
the G(s)F(—s) terms leads to the following equations
fOI‘ 0’1'1'(5) =G1‘,‘<S)+Fq;i(s) .

SUn(S) =Aus™'4+2Bus 2+ A41's™
+ [Fn (5) —A4 118—2]611 (S)
+[F12(S) —A12S—2h (]12( —S)S—I—I— L"vlz(S)S_l]GlQ(S).

(5.13)
5029(8) = Agas ™14 2Bogs ™+ Agy's™

+[F21<S)—A21S—2]G21(8)+[F22(S)—A223—2]G22(S).

(5.14)
Looking at the PY equation directly in 7 space gives
0'21(7’)—_—0'12(7):14217’, rS)\—a (515)

so that taking the inverse transform of (5.13) and
(5.14) for r<<R,;, and noting that since Ui:(—s) does
not grow faster than exp[ (A4-a)s] as s— o the last two

terms in (5.13) and (5.14) vanish, yields
oii(r)=A¢1tr+3iir2+(1/24)A“~'r4, rSRii, ’i=1, 2

(5.16)
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and
Fii(s)=Aus72+2Bis™+ A/57°— exp(—sRq)
X {s7[A R+ BuR:*+ (1/24) A/ R:4]
+572(A;i+2ByRi+ 34/ Ri3)+53(2Biy+34 ./ R.:2)
+s74 (A Ri) 45754} (5.17)

The results for the diagonal elements are again seen
to be of exactly the same form as for the additive diam-
eter case; the coefficients, of course, are different. As in
one dimension we shall see that the off-diagonal
elements have a considerably different form.

The off-diagonal terms of L(s) are

Li2(s)=Gu(s)[Aa—sFun(—s)]
+Gu(s)[Aze—sFa(—s) ],
Lu(s)=Gu(s)[An—sFu(—s)]
+Ga(s)[A1e—5Fra(—s) —sUra(s)+sUn(—s) 1.
(5.19)
Eliminating the F,;(—s) from (5.18) via (5.4) yields
Li2(s)+s2Upn(—s) =5%012(s) — 5412
+5 [ Gu(s)F12(s)+Gra(s)Faa(s) — Upa(s) ]
FAnGu(s)+A20Gr(s) (5.20)

As Res—— « the right side of (5.20) goes as —sU,,
where {/y=Uj{r=0)=%(An—Ay2) as in (3.26), while
as s—0 the left side of (5.20) goes as s724,,’. We can
therefore define the function f(s),

f(s)=La(s)+s2Ura(—s) — 524’ +sU,,  (5.21)

where f(s) is entire and bounded in the closed right
Lalf-plane. But

f(—S) = Lzl(s)+S2U12(S)—S_2A12’—SU0 (5.22)

is also bounded in the right half-plane so that f(s) is
entire and bounded everywhere and hence equal to a
constant which we designate as 2D. We have thus

Lgl(S) = 2D—S2U12(S)+X_2A12/+SU0
=Lp(—s)=—e ™V (s), (5.23)

where we have again introduced the auxiliary function
¥ (s): sV (s) is entire and grows as exp[a | Res |] when
s— . The structure of Fo(s) will be similar to that
found in one dimension. We therefore introduce the
function U(s) with the same asymptotic behavior as
Y(s) by

Fyu(s)=Fu(s)=s"4dn—s7 eV (s)
+s3 exp[—s(Ri—a)JU(s). (5.24)

To find equations for ¥'(s) and U(s) we manipulate
Egs. (5.4)-(5.7) to obtain

H(—s)H(s)=L(—s)[s2T4+sH(s)—sH(—s) ]
(5.25)

(5.18)

AND D. ZOMICK

Using (5.5), (5.9)-(5.12), and (5.17) we can write

H;i(s)=8:(s)+:(s) exp(—sR:), i=1,2 (5.26)
Lii(s)=—sBi(s), (5.27)
where
Bi(s)=—2Bus7'—A,/s™ (5.28)
and
vi(s)=s[AuRi+BuR:2(1/24) 4/ RV
H[A4:4+2B:iRu+(1/6)4 ./ R:#]
+S_I<ZB1'1'+%Aii’Riig)‘*—S_z(Aii’Rii)—{"S_aAii,. (529)

For the off-diagonal terms of H(s), (5.4) combined
with (5.24) yields

Hy(s)=s"1e™V(s)—sTexp[— (Rp—a)s]U(s),

(5.30)
Hyp(s)=s"1eV (—s5)—s"exp[ — (Riz—a)s U (s),
(5.31)
where we have used the relation
A19— An=2U,. (5.32)

We can now write out (5.25) with the only unknown
functions being U(s) and Y (s).

The diagonal terms in (5.25) yield the relation (no
summation on 7)

V()Y (=s)=U(s)U(=s)=s*{yi(s)vi(—s)
+8:()[*+8:(s)]},  i=1,2. (5.33)
From the 1-2 term of (5.25) we obtain the equation
st exp[ (Riz—a)s J{[B2(s)+61(—5) JU(—5)
F1(=)Y (=)= (=) Y (s)}+s7e [ = [Bi(—s)
+B2(—5)—=s* ]V (s) =1 (—=35) U (s) =7 (s)U(—s)} =0.
(5.34)

This equation is true as s goes to plus or minus infinity
and thus each of the bracketed expressions must
separately be equal to zero. From the first bracket,

U(=5)=Ci(=5)Y (=5)+Co(=5)V(s), (5.35)
where
Ci(=s)=—n(=9)[Bi(—s)+B:(s) T, (5.36)
Co(—=35) =92 =$5)[Br(=$)+Ba(s) 1. (5.37)
Letting
h(s) =~ (yi(s)y:(—3)+B:(s)[s*+B:(s)])
=4,/ —A:2+324,4/ R +3BuA/ R
+(1/72)A4*R:5]45*{ 2B+ [ ARy
+BuR:2+(1/24) A/ R4 TY)
=[hethus?], i=1or 2, (5.38)
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we are left with the functional equation

USU(=s)=Y(s)Y (—s)—s%(s), (5.39)

where

U(s)=Ci(s)Y (s)+Ca(s)Y (—s).  (5.40)

As in one dimension, we divide ¥(s) into an even and
odd part by defining P(s) and ®(s), both even entire
functions of s such that

V(s)=sP(s)+s5s7®(s). (5.41)

Substituting (3.35) into (5.39) and multiplying by
$*[B2{s)—p1(s) ], we obtain

A(s)P(s)+2B(s)P(s)®(s)+C(5)P2(s)
=—sYh(s)[B(s)—B(s) . (5.42)

Here A(s), B(s), and C(s) are even polynomials,
A(s)==s[v1(sIvi(=s)+v2(s)ye( =) —v1(s)72( —5)
—71(=5)72(s) 1= 5'[Ba(s) —B1(s)

= a15%4-asost+asst+ay, (5.43)
B(s)=5"[vi(s)v2(=3)—y2(s)v1(—5)]
= b136+b254+b352+b4, (544)

C(s)=s"Lvi(s)+v2(s) Lyl =) +71(—s)]
+55[B2(s)—pBi(s) P

=188+ co554- 35t F- a2+ ¢, (5.45)
wherel”
@i= —Aby=Ngz= — N (1220)2,  (5.46)
bs=24a[ 4\ (mBaa+n2Bu )+ (mAze—n2A 1)+ 16aNnym, ],
(5.47)
ar=—96a[mBa+n:Bu+06arnms],  (5.48)
a3=—A[2b;4Xcs]= ¢34+ 16By By, (5.49)

and @=An+ A has been defined in (5.8). Multiplying
(5.42) by A(s), and noting from (5.38), which is
valid for i=1 or 2, that

B (s)—A(s)C(s) =5"[Ba(s) —Br(s) P[s°—4h(s)],
(5.50)

we can set

A(s)P(s)+B(s)®(s)=5[Ba(s)—F1(s) ] (s) (5.51)
to obtain an equation of the form

Wi(s)—E(s)®(s) =V (s),

E(s)=s—4h(s),

(5.52)

V(s)=—h(s)4(s), (5.53)
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with ¥(s) an entire even function of s since the other
terms in (5.52) are.

Equation (5.52) is a function equation for the entire
even functions ¥(s) and &(s) whose asymptotic
behavior at infinity is of O (e*®). It is of the same general
form albeit more complicated than the corresponding
equation in one dimension, Eq. (3.57), where the
polynomials corresponding to E(s) and V(s), [i.e.,
D(s) and 47, were of orders 2 and 0, respectively.

The solution of (5.52) will be given in Ref. 7. Tt will
be shown there that a solution having the required
asymptotic behavior will exist only if the coefficients of
polynomials E(s) and V(s) satisfy certain conditions.
This will give us relationships and hopefully permit us to
determine explicitly®® the coefficients Ay, Ags, By, and
By, appearing in ¢;;(7) in (5.16) and consequently the
correlation functions and equations of state of our
system. [The A4,/ are related to the 4, via (5.8)].

The situation is analogous, but more complicated than
in one dimension where there were only two constants
Ay and Az in o;;(r). One relation among our constants,
similar to Eq. (3.21), may be obtained from the defini-
tion of the 4,; in (5.3) and the symmetry Ci(r)=
C21 (7‘) :

R12
24(7]11]2)1/2 f 1’0’12(7)(11’

0

=K =121+ BuRi*)+ A (16mRy3—1)

+4(Au~+ A )n?Ry
=1293(14 ByaRss*) + A 20 (165 Rps*— 1)
+4(An+A0)nRet.  (5.54)

Further relations between the A and B; may be
obtained by looking at the asymptotic form of (5.11)
and (5.12) as s— co. Using the continuity of ,;(r) and
its first two derivatives® at R;;, we have

Gij(s)—>sexp(—sRi)[ o450,

+572;; 4o T, (5.55)
Fij(=s)—+sexp(sR;)[osj— 570/
452+ ]+---, (5.56)

where o0,/ and ¢/ are the zeroth, first, and second

derivatives of o,;(r) evaluated at r=R;;. This yields

—ay*=2By+on?= 2B+ 02, (5.57)
(o2 )= 200" o1=An'—[ (o0 )?— 201" o11]
=A22/—'[(022’)2‘—2022”022], (558)

where o, o/, and o, are expressible in terms of 4.,

and Bj; via (5.16). It is to be noted that (5.54) and
(5.57) do not contain « explicitly. They are indeed
equivalent to the relations obtainable from Eq. (5.38)
when the constants % and A, appearing there are
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expressed in terms of t=1or:=2,

h=—od, (5.59)
he=AnAst (A11+A22)K
= (2mp1p2)* det(3pi/p;), (5.60)

where the last equality was derived along the lines of
Eq. (4.6). We expect that 5;<0 and %> 0, at least for
small densities,”® so that E(s) would have a pair of real
roots and two pairs of complex roots. A phase transition,
corresponding to a separation of the two components,
might then show up as a locus of points where z;=0.
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