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The properties of a classical system with a n-m pair potential are analytic in a properly defined do-
main of two complex variables related to the fugacity or density and the temperature. For a Lennard-

Jones potential these variables are p0'3( Be)z and (Be)z.

It was shown recently [1] that for classical
systems with hard cores, (or lattice gases), the
thermodynamic and correlation functions have
convergent power series expansions in the re-
ciprocal temperature 8 for small enough values
of the fugacity z or density p. It was also proven
there that the properties of a ferromagnetic
Ising spin system, isomorphic to a lattice gas
with attractive interactions, are analytic in real
B > 0 in the presence of an external magnetic
field. It is the purpose of this note to show that
the reduced pressure and other functions of a
classical system of particles interacting via a
n-m pair potential

v(r) :E[(%)ﬂ _(%)m:|, n>m>y, (1)

where v is the dimensionality of the space con-
sidered, are analytic in the two complex vari-
ables { and A or pand A, § =z[c% Be]¥/ ", A =

= (Be)1-M/n 5= p[g” ge V" for sufficiently
small values of |§ , |p|, and |A|.

To prove this we write the Mayer fugacity ex-
pansion for the grand-canonical pressure in the
form

Bplom Be]V/M = n(¥,2) = € + Dot @
142 1

where the b! are the usual Mayer cluster inte-
grals expressed in terms of the variable y =

= (Be)-1/ny/o, i.e.,
by (A) = % [ [exp(-y "+ 2y™m) - 1] dVy ete.
It follows then from the work of Ruelle [2]
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and Penrose [2] that this series converges and
represents the thermodynamic pressure for

€] < 1/[eB" (n) e2®' )] (3)
where B'(A) = | | exp[-y~"+ay="] - 1 | d¥y, and
$'(\) = (4)

seqpt e Nl 2 [yt -(Rex)yémy w

N y15.09y 1StV
is a generalization of the usual lower bound on
the energy per particle for the case when the pa-
rameters of the potential may take on complex
values.

The last inequality in (4) follows from the
work of Fisher [4] and Dobrushin [5] for > m >
> v. Now since the b; (A) are entire functions **
of A and the series (2) is uniformly convergent
on any compact set whenever (3) is satisfied, it
follows that #(£, ) is an analytic function of both
complex variables in the domain specified by
eq. (3). This domain clearly includes the origins
of the complex { and A planes and hence #(£, A)
may be expanded in a power series in A for suf-
ficiently small values of €,

The reduced density p has of course the same
analyticity domain as 7(¢, ) and so do the re-
duced [ -particle distribution functions [2, 3]

A1 -3 ) = [0n8e]V VP ry, . . 7p5 2.B).
(5)

** This follows essentially from the uniform conver-
gence of the cluster integrals: c.f. also ref. 1 where
we prove the analyticity of the usual by as a func-
tion of 8, for RIf > 0.
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The Ursell functions will also satisfy [6] the
cluster property within the domain specified
by (3).

Similar results may be obtained for the re-
duced pressure and other thermodynamic and
correlation functions considered as functions of
pand A,

P(B,) = (a"Be) "/ g = p[1- 20 75 B M) A1)
®)

where ﬁé(h) are the irreducible Mayer cluster
integrals in the reduced variable y. It was shown
by Lebowitz and Penrose [7] that the series con-
verges, and represents the thermodynamic

pressure for |p| < 0.28952/B(1+e28%® ). We may
therefore expand, for sufficiently small g, P(p, )
in a power series in A, P(g, 1) = Ea! (P) AL.
When n — «, the reference system obtained by
setting A = 0, corresponds to a fluid of hard
spheres and the expansion in )\ becomes an ex-
pansion in B discussed in ref. 1. For the Len-
nard-Jones potential on the other hand this is an
expansion in VBe for fixed po3 (8¢) and is to be
contrasted with the customary [8] empirical rep-
resentation of the experimental data as a series
(finite) in Be for given poS. The latter expansion
is difficult to characterize in an unambiguous
way since in the limit (8e)— 0, po® fixed, the
system with L-J potential behaves like an ideal
gas rather than as a gas of hard spheres which
is usually used as a reference system. It would
therefore appear useful to plot the experimental
and computer data for the inert gases as a func-
tion of the parameters g and A. Extrapolation of
the results to x = 0, (if possible), should then
correspond to those of a reference system with a
purely repulsive »-% potential.

From a purely formal point of view it is also
possible, as has been done by many authors [9],
to separate the potential given in eq. (1) into a
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positive and negative part introducing a parame-
ter n: v(r:n) = v(X)H(o-7) + no(r)H(r - a),
where H(x) is the Heaviside function. Our pre-
vious argument can then be used to prove ana-
lyticity of the pressure, and other functions, in
7 for small values of poS and Be. The method
can also be extended to other types of potentials
with parameters. This can include for example
parameters characterizing three (and higher)
body potentials which may be of importance even
for the inert gases.

I would like to thank O. Penrose for useful
discussions.
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