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Motivated by the formal identification that can be made between the electronic charge ¢ and a range
parameter v that we have previously studied, we have developed high-temperature, high-density expansions
of the Helmholtz free energy and potentials of average force for systems of ions with repulsive cores. It
appears that the natural ordering parameter for our free energy expansion is kR, where « is the inverse
Debye length and R an effective core diameter, and as a result the expansion is useful for either sufficiently
high températures at any density or sufficiently low densities at any temperature. We find the terms in this
expansion through order («R)?. We have also found effects that will serve to modify the shielding length at
high densities so that it is no longer just 1. One such effect depends upon the disparity in the core sizes of the
positive and negative ions, and it vanishes only when the disparity does. A higher-order modification of
the shielding length that remains in this symmetric case is also discussed.

I. INTRODUCTION

The first real understanding of fluids of charged
particles was achieved by Debye and Hiickel,! who
started with Poisson’s equations for the Coulomb
potential o(r) between two ions and, after some approxi-
mations, arrived at an equation for the interionic
potential of mean force y(r). The central result of their
work was that (r) behaves like z2:¢? exp(—«r)/r as
r—oo rather than like v(r) =212:¢%/7 itself, where z¢ and
2e¢ are the ionic charges and the Debye shielding length
is k= (4me?B E,- piz2) 742, Here B is the reciprocal
temperature and p; is the density of species 7. Debye and
Hiickel applied this result to electrolytic solutions by
further assuming that the only effect of the solvent is to
modify the interionic potential so that it becomes
215262/ Dr, where D1is the dielectric constant of the solvent.
Their expression for ¥(r) then remains unchanged ex-
cept for the replacement of ¢? by ¢?/D. From this they
found that the excess osmotic free energy per unit
volume is proportional to «*~p*? where p is the average
ionic density.

The results of Debye and Hiickel are, however, valid
only at very low density*® and there are serious dis-
crepancies between the theory and experimental results
for real electrolytes. As a consequence work was subse-

* Supported in part by the U.S. Air Force Office of Scientific
Research, under Grant No. 508-66 at Yeshiva University and in
part by the Science Development Program of the National Science
Foundation at the Polytechnic Institute of Brooklyn.,

1P, Debye and E. Hiickel, Physik. Z. 24, 185,305 (1923); The
Collected Papers of Peter J. W. Debye (Interscience Publishers,
Inc., New York, 1954), pp. 217, 264.

2 The analyses of Onsager and of Fowler were instrumental in
the recognition and clarification of the approximate character of
the Debye—Hiickel theory. L. Onsager, Physik. Z. 28, 277 (1927);
R. H. Fowler, Trans. Faraday Soc. 23, 434 (1927). Further illum-
nating discussion of this point is found in L. Onsager, Chem. Rev.
13, 73 (1933).

# A discussion of the Debye—Hiicke! theory in which its various
limitations are examined in detail is given by R. H. Fowler and E.
A. Guggenheim, in Siatistical Thermodynamics (Cambridge
University Press, London, 1939).

quently done to improve their theory by embedding it in
a perturbation scheme in which p is taken to be the
ordering parameter.® Terms of higher order in p have
been evaluated, and their use makes it possible to

4 The first systematic study of this scheme was made by J. E.
Mayer, J. Chem. Phys. 18, 1426 (1950). Further work along these
lines was continued by various workers; see, e.g., J. C. Poirier,
J. Chem. Phys. 21, 965 (1953); E. Haga, J. Phys. Soc. Japan 8,
714 (1953); E. Meeron, J. Chem. Phys. 26, 804 (1957); R. Abe,
Progr. Theoret. Phys. (Kyoto) 22, 213 (1959); and H. L.
Friedman, Mol. Phys. 2, 23, 190, 436 (1959). See Footnote 5 for a
more complete bibliography. Numerous other approaches to the
problem of systematically improving the Debye-Hiickel theory
have also been considered. [See e.g., Ref. 5 and the articles by J.
Poirier and by G. Kelbg, in Chemical Physics of Ionic Solutions,
B. E. Conway and R. G. Barradas, Eds. (John Wiley & Sons, Inc.,
New York, 1966).] None of those we have examined appear to be
closely related to our work in any simple way (but see Ref. 6)
although there are a few points of contact between such work and
this work that we think are worth mentioning. We start by noting
that the charging parameter technique of Kirkwood and Poirier
[J. Phys. Chem. 58, 591 (1954) 1is a technique that can be much
more directly associated with our ordering of termsin 2 8 than with
ordering in p, and in this sense it is closer to our work than are the
contents of the articles cited in the last paragraph, although the
charging parameter was not used by Kirkwood and Poirier to
systematically examine higher-order terms in ¢28. In order to make
such an examination in the case of ions with highly repulsive
cores, it seems hard to avoid splitting up the potential into two
parts as we do. S. Edwards [Phil. Mag, 4, 1171 (1959) Jand R. L.
Guernsey [Phys. Fluids 7, 792 (1964) ] both consider such a
decomposition of the potential, but Edwards makes a double
expansion in €28 and p for charged hard spheres. (To make contact
with his final results we would have to expand ours out in p.)
Guernsey, on the other hand, never explicitly considers the case of
a repulsive core and a Coulombic tail. He does examine the
electron gas, treating the pure Coulombic potential for small r in
one way and for large r another way. In our language, his decom-
position consists of taking v(r) =¢?/r, and letting ¢ and w in our
Eq. (2.1) be given by vgr) =g(r), w(r) =0 for r<a and v(r) =
w(r), ¢(r) =0 for r>a, where a is the state dependent distance
a=(Be?/k) V2.

8 H. L. Friedman, Tonic Solution Theory (Interscience Pub-
lishers, Inc., New York, 1962) offers a good summary of both the
theoretical work done in obtaining expansions using p as an
ordering parameter and the available experimental results that
can be used in assessing these expansions.

6 After completing this work we learned that L. Onsager has
noted a related effect dependent upon a disparity in ionic charge
s(tlreng)th rather than size. L. Onsager, J. Am. Chem. Soc. 86, 3421

964).
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SYSTEM OF CHARGED PARTICLES

consider concentrations greater than those for which the
Debye-Hiickel limiting laws are useful. Nevertheless
there is still a very wide range of concentrations over
which the improvement gained by including these terms
is not enough to yleld adequate agreement with the
observed properties of electrolytic solutions.?

It is not hard to see where at least one major difficulty
lies. At higher densities one would expect that the effect
of the highly repulsive cores of the ions is of major
importance and cannot be handled sensibly as a per-
turbation of the effects of the Coulombic interaction.
But this is essentially the way the expansion in the
density handles it—the effects of the core show up a
little bit at a time as one goes to higher and higher
orders of p.

In this paper we investigate an expansion procedure’
that is free from these difficulties, although it has its own
drawbacks. In its simplest form it leads to the expan-
sions in €28 (or €23/ D for ionic solutions) or in « that are
considered in this paper. In the case of classical point
particles in a uniform background there is no difference
between the use of €28 and the use of p as ordering param-
eters, since the relevant dimensionless parameter is
¢28p"%. In the case of a system of ions with cores of
effective diameter R, however, there is an additional
parameter pR3 to be considered and it is the main feature
of our analysis that we need not assume that this param-
eter is small. This generally makes the higher-order
terms in €23 (our formal ordering parameter) quite
complex and they have not yet been evaluated explicitly
(the relevant dimensionless parameter appears to be
kR). Nevertheless, we believe that the dominant effects
that the expansions reveal for large pR?® and small 28
cast light on the general mechanisms at work in a fluid
of charged particles whenever the effects of their cores
cannot be neglected. One of the most interesting of these
effects is revealed in the limiting form of the two-
particle correlation function as 28—0 when the positive
and negative ions have different sizes. There is a
characteristic shielding length, but it is not simply the
Debye length. Rather it is the Debye length times a
certain factor that can be expressed in terms of the
thermodynamic properties of the system that would
remain if the charged particles were to lose their charges
but retain their cores. This factor is greater than unity
for the model of equally charged hard spheres in a uni-
form background often used in the theoretical studies of
electrolytes, and it reduces to unity in the symmetric
case in which there is no disparity between the diameters
of spheres of different charge.® This can be understood
physically since the shielding which comes about in the
first model by the depletion of like charged particles in
the vicinity of a fixed particle is opposed by the short-
range forces which try to keep the density uniform, an
-effect absent in the symmetric case. There is also a
second effect described by a higher-order term in 28

77. L. Lebowitz and G. Stell, Bull. Am. Phys, Soc. 9, 105 (1964).
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that causes a decrease in the shielding length regardless
of whether or not there is a disparity in ionic sizes..
Extensive computations will be needed to determine
the range of conditions over which the first few terms in
the expansion we have obtained can adequately describe
_ionic systems. For the case of charged hard spheres,
some of these computations can be made relatively
easily through the use of the exact solution®™ of the
Percus-Yevick equation for a hard-sphere fluid. The
Percus-Yevick approximation is remarkably good over
a wide range of fluid densities,! and the results of
Wertheim® and Lebowitz!® are of precisely the right
form to be used in assessing the effect of the ionic cores
in our expansion. Use can also be made of the molecular-
dynamical study of Alder,”? who concluded that the
Kirkwood superposition approximation possesses a high
degree of accuracy for a system of hard spheres. Using
the superposition approximation to express the three-
body correlations %;:° of a hard-sphere system in terms
of the two-body correlation %, we are able to reduce
the integrals in the first few terms of our expansions to a
form that can be evaluated analytically with the aid of
the Percus~Yevick approximation of 4,°.

II. A SUMMARY AND DISCUSSION OF
OUR RESULTS

A, Preliminary Remarks

This article is the third® is a series devoted to the
study of many-body systems in which the interaction
potential v(r) presents itself as a sum of two terms,
g(r) and w(r), that are very different from one another
and hence can profitably be handled by quite different
methods. (We shall refer to the first paper of this series
as I throughout this article.) In the case of simple un-
ionized fluids there is a highly repulsive molecular core
potential g(r) and a much weaker attractive tail w(r).
In the case of lattice systems such as the lattice gas, the
impossibility of multiple occupancy (in spin language,
the upness or downness of the spin) can be used to
define ¢(r), and the rest of the interaction—the exchange
potential—then defines w(r). In this paper w(r) is taken
to be the Coulomb potential and ¢(r) is taken to define
the short-range interactions.

We deal in general with a mixture of different species,
and write the interparticle potential between particles
of species 7 and § with charge numbers z;. z; as the sum of

8 M. Wertheim, Phys. Rev. Letters 8, 321 (1963).

9 E. Thiele, J. Chem. Phys. 39, 474 (1963).

1 J, L. Lebowitz, Phys. Rev. 133, A895 (1964) ; J. L. Lebowitz
and J. S. Rowlinson, J. Chem. Phys. 41, 133 (1964).

U See, e.g., S. A. Rice and P. G. Gray, The Statistical Mechanics
of Simple Liguids (Interscience Publishers, Inc., New York, 1965).

12 B, J. Alder, Phys. Rev. Letters 12, 317 (1964).

18 1, L. Lebowitz, G. Stell, and S. Baer, J. Math. Phys. 6, 1282
(1965) ; G. Stell, J. Lebowitz, S. Baer, and W, Theumann, ¢bid. 7,
(19616). We refer to the first of these papers as I throughout this
article.
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two terms

vii(r) =qii(r) +wis(r), (2.1a)

where

wi(r) =z:2:6% 7. (2.1b)

For simplicity we shall further assume when ordering
the terms in our expansions that g,;, which we call the
reference potential, is independent of e, but this addi-
tional assumption is unnecessary in deriving our
expansions. The function ¢;; is primarily an expression
of the impenetrability of the particles but it can also
include, for example, dipole-dipole terms or dipole-
induced-dipole terms. In all cases a simple way to define
the characteristic distances R;; of the short-range
potential ¢;; is through the equation

4nRiF=3 f | exp[—Bgis(n)]~1]dr  (2.2a)

[the factor 47/3 is included in (2.2a) so that R;; reduces
to an actual diameter in the case of hard-sphere ions].
In our previcus articles we devoted considerable
attention to the use of a range parameter v for the
long-range part of the potential w that, for a three-
dimengional multispecies system, has the form

wi(r) =¥'pii(vr), (2.2b)
where [see Eqs. (3.2)-(3.4) in I]
fr" | wi; (1) | de< oo, n>0 (2.2¢)
and
lwi(r) | <o forall r>0. (2.2d)

The wy; of (2.1) is precisely of the form indicated in
(2.2b) if e and v are identified, and it is for this reason
that much of the formalism of our previous work®—and
the still earlier work of Hemmer! as well as its exten-
sions by Hauge® to a multispecies system—can be
immediately taken over and applied to a charged system,
leading in a very natural way to expansions in €.
However, many of our specific results relating to
particular orders in v cannot be taken over without
modification because (2.2c) and (2.2d) are not satisfied
by the w,; of (2.1), and the satisfaction of (2.2c) and
(2.2d) are necessary for certain aspects of the y ordering
to make sense. [In fact the integrals of (2.2c) and the
1;;(0) appear as factors in the coefficients of the ¥
expansions.

In the case of an jonic solution, our formalism can be
applied to the full system of solute jons and solvent
molecules. Alternatively we can consider just the solute
ions and deal not with the potential itself but with the
potential of mean force ¥;;» between pairs of solute
particles in the limit of infinite dilution. Starting with

4P, C. Hemmer, J. Math. Phys. 5, 75 (1964).
15 £, H. Hauge, thesis, Trondheim, 1965, and J. Chem. Phys.
44, 2249 (1966).
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this limiting ¥/ one can compute osmotic pressures
and other osmotic quantities using the McMillan~
Mayer® or the Kirkwood-Bufi¥ theories. We shall
assume that the long-range part of the solute-solute
potential of mean force at infinite dilution can be taken
to be

w,-,-'”=z,'z,-ez/Dr, (23)

where D is the dielectric constant of the solvent. [No
specific assumption about the form of ¢;(r) is necessary
for our formal results. The assumption that ¢;/(r) is a
pure hard-core potential corresponds to the “primitive
model” of Mayer.] This w;™(r) is just the effective
interionic potential assumed by Debye and Hiickel an
corresponds to the neglect of the “granularity” of the
solvent. The use of this w;”(r) is consistent with the
further approximation that the #-particle solute-solute
potentials of mean force at infinite dilution are simply
sums of the w;;(r) over all pairs of the # particles. We
shall include the D (but not the superscript m) in
writing our equations, so that they will be directly
applicable to the computation of osmotic quantities.
Whenever v;; is taken to be the potential rather than the
potential of mean force, D is simply equal to one. This
is always implied when we speak of solute-solvent or
solvent-solvent interactions. [ When using the approxi-
mation (2.3) the solvent enters into the theory only
through D and does not appear as a species of particle
in the same way that the solute does. Hence in this
approximation solvent-solute and solvent-solvent inter-
actions are never explicitly considered. ]

B. Results

Our results are contained in the following expansions,
in which — %78 is the excess Helmholtz free energy per
unit volume, k:;(r) =ha(r1, r2; 2, ) = — 14 gi;, where gi;
is the “radial” distribution function such that

gii(ra) = galr1, 725 4, )

=ny(ry, 7251, 1) /ma(r; DNm(r; ), (24)
and
mi{ry,e++, 115 B, + +, 41) =the probability den-
sity for finding distinct particles of species
iy,+++, 1, at postions 7,- - -, s, respectively, (2.5)

hix=the three-particle cluster function, related to
giw (e, 713, 7235 4, 7, k) and to Fj, the three-particle
Ursell function by Eq. (3.1b). &, %;° and hz? are
quantities that refer to the system with potential
v;;=qsj. We call this the reference system. Further

2= (4re?8/D) }: 8:ps (2.6)

18 W, G. McMilland and J. E. Mayer, J. Chem. Phys. 13, 276
(1945).

1] G. Kirkwood and F. P. Buff, J. Chem. Phys. 14, 164,
(1946); 19, 774 (1951).
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is the square of the reciprocal Debye length;

dré?
K= —5—@ 2 (prj-!- 2 550ip; / hz-j°df)
7 3

= (4re’3/D) E PiviZi, (2.7)
where
pwi= Dz (5ijpa+mpj f hej"dr)
4 (2.8)

= 2 29p:/Bu,
7

and u,® is the chemical potential of species 5 in the re-
ference system at the given densities p;. The relationship
between the integral of 4;; and the partial derivatives of
the chemical potential is completely general. We also
introduce the potential of mean or average force
Vii(re) =¢(rw; 4, j) = — kT Ing,; as well as the quantity
0=22()_; p:) where z is used to denote the magnitude of
z; when it is the same for all charged species.

For an arbitrary system of charged particles, we find
for a uniform fluid

b K3

—Q0._1/@,2 2 neps | —e — ..

§=§ 2(66)§<Z,Z]p,p,/ ; dr>+121r+ )
(2.9)

The terms that are unexhibited here and in the rest of
this section appear to be of higher order in €28 than the
ones exhibited. (The missing ones here, for instance, are

where

h 0
Sy=167 / —dr,
r
/3 0
si= =g [ 2 g,
r

h (4]
So= — 168 f 8 eyt 268 f huddr,

712793731

gr (.
Sr= T {hm

x>0

/ Inlhslx expll — k(riotrostraut-ra) 1

T127237 347 41

The remaining terms appear to be of the order (¢3'/2)3,
We note that R3(e?8/D)¥2 8; is of order («R)! so that
kR can be used as the single dimensionless ordering
parameter in our expansion of R given by (2.11).
This is very convenient since xR is small if either 8 or p
is sufficiently small, As a result (2.11) has a universality
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of order ¢482.) In (2.9) the terms of next higher order in-
volve four-particle correlations of the reference system
and hence are of great analytic complexity even for the
simple case of charged spheres.

The potential of mean force ¥;;(r) behaves asymp-
totically for #— <o, and Be2—0 as

Viij(r)~vw;(e2/Dr) exp(—Kr).

The substitution of »; for z; and K for « are the essential
modifications of the Debye-Hiickel results due to the
short-rangeinteraction between the ions.” It isinteresting
to note that in a solution the presence of charged
particles induces long-range correlations between the
uncharged particles. These are of higher order in the
density, as might be expected. [Equation (2.10) can
also be derived via the usual Debye-Hiickel-type
arguments (cf. the Appendix).]

A special but important case—the symmetric case—is
defined by the conditions that | z; | be z or 0 for all ¢, and
p: and g;; be the same for all charged species. Important
examples are the two-species case for which z=—a2,
and the three-species case for which z3=—2,, 23=0. A
great deal of simplification occurs in this symmetric
case as a result of the condition Z,- pizi"=0 for odd #,
and z;z;==42% (In terms of our analysis by means of
cluster diagrams, this simplification is very similar to
that which occurs for the Ising model in the special
case of zero field.) One finds that K=« and the second
term on the right-hand side of (2.9) becomes zero, but
now the first few higher terms have a simple enough
structure so that they can be evaluated with considerable
precision for a hard-sphere reference system. We have

(2.10)

(2.11a)

(2.11b)

(2.11c)

(2.11d)

h 0
drldrgdrg} gLl f . dridr,—3(8¢7127312) f Infrdr.

712723

(2.11e)

lacking in previous expansions that use pR?® as an
ordering parameter and are hence limited to small pR3.

The extreme opposite of the symmetric case is the
often-studied mathematical model of a single component
charged fluid in a uniform background. We can treat
this case as the limit of the two-species case in which
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2,—0 in such a way that zps=—21p, and hp"=/lud=
Ye =¥ =0. We have, setting z1=3, p1=p,

0\ 2 .2 —_
Yu=yu’+ (%) %ze_x_p_(__l_(_ﬁ as B0, (2.12)
2 2ox°
2= 2 0, = =
K=« (H—p/hdt) Bn - @

where P?is the pressure and x° the compressibility of the
reference system. Since, for repulsive short-range inter-
actions between the charged particles gu(r), d8P%/ dp will
generally be larger than unity (except when the refer-
ence system has a phase transition, which we shall not
consider), the effect of the short-range interactions is to
increase the shielding length. This can be understood
physically since the shielding which comes about here
by the depletion of like charged particles in the vicinity
of a fixed particle is opposed by the short-range forces
which try to keep the density uniform. This effect also
reduces the magnitude of the correction term to ¥y,
and is completely lacking in the symmetric case (at
least in lowest order).

III. CLUSTER EXPANSIONS

In order to obtain the expressions given in Sec. II, we
shall start out by setting down a few general cluster
expansions, and then later consider ¥;; and .S in detail
through the first few orders of €28. An appropriate set of
functions for us to begin with is the set {F;}, the I-
particle Ursell functions associated with the »; defined
in (2.5):

Fi(11; 4) =m(11; 9),
Fy(ry, 125 4, 7) =ma(1y, Ta; 4, ) —mi(13; 7),
Fy(r1, 1254, 7, k) =ng(xy, 1y, 1354, 7, k)
—my (11, ©)ma(Ts, a5 7. k) —my(12; F) ma(1y, T35 7, )
—m(t3; k) na(1y, 1254, 7)
+ 2m1( 1y, 1) 112, F) (T3, %)
With respect to the #’s of Sec. IT we have

(3.1a)

Fo(r, 13; 1, )

=hy(1, 1y; 1, j) =hij(1, T;
11 (T1; 1) 1 (12; ) 21, T2 4, 7) (1, 12),

Fs(rh I3, I3; 1:7 j) k)
m(11; ) 91(L2; 7) ma(xs; &)
=h,'jk(l'12, T3, I‘zs) . (31b)

The functions F; have cluster expansions that can be
represented in the usual way (see I) as a sum of linear
graphs consisting of K bonds representing the function
K (11, 19; 4, §) = exp[—B¢:i(11, 12) ]—1, ® bonds repre-
senting the function &(1y, Ip; 1. j) = —Bwi;(re), and 7,
vertices representing the function #;(ry; 7) (or p; in a

=h3(l'1, Iy, I3, 1:’ j’ k)

STELL AND J. L. LEBOWITZ

uniform system). [ Note that the K(ry, 1; ¢, §) is a quite
different object than the X introduced in Eq. (2.7).] A
vertex that is white and labeled by r; and ¢ is assoiciated
with the coordinate r; and the species 7; a vertex that is
black and unlabeled corresponds to a coordinate that
has been integrated over the volume of the system and
an index that has been summed over all possible species.
Each graph then represents a sum of integrals—a sum
over species and integrals over coordinates—divided by
a symmetry factor that is the number of ways the bonds
and black vertices can be relabeled (in one’s imagina-
tion, that is; on the graphs, only the white vertices are
actually labeled) without the relabeling leading to a
graph that is distinguishable from the original graph.
For F; we have [cf. Eq. I (2.7)]

Fi(ry,e e+, 115 43+ + +, %) =the sum of all irre-
ducible graphs consisting of some & bonds
and/or K bonds, some or no black #, vertices,
and ! white vertices, labeled {ry, 44} through
{1, i} ; At most one K bond, but an arbitrary
number of $ bonds (along or with the X bond),
can share a pair of vertices. (3.2)

Here, an irreducible graph is a graph free of articula-
tion vertices, which are vertices whose removal separates
the graphs into two or more parts, one of which is free of
labeled vertices.

Letting mee e represent X, repre-
sent-®, and O or @ represent #, such a graphical
prescription can be pictured as below:

Fo(1y, 1351, j) = ov===e + Q +eeet ﬁ\

/

+(/ \t+ B3

where one white vertex on each graph is understood to
carry the label {r;; ¢} and the other white vertex the
label {rs, j}. (Often in picturing graphs we shall not
bother to write in the labels. The fact that the labeled
vertices are pictured as white circles already distin-
guishes them sufficiently for most of our purposes.) A
typical graph in such a sum represents a sum of inte-
grals; for example,

=3 f drs®(1y, 15 i1, )
1

XK(I'l, X3, ’1:1, j)@(ra, f2§j; i2)f

where ¢ is the total number of species.

It is sometimes convenient to denote {1, 4;} as a single
vector £;, and then we use the notation Fa(f, &)=
Fy(t1, T3; 41, 33) and use the integral [d¢, to mean the
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generalized integral
o f dr..
fmnl

We also use [d&p to mean

Z / dru,
i3

Sometimes we shall lapse back into the use of 1;’s and
/’s when we think it will be a little clearer than the use
of &/s.

The prescription for ya(fi, &) =y.(re) is very
similar to that of F, given by (3.2), but we add a
constraint:

—Bm (1) ma(E)¥a(Ey, &)
=—PBni(&1) m1(&2) vi;(re) +the sum given
in (3.2) when /=2 such that (i) the white
vertices are not a pair of vertices whose
removal separates the graph into two or
more pieces, and (ii) there is at least one

black vertex. : (3.4)

The prescription for 8 is the simplest of all:

V8=the sum of (3.2) with /=0, i.e., no white
vertices.

(3.5)

In order to carry out our program for obtaining results
in which the properties of the reference systems are
correctly taken into account to all orders in the density,
we have to carry out a resummation of the above graphs.
This has the effect of eliminating the X bonds and
density vertices in favor of new entites more suitable for
high-temperature (small B¢?), high-density expansions.
Following our procedure in I*¥ we now introduce the
modified Ursell functions F; which are related to the
“modified distribution functions” #; in the same way
that the F; are related to the . The 7; have the same
definition as the #; given in (2.5) except that the I
particles need n»t be distinct. Thus,

Po(et) =pidisd(ri—1,))+ Falts, £5).
The F; have the prescription

Pk, ,£1)=the sum of all irreducible
graphs consisting of some ® bonds and/or K
bonds, some or no black #; vertices, and m<I
white vertices that are each labeled by a subset
of labels {£,- -+, £}. For each graph the sub-
sets aredisjoint and exhaust the set {£1,++,£;}.
At most one K bond but an arbitrary number
of ® bonds (alone or with a K bond) can

share a pair of vertices. (3.6)

We now define 7, the “short-range part” of F, to be
the function represented by the subset of all graphs in
(3.6) such that all the white vertices in each graph
would remain connected if the ® bonds were erased.

311

The F;* will be represented by hypervertices (black
circles with vertices attached in their perimeter)

F’z‘= ‘, F3’= ‘ , etc., ++-.

The difference between F; and F* is denoted by F£, the
“long range part” of F;. It was shown in I that the F;
can be expressed in terms of the F4* and the ® bonds
alone. It is also possible, and particularly useful for the
Coulomb case we are considering, to eliminate also the
® bonds in favor of €(£y, &; F2*), the sum of chains of
® bonds that are connected together by F,* hyper-
vertices. We denote C(£, £; Fo*) by a dot-dash line and
refer to it as a @(F;*) bond:

+ ———r— {----. (3.7)

Our prescription for F’u in terms of G(ﬁg‘) and P is
given by

F’1=F'z‘-l—the sum of al} irreducible graRhs
consisting of some @€(Fy?) bonds and Fy*
hypervertices, such that the graphs have /
white vertices labeled £ through £, respec-
tively, and no F,* hypervertices containing
two black vertices.

Thus

Fy=Fyt+t o memeto + '(:} + o "p

(3.8)

The main distinction between the short-range parts and
the long-range parts of the correlation functions, for
example Fo* and Fy%, is in the ‘dependence of their
effective ranges on ¢, or on « which is proportional to e,
when this parameter becomes very small. As pointed out
in I when considering expansions in v, the inverse range
of w(r) =v*¢(vr), weexpect that Fy* (7, v) znd F&(y,v),
y=1r, should have expansions in v for fixed r and y with
each order in the expansion approaching zero as r or vy
approach infinity. For w(r) satisfying (2.2c) and (2.2d)
the formal expansion in v is actually a power series
(at least in the region away from a phase transition),
with the order of a particular graph being equal to (or
starting with) 43¢ -where ¢ is the number of & (or ©
bonds and m the number of free integrations in the
graph. The latter is equal to the number of “islands”
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(pieces not containing root points), left when all the
bonds are deleted. For graphs not containing root points
(such as in VS), the order in 93 is one less than the
number of ® bonds minus the number of islands. The
reason for this is clear since each ® bond is of O(+?)
while each “free” integration brings down a +%. In the
Coulomb long-range case, where w(r)~e¢*/er, the role of
7 is formally assumed by e, but the situation is compli-
cated by the violations of (2 2c) and (2.2d), and in fact
it is clear that not all graphs with e(Fy*) bonds and
F.e hypervertices in (3.8) will even be finite. For
example, graphs like

t’}" and %-é;)._‘

are infinite as a result of there being more than two €
(F®) bonds between a pair of hypervertices. Such
difficulties, however, can be overcome by suitable
resummations and the introduction of new bond func-
tions, such as

®=C-+ (1/20€+(1/3) @+ -

To help determine the order of the terms omitted from
our final results, we have in fact used a e(Fy)-bond,
(B(F %) -bond, % -bond, p-vertex representation of Fs,
but since the systematic description of this representa-
tion is unnecessary for an understanding of the origin of
the terms that are retained in (2.10) and (2.11), we do
not give it here.

The complexities and associated modifications that
must be considered in the case of a Coulomb potential
are fortunately not present in the computation of the
lowest-order term of Fol(wv,e), y=er, the term corre-
sponding to the one computed by Debye and Hiickel
for pR3< 1. This term is contained in the first graph—the
chain graph—on the right side of (3.9). The Fourier
transform of this graph with respect to the variable y
denoted by T, has the easily verifiable form [cf. Eq.
(4.3) in I]

el Z Fils(ek, e)zlzmﬁmja(ekJ €)
DLk — Y ziznF i (ck,e)]

where F;2(k, e) i is the Fourier transform with respect to
the variable 7 of Fo*(r, €) for species 7 and j and we have
exhibited its ¢ dependence explicitly. To lowest order in
e, Fyr(r, e) =F2(r) from which follows (2.10) since to
this order —Bpp P~ =P, Alternatively, we could
have done our analysis dlrectly on ¥~ Itis clear that our
result reduces to the Debye-Hiickel result when, as is
true at low densities, Fo*(%1, &) is replaceable by
m(£)d(b1—&).

The lowest-order terms in Be? of the free energy may
now be computed by the method of Sec. 6 of I. We start
by introducing a parameter A into the definition of & so

Tk, €) = (3.10)

STELL AND J.

L. LEBOWITZ

that
D(&1, £2) = — NBziz;/ s (3.11)

F, now becomes a function of A and we have [cf. Eq.
(6.10) of I but note the difference in notation with
respect to the inclusion of A in &]

=50+ (20) [ drdia® (8, B mlE) m(e)

Lda
+@W“£7/%&%@@Wm@L(ﬂb

The second term on the right will vanish due to charge
neutrality while to lowest order we replace Fot=FyF by
the chain graph and F,* by F? obtaining the result
quoted in (2.9).

IV. ANALYSIS OF HIGHER-ORDER TERMS

In the preceding section we gave the general repre-
sentation for the ¥, in terms of G(ng) and the F;® , and
by taking only the lowest-order term in Fr and
approximating Fy* by F® we obtained (2.9) and (2.10).
More generally the function F;* must be systematically
given in terms of quantities that depend only on w;; and
the state of the reference system in order for us to
obtain higher order terms. In this paper we need only be
concerned with /=2.

From our results in I we can write

N\
an___. PO,y + +o..,

where e===-=® in {4.1) and hereafter represents the
function Fy? and

%re resents1 f M
PSR 2] om(gom (e

X P&, &) FP (&4, &) dbsdte.

(4.1)

(4.2)

Similarly, we have

o=aw~é%}+~u

where o@D represents F'g‘) The set of terms not shown
in (4.1) and (4.2) can be represented by graphs with
two or more C(Fy*) bonds and hypervertices that
represent various combinations of Fs and their
functional derivations with respect to #(£;) . For details
of this representation we refer the reader to Appendix B
of 1,8 where these hypervertices are called the Hy;
hypervertices.

(4.3)
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To complete our program of obtaining all functions in
terms of ® and quantities relating to ‘the reference
system. we must re-express e(Fy*). One way of doing
this is by introducing a e(F,?) bond, which we denote
by ==.2.—. The O is to remind us that we are looking
at a @(F) bond instead of a @(F»*) bond.
ek, by Fd) = — e

= — ————

+ e +or. (44)

Putting the results of (3.7) and (4.3) together, we have

,?

(4.5)
and this yields

G —p = O—"— @ + %—’-o
e
+ @———@
+ @_?@ Feee, (4.6)

L @ 2L @B SIRNC)

~..

We now have graphs in which the functional de-
pendence on ® and on reference quantities is separated
in a clear way. Nevertheless a function like

L ]
QoD
is still not a simple functional of F, and consequently
we must carry our manipulations one step further. We

introduce the difference between #50(ry, 15; ¢, ) and the
function M:

M(ry, 1554, ) = [fdfzﬁ'z"(n, fz;i;j)]5(f1*fz) (4.8)

and represent M by the symbol

<D

37113

We let the difference between F and M be A(r,, 1p;
1,7) which we represent by

/N

Q-0+ A (49)
We introduce @ (M) :
C(M) = —-'_-2'-
+ ————aDr—eDp—— oo, (4.10)

and we have then

° o o o
— ¢ —— - —-—.—+ ——.—-A — o— +.-o,

(4.11)

° ] o
@@ = Do e +-a>-~—d&
o
oo DO ... (112

_ Similar decomposition can be given for the higher
F,0% but they are unnecessary for the purposes of this
paper.

We find, finally, that

o
oo — - —oQp
is a simple functional of F for a uniform system:
o
Qr— - —D» = —p;pviv;(e'8/D) Lexp(—Kr) /],

(4.13)

where y; and K are.given in Eq. (2.7) and (2.8).
There is a remarkable simplification that takes place
in these cluster expansions when we look at the uniform
symmetric case in which for all charged species,
| 2:| =2, and the p; and g.; are the same for all i. We
have 3, z.p;=0 for all odd I. and this—along with the
condition on g;/—means that whenever there are an odd
number of @ bonds [or €(Fy*) bonds, €(F?) bonds,
€ () bonds—it does not make any difference] incident
upon a black vertex, the graph is identically zero. We
illustrate this state of affairs below by picturing the
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expansions associated with o number of hypervertices in
the symmetric case. Here

stands for F:

~—{)— becomes ——e— | (4.14a)

S0
—(D— =——,  (4.14D)
——A—— =Zero, (4.14¢)
and
O
—2e= B () (4.14d)
(hereafter we represent €(#y) by ———. —mo——). We
also find from symmetry
£\ =zero0 (4.14e)
———0—-: £ -l- ‘/ \3———
e (s4)
777N\ L—
W =L (4.14g)
~
_._.( =z, (4.14h)
~
e [ .
q\ - ="+ (4.140)

There is an alternative way of obtaining €(F,¢) in
terms of ® and quantities relating to the reference
system that does not start with (4.5), and it seems to be
especially useful in the symmetric case. The steps
involved closely parallel the ones followed in Eq. (4.8)-
(4.13).

We first introduce the difference between

Foo(ry, 10;4,7) and Me,

where M* is the function

M‘(I'l, I, ’l:,]) = [/ dl'zﬁz’(n, Iy, ‘i, j)]ﬁ(rl— 1'2). (4.15)

G. STELL AND J. L. LEBOWITZ

We represent M? by

and let the difference between it and F* be denoted by

A

@ = {I} + A (4.16)

We deonte the sum over chains of ® bonds connected by
Me vertices as  ‘M*) and represent it by .2

—t ——
+ —4}_—{]}——"’"."

e(M)= — - =

(4.17)

and we have

o(fy =)+ —— N L (a1

o——= -0 + A

+ - e, (429)
and using (4.14i) and (4.16),
U~
PED ST e T
In the case of a uniform fluid
C(M*) =~zz;(¢¥8/D)[exp(—Ku) /7], (4.21)
where
Ki= aF (E B). (4.22)

If we expand Fy* out in terms of €(F¥) bonds and
hypervertices that represent functions dependent only
on the reference system, we get

dme? .
K= gﬁfdflzzﬂi(‘@'{" m +"')”'

(4.23)

This turns out to be K? when we approxiiate it by
retaining only the

in the brackets, and then we are back where we started

Downloaded 04 Feb 2005 to 128.6.62.224. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



SYSTEM OF CHARGED PARTICLES

from with K2=~K? However, in the symmetric case we

have
+]

dre?
Kz2= 1;6 f dE122:2;
(4.24)

which we can either use in some self-consistent scheme
{ o B ., is a function of K., [see (4.21)]}, or
expand outin terms of ® and reference system quantities:

4rré?
K= gﬁdemZiZi

a T N e

X ["1(51)5(51 &)+ L. o -}

n
'A|

X [”1(51)5(&—52)‘*‘ VAR +-- '] . (425

We continue our discussion of K in Sec. V.

V. HIGHER-ORDER TERMS IN THE POTENTIAL
OF AVERAGE FORCE FOR THE
SYMMETRIC CASE

Before deriving Eq. (2.11) we shall discuss briefly the
leading contributions to Fp and i, in the systemetric
case. Our main purpose is to exhibit the terms that give
rise to a shielding length at high density different from
«~! even when there is no disparity in ionic diameters.
We start with (3.9) where the graphs

and

- >

are all identically zero because of symmetry [see
(4.14h) .
From (4.19), we have

oo —-— offJo = ,m._:.'__.m. +oee,

In a uniform fluid in which p= Z pi, where the sum
is over all charged species, we find

{Ip—- —'{I} [—zizipe*81%/ D] exp(— Kr) /1],

(5.1a)

(5:1b)

where the I and K, are related by the equation
K2=¢, (5.1¢)

and, from (4.24)
2pe’8 [ I z4 %e? h
I=1 ZP 6/ 12 P ﬁ '_lﬁdl'ldrr{"
T12723

(5.1d)
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while in a uniform system the first term in (4.20) can be
evaluated to yield

?\ _ pi22e25 2
.'/'m’ ’[ D ]

X (1+Pjh12°df+“°

O

2 exp(—2K,r)
) - (5.2)

After taking into account the simplicification of terms
due to symmetry we find from (4.1) that

Fyp=Fpt d=-==b fooe, (5.3a)
In a uniform system this can be written as
F23=F20—F20(I'1, I2; i,])
X {2:2;(¢*8/ D) [exp(— Kyriz) /e ]} +++-.  (5.3b)

The terms that are neglected in (5.1)-(5.3) contribute
to F» to higher order in €28 than the terms that are shown,
but in order to obtain a final expression for F; we are
still faced with the task of comparing the terms in each
one of these equations with the terms in each of the
others. This brings up the general problem of ordering
functions of r which we shall not pursue except to note
that as 7~ , @@e—-. —o@p is dominant over
-

as well as the next higher-order term in (8. 3) (not
shown), which contains two (‘B(F“) bonds. It is also
clearly dominant over
- ™~
*_.®*
Thus through order (¢%3)2, «@— —«@ appears to be
the dominant term of F, as r approaches infinity.
Although the analysis of this section thus far has been
allin terms of F; we have given our final results in Sec. IT
in terms of ¥, in order to obtain an expansion that will
provide, as it stands, reasonable and useful approxima-
tions to the exact state of affairs. There is a difficulty
with our expansion for F, that prevents it from pro-
viding such approximations. The problem is that we
know Fo(&, &) must go to —m(&)ni(&) [ie., that
g:(&1, &) must go to 0] when ri; goes to zero for any
v;;(r12) that goes to infinity when ri; goes to zero, but
when we truncate our expansions for F, after any finite
number of terms, they will not, in general, satisfy this
condition. (This problem of “small  boundary-condi-
tion breaking” is a functional and vexing one for any
reasonable v=g+w and it is intimately connected with
what goes wrong with v expansions in the critical region
for nonionic fluids.®®) For a w(r) that goes to « as 7z
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goes to zero this difficulty is glaring even away from
critical regions, but it can be very easily remedied by
first obtaining an approximate y» through the relation
g2= exp(—p¢¥2). The F; so obtained will of course no
longer be represented by the first few terms in a simple
ordering scheme involving €28 the way ¢y itself is, but
there is nothing any more sacred about Fy than about
Yo in this connection. Turning now to the problem of
actually finding Y. (£, &), when we carry along the
results of the extra conditions given in (3.4) through the
necessary resummation, we find that in the symmetric
case, we have, instead of (3.9),

— B (&) m(E) e (b, £2) = —Bra(&r) ma(Ea)de® (§1, £o)
+ et P~ P, (54

and instead of (5.3) we have

m(E) m(e) e =m(&) m(E) 4o+ (5.5)

without

Otherwise the results for ¥, are the same as those for
F, to the orders we consider here. In particular to

0(e8)*,
—Bm(E)mEWalt, &) = d——qp for r—co.
(5.6)

We close this section by noting that Eqgs. (5.6) and
(5.1b) show that K, is the shielding length for
sufficiently low 8, and that (5.1c) and (5.1d) exhibit the
dominant terms that give rise to the difference between
x and K, when there is no disparity in ionic diameters.

VI. THE FREE ENERGY

To derive (2.11) we shall examine the free energy by
means of Eq. (3.12). Letting - represent ® and
— =+ — represent C(F,*) as before, we have
from (3.9)

Fo(ky, £0) Doy, £2) =Fo (&, £2) Pa(fy, £2)

+ 4P+ €—»
Sl S

+ gt (61)
~—_"

Thus we can write 8 as the following sum:

s=5+(21)7 [ n(e) %k, B)n(t) dedirt Rt X,
(6.2a)

STELL AND J. L. LEBOWITZ

where

N
R=V- f b / dtdty
0 A

X (an(sl, D0 n+ ¢ P ) (6.2b)

=V“f /d 1dEs [Fz (&1, £2) Pa(by, £2)

O O T

(6.2¢)

and

2 —(ZV)_lf d)\/d&d&

x (€ + é/‘\

’ +.. ) (6.2d)

Since F* differs from Fy® by an order of €28 [Eq. (4.1)]
we anticipate that the function R® obtained from the
replacement of Fo* by £ and Fy? by F in (6.2¢), will
differ from R by a function that contributes to a higher
order in %3 than RO itself. We denote this function,
R—RY as R'.

Because F¢ is independent of A, the integration of R°

with respect to \ is trivial and letting 0-~~-~0 repre-

sent F(£y, &), O represent (%), and c@) rep-
resent Fo0(£y, %) as before we have

(D N,
+m+ +R. (6.3)

To obtain Eq. (2.11) we use (4.8)-(4.12). This gives

us
V(R—R) =

-—- el

oo Lo LT

VQ
D .

In a uniform fluid, the sum of the terms in brackets is

(6.4)

the simple function K3/12x.
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The subsequent terms can be written in terms of
(M instead of & [Eq. (4.10)]. Denoting C(M) by
L as in Sec, IV we have

R=(K3/127r)+V‘1('--/:>' + -

\ 4
o /BN ,
+0©o+%;—) Fo)HR. (65)

The termsin R after the first graph can be shown to be of
order (€%8)% The lowest-oxder contribution from R’ is
also of order (¢28)? while >~ must be added to R’ to give
finite results; the lowest order in €28 to which it contri-
butes is (€?8)2log(e?8). Furthermore, because of
neutrality the term before R in (6.22) vanishes. This
then leaves us with .

) + (E3/121) +0(8)*,
. (65)

8§=84-V-1 (

In the case of a symmetric system, we can use the -

equations (4.14) to simplify (6.2)-(6.4), and as a
result X%/12r becomes «*/12x and (6.2) becomes

$=8+(v/12m)+ 2. +R. (6.7)

The function R’ has also simplified considerably now.
We have . ’

VR =

(6.8)

When added to R’, 3 still appears to contribute to
higher order in ¢?3 than we shall consider here.
Since

C(m) = (—22,6'8/ D) exp(—«r)
= (—2:2;6’8/D)[r'— x+3 (k%) — 1 (kW) .- -],
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the terms in R’ can be easily expanded to get a series in
Y2, The result, when inserted into (6.8), yields (2.11).
All the terms given in (2.11b) through (2.11e) arise
from the expansion of the three graphs shown in (6.8).
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APPENDIX: ALTERNATIVE DERIVATION OF
CHANGE IN DEBYE LENGTH: EQ. (2.10)

Let ¢;(r) be the “average” potential produced at r
by the presence of a particle of species j at the origin;
we have

Vi, (r) =dme 3 zpigii(r) =dme 3 mipihii(r) (A1)

while for the constant chemical potential u;, assumed to
depend only on the local densities and average potential,

wi=pL ({p[ 1+ hui(r) 1} )+ ezips (1)
=ud({p:})+ ; (3u/3p:) pikij+ezips

=#-'“({Pz_})- (A2)

Hence
piuy(r) =—e 3 2:(3p1/8u) $(r)

=—eBpwi;(r). (A3)
Substituting this (A3) into (A1) yields
Vig;(r) = — K’p;(r)
whose solution is
¢i(r) =C;exp(—Kr) /r

=— (8rs) hy;(r).
By symmetry now
viCi=viCy

so »;7¥C; is a constant C independent of j. If we argue
further that C should be independent also of the short-
range interactions and that ¢;(r) should go to ez;/7 as
r—0 when there are no short-range interactions, then
we find C=e¢/D, which agrees with (2.10).



