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Abstract: Solutions to the equation 9;E(x, 1) — ﬁAE(x, 1) = A|S(x, )2 Ex, t) are
investigated, where S(x, t) is a complex Gaussian field with zero mean and specified
covariance, and m # 0 is a complex mass with Im(m) > 0. For real m this equation
describes the backscattering of a smoothed laser beam by an optically active medium.
Assuming that S(x, ¢) is the sum of a finite number of independent complex Gaussian
random variables, we obtain an expression for the value of A at which the g’ " moment of
|€(x, t)| w.r.t. the Gaussian field S diverges. This value is found to be less or equal for all
m # 0,Im(m) > Oand |m| < +o0 than for |m| = 400, i.e. when the A€ term is absent.
Our solution is based on a distributional formulation of the Feynman path-integral and
the Paley-Wiener theorem.

I. Introduction

We investigate the breakdown of linear amplification in a system driven by the square of a
Gaussian noise. This problem which models the backscattering of an incoherent laser by
an optically active medium was first considered by Akhmanov et al. in nonlinear optics
[1], and by Rose and DuBois in laser-plasma interaction [10]. The latter investigated the
divergence of the average solution to the stochastic PDE,

HEG, 1) — 1= AE(x, 1) = A|S(x, ?E(x, 1), n
t>0, xe ACR? and E(x,0) =1,

heuristically and numerically in the “diffractive case” where Im(m) = 0 and Re(m) # 0.

Here A > 0 is the coupling constant and S is a complex Gaussian noise with zero mean'.

More recently, this problem was analyzed from a more rigorous mathematical point of

1 This is the case of interest in laser-plasma interaction and nonlinear optics in which § is the (complex)
time-envelope of the laser electric field. With the help of some minor modifications, our results carry
over straightforwardly to the cases where S is real.
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view in [2] and [7]. The “diffusive case” in which Re(m) = 0 and Im(m) > 0 was
considered in [2], and the one dimensional diffractive case was considered in [7] for a
restrictive class of S’s. In the present work we will consider the general case m 7 0 and
Im(m) > 0 for A a d-dimensional torus with d < 3. As in [2] and [7] we will express
the solution to (1) formally as the Feynman-Kac path-integral

Ex, 1) = /
x(-)EB(x,t)

where B(x, t) denotes the set of all the continuous paths in A satisfying x(¢) = x.

In the diffusive case, the right-hand side of (2) is just the Wiener integral of exp Q fot dt
|S(x(7), r)|2) over B(x,t). This was used in [2] to prove, under some reasonable
assumptions on the covariance of S, that for every + > 0 and any positive integer g
the average of £(x, t)? over the realizations of S, (£ (x, 1)?), diverges as A increases
past some critical value smaller (or equal) than in the diffusion-free case (i.e. when
|m| = 4o00), with equality holding for a class of S. It was conjectured there that this
inequality should also apply when diffusion is replaced by diffraction, i.e. m real, m # 0,
the case of physical interest considered by Rose and DuBois in [10].

The diffractive case is much more difficult because the right-hand side of (2) is no
longer well defined and one cannot a priori exclude the possibility that destructive inter-
ference between paths makes the sum of divergent contributions finite, raising (possibly
to infinity) the critical value of A at which the average of (2) diverges. Using heuristics
and numerical simulations, Rose and DuBois argued that (|€(x, 1) |2) should diverge for
every t > 0 as A increases to some finite critical value [10]. The conjecture made in [2]
that diffraction should actually lower the critical coupling (or, at least, not increase it)
compared to the case |m| = +oo was proved in [7], for very special choices of S, for
the divergence of (|E(x, 1)]).

In this paper, we extend the results of [7] to a much wider class of S. We analyze
the divergence of (|€(x, #)|7) for any positive integer ¢, and we treat both the diffusive
and diffractive cases as well as all the intermediate cases between these two limits [i.e.
complex m with Im(m) > 0 and m # 0]. Our strategy for controlling the complex
Feynman path-integral (2) and determining the critical value of A uses the following
three ingredients:

eJS[%"’x(rﬂwS(x(r),r)\z]drd[x(')L )

(i) we consider a restricted but quite wide class of S for which £(x, #) can be written
as a Fourier-Laplace integral w.r.t. a distribution with compact support;>
(i) we apply the Paley-Wiener theorem to this Fourier-Laplace integral. This yields
the control of (2) for “large” | S|%;
(iii) we average |E(x, t)|9 over the realizations of S and use the control obtained in (ii)
to determine the smallest value of A for which this average blows up.

The rest of the paper follows this strategy quite faithfully. In Sect. IT we specify the
class of § which we can treat. The distributional formulation of £ (x, t) is given in Sect.
IIT and the way to control its growth is explained in Sect. IV. Finally, the determination
of the critical value of A and the proof of the conjecture made in [2] are given in Sect.
V. It is worth noting that (i) and (ii) do not depend on S being Gaussian and thus apply
also in a more general setting.

2 The “Fourier-Laplace” integral w.r.t. a distribution with compact support on R¥ is the continuation
of the usual Fourier integral from RY to CV.
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I1I. Model and Definitions

We consider the solution to the linear amplifier equation (1), written in its integral
representation (2), with m in Ct\{0}, where Ct = {m € C : Im(m) > 0}. We assume
that S can be expressed as a finite combination of M complex Gaussian r.v., s,,

M

SCe, 1) =Y snPalx, 1), 3)

n=1

with
{ (Sn) = (Spsm) =0, )

(5n5:1> = Spm-

The ®,, are normalized such that

- 1o
— (1SCx, D)2 drd?x = — / /|<1> (x,7)>dtd%x = 1.
|A|/O/A |A|n§ o Ja "

Furthermore, the @, (-, T) are assumed to have second derivatives bounded uniformly
in T € [0, ¢], and the ®,(x, -) are piecewise continuous for every x € A with a finite
number of discontinuities in [0, #] for all finite #. Note that locally, i.e. for each x and 7,
|S(x, 17)|2 is a quadratic form of 2M real Gaussian r.v. (the real and imaginary parts of
the s,,), soitis a X2 r.v. with 2M degrees of freedom.

Equation (3) generalizes models of spatially smoothed laser beams in which the laser
light is represented by a superposition of a finite number of monochromatic beamlets
the amplitudes of which are independent r.v. [9]. For a large number of beamlets these
r.v. can be taken as Gaussian and the laser electric field takes on the form (3) with
D, (x, 1) ocexplitky - x + ak%t)], where k,, is the wave vector of the n'" beamlet and
a > 0 is a (real) constant. It can be checked that all the assumptions made on S are
fulfilled.

We are interested in the critical coupling A, (x, ¢) and its Laplacian-free counterpart

Xq (x, 1) obtained by setting m~! = 0 in Eq. (1). These quantities are defined by
hg(x, 1) =inf{A > 0: (|E(x, 1)|7) = +o0}, (5a)
T (1) = inf{A > 01 (P o 1S@DIPdTy — 4 ooy (5b)
Equations (5) give the values of A at which (|€(x, t)|?) diverges with and without the

Laplacian on the left-hand side of (1). Note that S is not assumed to be homogeneous
and the critical coupling will depend on x in general.

IIL. Distributional Formulation of £ (x, ¢; s)

Let s be the M-dimensional Gaussian random vector the elements of which are the s,,,
and y (x, t) the M x M Hermitian matrix defined by

)/nm(xa T) = qD;;(-xv f)CDm(xa T)~
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Inserting (3) into the right-hand side of (2) yields

t|im - 2 T
Elx,t;8) = / efo[ 7 (D)7 +As )/(X(r),r)s]d
x(-)eB(x,t)

where we have made the dependence of £(x, ) on the realization of s explicit. In order
to make (6) more appropriate to a distributional formulation it is desirable to replace the

dlx ()], (6)

quadratic form sTy(x(r), 7)s with its monomial decomposition. One obtains

N N ¢
E(x,135) = / o F Jo XV exp [A > ki) f ¢i(x(1), r)dr] dlx()],
x(-)eB(x,t) i=1 0

(7N
with N = M2, and where the ¢; are N real valued functions given by yy,, ﬁRe(ynm),

and ~/2Im(Ypm), n < m. The components of the vector k(s) € RY are given by |s, 12,
\/ERe(s,,s;:,), and ﬁlm(sns,’;), n < m. It can be checked that
()l = llsII?, ®)

172 1/2
where [|k(s)] = (ZlNzl k; (s)z) and ||s| = (Zlﬁil |s,~|2> . We first give a heuristic
derivation of the distributional formulation of (6). Then, we set it on a much firmer
ground by justifying it rigorously from a mathematical point of view.

A. Heuristics. Inserting the identity

N !
1= 8 i — ] 9 d d is
E/R (u /0 i(x(7), T) ‘L’) u

in the path-integral (7) and permuting the path- and u-integrals, one obtains

N
Ex,1;5) =/---/RN Gyt [ Tdus. )
i=1
with
N t
Guar o) = [ eiglf(;X(r)ZdTHS(”i - w(x(r),r)dr) dix )l
x(-)eB(x,t) i=1 0
(10

As a Feynman-Kac path-integral, the expression (10) is not well defined. A possible
way to make it meaningful consists in writing G ; as the Fourier transform w.r.t. n of
some function W (x, t; n):

1 iu- x
G () = (zn)N/”'/RN‘I’(x’“ nee an, an

in which W (x, ¢; n) has a well defined meaning. Fourier transforming (10) w.r.t. ¥ and
permuting the path- and u-integrals, one obtains
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ot = [ B O (12)
x(-)eB(x,t)
where V (x, t; n) is given by
N
Vi tm =) miei(x, ). (13)
i=1

We now observe that Eq. (12) is the path-integral solution to the Schrodinger equation

W (x, 1) = —5= AW (x, 13 ) + V(x, t; )W (x, 13 1),
t>0,xeA, and V(x,0;n) = 1.

(14)

This yields a well defined W (x, ¢; n).

The permutation of path- and ordinary integrals, as well as the formal Feynman-Kac
path-integral used in the derivation of Egs. (9), (11), and (14) above require justification.
The work by Cartier and DeWitt-Morette [4] suggests that we define the path-integral
(6) by the right-hand side of (9) in which G, ; is defined by its Fourier transform given
as the solution to Eq. (14). We now prove the validity of this approach.

B. The distributional formulation. Let W (x, t; n) be the solutionto (14) where V (x, t; n)
is given by (13) with n € CN. Leta; = inf()eB(x,n) fé wi(x(t),t)dt and b; =
SUDP () eB(x.1) fot @i (x(7), ) dt. Then the following lemma holds.

Lemma 1. Foreveryt > 0, x € A, andm € E\{O},

(i) Gy.; defined by (11) is a distribution with compact support on RN and suppG ., C
lai, b1l x -+ x [an, bN];
(ii) £(x, t; s) defined by (9) is the solution to (1).

Proof. Taking the derivative of (14) with respect to n*, the complex conjugate of ;, and
using 8,,? V(x, t; n) = 0 which follows from analyticity of V (x, ¢; n) in n [see Eq. (13)],
one finds that Bn;flll(x, t; n) evolves in time according to the same Eq. (14) with the
initial condition an\ll(x, 0; n) = 0. Thus, 8,];«\11()6, t;n)=0forallzt >0andn € cN
which implies that W (x, ¢; n) is analytic in 5.

Let \fl(x, t;n) = W(x,t; n)exp(—it vazl nici), where the constants ¢; € R will be
specified later. W is the solution to (14) with V given by (13) in which the ¢; are replaced
by ¢; = ¢; +c¢;.Lete; = sgn[Im(n;)]. From Eq. (14) for W and the Schwartz inequality
one obtains

N
d - 5 Im(m) - R
V=0 ||W||2+2i§_ljlm(m>/A¢i|W| d’x

N
< 201W)3 ) Im(:)| sup (i), (15)

i=1 xeA
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d _ . Im(m)
— V3= -
dt |

N
||A¢f||%+221m<m>/ @iIV¥|2d’x
A

2
m| i=1

N
+2Im Z n; / [\PV\TJ*] V@i dix
i=1 YA

N N
< 2(VW(3 ) [Im(i)| sup(ei@i) + 21V 2112 Y 11l Vi lloos

i=1 xeA i=1

(16)

and

d - Im(m)
—[lAY ]} = -
dt |

N
VARG +2 ) tman) [ giladPalx
A

2
m| i=1

N
+2Im Z ni f N [\M@ + 2V . v@,-] dx
i=1 A

N
< 2)|AW|3 Y [Im(y;)| sup(e; i)

i=1 xeA

N
+208% 12 Y il (191214 oo + 21V D121V s )
i=1
(17)

where || - ||2 and || - ||oo respectively denote the L? and uniform norms > on A for given
t and n. Both [|V@; ||eo (f) and || A@; ||eo (f) are bounded by assumption. Integrating then
the inequality (15) over time from O to ¢, one obtains

191126, m) < | A/ 2eXim 001 suprealerdi(x.oldr, (18)
Similarly, by integrating (16) and (17) one finds
N N 2 y , )
1A |2t m) < | C1t Y Inil + Cat? <Z |n,-|) eXis ()] Jj supyenleidi (.0l dT
i=1

i=1
(19)

where C1 and Cj are finite and independent of 1 and m. We now substitute (18) and (19)
into the right-hand side of the Sobolev-type inequality below, valid for d < 3 (see e.g.
[12], pp 106-107),

Bl < s [0 m + 148126 m).

3 In the case of a vector field v(x,t) € €4, these norms are to be understood as [vll2(t) =

(f5 v, 1) - v(x, 1*d%) "% and [vlloo (1) = sup,cp (VOO D) - 0, DF).
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with C3 finite and independent of 1 and m. This yields

2
N N

|\i;(x’ ;)| <|A+ Bt Z Inil + Cr? <Z |77i|) elezl [Im ()| fo SUP)-GA[Eifﬁi(y,T)]dT’
i=1 i=1

(20)

where A, B, and C are finite and independent of n and m. Take

t t
ci = L {/ suple;(x, )]dt +/ inf [g; (x, r)]dr} ,
0 0 xXeEA

2t xeA

and define

t t t
Ki E/ suple;@; (x, T)]dt = ! {/ sup[e; (x, 7)]dt —/ inf[(/)i(x»f)]df}~
0 2 0 0 XEA

xeA xeA

Note that, with this choice of ¢;, «; is independent of €;. Since x; > 0, one can bound
the right side of (20) by

2
N N
W ml < | A+ B Y il + €2 (Z |m|> e kil @)
i=1

i=1

Let G ++ be defined by Eq. (11) in which W is replaced by . By the Paley-Wiener
theorem in the formulation given in [11] (Theorem XVI in Chapter VII), it follows from
the analyticity of ¥ (x, 7; ) in 7 and Eq. (21) that Gx, ¢ is a distribution with compact sup-
port on RY and suppéx,l C [—«1, k1] X - - X [—Kkpn, kN ]. From the definition of U one
has G x.t () = Gy ;(u — ct), which implies immediately by translation that G ; is also
a distribution with compact support on R¥ and suppGy C [a1, B1] X -+ X [an, BN],
where o; = fot infyep i(z)dt and B; = fot sup,ca @i (7) dt. The permutation of time
integral and space supremum (resp. infimum) can then be performed by using Lemma
Al with W = %¢; (see Appendix A). One obtains «; = a@; and f; = b;, yielding

suppGy s C [a1, b1] x -+ x [an, bn]. (22)

It is worth noting that, heuristically, (22) follows immediately from the formal
expression (10) since the product of the delta functions vanishes identically outside
[al,bl] X ... X [aN,bN].

It remains to prove that £(x, ; s) defined by the r.h.s. of (9) is the solution to (1). To
this end it suffices to note that Eq. (9) can be written as £(x, 1; 5) = W(x, t; n = iAk(s))
which is the solution to (14) with = i1k (s) in the potential (13). It can be checked that
the latter equation is indeed Eq. (1) [reconstruct sy s from its monomial decomposition
and multiply (14) by —i], which completes the proof of Lemma 1. O
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IV. Controlling the Growth of |E(x, ¢;5)|?

The advantage gained by recasting (6) as (9) is that the latter formulation is suitable for
a straightforward application of the Paley-Wiener theorem (see e.g. [11], Theorem XVI
in Chapter VII, and [6], Theorem 7.4 in Chapter VI), offering the possibility of control-
ling the growth of £(x, t; s) as ||s|| — —oo. This is embodied in Lemma 2 below. Let

§ = s/||s| be the direction of s in CM and H, ,(5) = SUP, () B(x.1) fot Ux(z), t;8)dr,

with Ux, 738) = 2| k(s)igi (x, 7). where £(s) = k(s)/IIk(s)].

Lemma 2. Foreveryt > 0, x € A, m € @\{O}, and q a positive integer, one has
In[E(x, t;5)|7

limsup ——————=qAH\(5), (23)
l1s]l— 400 lIsll

along every given direction § in CY.
Proof. From Egs. (8) and (9), one can rewrite the left-hand side of (23) as

In|E(x,t; s)|9 1 N
limsup ————>——=¢gA limsup In / . f Gos(u) hE)u Hdui .
ll5 =00 [Is1] k()= +oc MIE(S) ] RN

i=1

Fixing the direction of s in C also fixes the direction of k(s) in RY. Write u =
vk(s) +u,withu, - k(s) = 0, replace G ;(u) by its Fourier representation (11), and
let 17 and 7, denote the Fourier conjugated variables of v and u |, respectively. One
obtains,

N
/ .. f Gx,t(l/i) e)\k(s)‘u Hduz _ f . / ekllk(s)\lv
RY i=1 RN

N-1 N—-1
1 A
X |:(2JT)N / . /RN W(x,t;n) el(vﬂllﬂu-nl)dml l_[ dﬂJ_i] dv l_[ du ;.
i=1 i=1

Performing the integration over u first, and then the one over 7, one finds that the
latter expression reduces to

N
/ / G () X [T du; = / g () O ay,
RY i=1 R

with
1 .
&x,i (V) = ) /I?R W(x,t;n,nL =0)edny,

where W(x, t; 1, 7. = 0) is the solution to (14) with V(x,t;n) = nU(x,¢;5).
Leta = infy()eB(x.r) fé U(x(z),7;8)dt and b = sup,()cp(r.p) fot U(x(),1;8)dt =
H, ;(5). By Lemma 1, gy, is a distribution with compact support on R and suppgy.; C
[a, b]. This implies that sup{v : v € suppgx,} < Hy:(5), and by the Paley-Wiener
theorem,

In

lim sup / gea () Oy < Hy,(5). (24)
k(s)l|—+oo MIKS) ] R
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We now prove that (24) is an equality. Suppose that 3¢ > 0 such that

In

< Hy:(3) —e. (25)

/ 201 (0) KON 7
8

lim sup
Ik(s)[|—+oo MKl

Then, according to the Paley-Wiener theorem, sup{v : v € suppgy} < Hy((§) — &.
It is shown in Appendix B that sup{v : v € suppgx:} = Hy(5), yielding Hy ;(5) <
H, :(§) — &, in contradiction with & > 0. Thus, Eq. (25) is false and one obtains

n = Hx,t(g)-

/ 201 (0) Ol g
s

limsup ————1
k(s)[|—+o0 MKl

This completes the proof of Lemma 2. O

V. Determination of A, (x, ¢) and Comparison to A, (x, t)

In this section we prove the conjecture made in Ref. [2] that A, < Xq, in the case where
S(x, 1) is given by (3). Since we wish to express the results in terms of eigenvalues of
the correlation function (S*(x(¢), £)S(x(¢'), t')), we begin with a technical preliminary
linking these eigenvalues to those of the matrix fot y(x(tr), 7)dr.

Let ui1[x(-)] = po[x(-)] = --- > 0 be the eigenvalues of the covariance operator
Ty() acting on f(7) € L?(dt), defined by

t
(Tx(.)f)(f)=/0 ($*(x(0), DS (), ) f(z))dT, (26)

with0 < 7,7’ < rand x(-) € B(x,t). Let fi(t) € L?(dt) be the eigenfunction asso-
ciated with y;[x(-)] and define the vector o; € CM by 0;, = fé & (x(7), 7) f () d.
From (26), (3), and (4) one has

M
(Tx() fi)(T) = Z @, (x(1), )0}, = wilx(1fi(7), 27)

m=1

and

t
wilx()]oin =/0 @, (x(0), (T i) (T) dt

M t
> o [ #6000, (0. de
0

=1

3

M t
= [ f Y (D). f)df] oim. (28)
m=1 0

It follows from the last equality of (28) that any non-vanishing eigenvalue of T, is
also an eigenvalue of fot y (x(t), ) dt with eigenvector o;. Conversely, any non-van-
ishing eigenvalue of fé y (x(7), T)d7 is also an eigenvalue of T (. with eigenfunction
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fi(r) = ui_l ZM o ®* (x(1), 7) [see Eq. (27)]. Thus, there is a one-to-one relation-

im - m
ship between the non-vanishing eigenvalues of 7., and fol y (x(7), ) dt. In the sequel

w1[x(-)] will denote the largest eigenvalue of T (., and of fot y (x(t), ) dt. Define

My = sup pi[x()].
x(-)EB(x,1)

One can now prove the following proposition:
Proposition 1. For everyt > 0 and x € A, hg(x, 1) = (quy,) "' < Ag(x, ).

Proof. First we prove Aq4(x,t) > (q,ux,,)_l. Expressing U (x (1), T; §) in terms of the
quadratic form ST]/(X(‘L’), 7)s in the expression for H, ;(§), one has

+ t
. s
H, ;(5) = sup T [/ v (x(1), r)dfi| = Mx,t-
x()eBxr) I8!l [Is]]
Hence, by Lemma 2,
In|E(x, t;5)|?
11m Sup M S qA'/J’X,l'
||s]]—+o0 ||S||

This implies that for every A < (qux,t)’l,

(I€Cx, 0)|7) =// e
cM

which proves A4 (x, t) > (q,ux,,)_l.

We now prove the inequality A, (x, 1) < (q,ux,,)’1 [or, more exactly, A, (x, 1) <
(qux: — 07)~!1. To this end we follow the same line of reasoning as in Ref. [7]. Let
Ary={zeCM |z, <r, 1 <n < M}. For Eq. (29) to hold it is necessary that, for
every r > 0,

/ / eIt I e (x 1 s+s)|q
|S|I—>+00 A(r)

along every direction § in CM | For any fixed s € cM, e_zs 'z/qé'(x, t;s + z) is an
entire function of z € CM and hence |e=2"%/4&(x, t; s + z)|9 is subharmonic w.r.t.
each component of z [5]. Thus, writing
2
exp (——s* - s/>
q

in the integral (30), one obtains by the subharmonicity

5 M
// 1P g e 115 4 )7
A n=1
:e—||s||2/,,,/ 2 g
A)

> [1 —exp (—r2>]M e_”5”2|5(x, t;8)|,

(29)

(30)

q
_ e CHel2 2
el Hs'IP — o=lIsIP =1ls'll

’

Mo
7*SS l—ldsn
T

n=1
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and the condition (30) implies

lim e P g, 1;5))9 =0, 31)

[Is|]—+o00

along every direction § in CM . Since every element of the matrix fé y(x(r),t)drisa
continuous functional of x () € B(x, ¢) with the uniform normon [0, #] (see Appendix B),
its eigenvalues are also continuous functionals of x(-). Accordingly, Ve > 03x.(:) €
B(x,t) such that px; — & < pilxe(-)] < pxs. Leto, € CM (with ||og|] = 1) be
an eigenvector of fé ¥ (x:(1), T) dt associated with the eigenvalue 11[x.(-)] and take
§ = o, then

t
H,:(5) = sup O'; [/ y(x(r),r)dt]ag
0

x(-)eB(x,t)
t
> o] [/ ¥ (xe(7), f)df] Oe > [y — & (32)
0

Thus, along the direction of o, Lemma 2 and Eq. (32) yield

In|E(x,t;8)|
lim sup % > qA(fx,r — €),
||s]]—+o0 ||S||

and for every A > (qpx; —q&)~ !,

. _ 2
lim sup e Iy & (x, 15 5) ]9 = +o0,
[Is|]—+o0

in contradiction with (31). Therefore, A, (x,?) < (qux,; — ge)~!. Taking ¢ arbitrarily
small one obtains Ay (x,1) < (qutxr — 07)~!, hence Ag(x, 1) = (qux,t)_l.

Finally, we always have Xq (x, 1) =1/qu1lx(-) =x](see[2]) and py , > p1lx(-) =
x] yields A4 (x, 1) < Xq (x, t), which completes the proof of the proposition. O

VI. Summary and Perspectives

In this paper, we have studied the effects of propagation on the divergence of the solu-
tion to a linear amplifier driven by the square of a Gaussian field. We have considered a
model in which the propagation is that of a free Schrodinger equation with a complex
mass. For this model, we have explicitly determined the values of the coupling constant
at which the moments of the solution diverge. We proved that the divergence yielded
by a propagation-free calculation, i.e. in the limit of an infinite mass, cannot occur at
a smaller coupling constant than the one obtained with a finite mass. This extends the
results of ref. [2] where such an inequality was proven in the diffusion case only, i.e.
imaginary mass.

As explained in the conclusion of ref. [2], the stumbling block to going beyond the
purely diffusive case was to control the growth of a complex Feynman path-integral.
Our solution of this problem is based on the realization that, if S is given by Eq. (3),
the Feynman path-integral can be rewritten as the Fourier integral of a distribution with
compact support (Lemma 1). Control can then be obtained as a consequence of the
Paley-Wiener theorem (Lemma 2).
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In conclusion we outline some possible generalizations of this work. From a practical
point of view, it would be interesting to find out whether there exists a class of S of the
form (3) for which there are no propagation effects on the onset of the divergence, i.e. for
which A, (x, 1) = Xq (x, t). In addition, since most Gaussian fields of physical interest
admit Karhunen-Loeve-type expansions, it would also be very interesting to find a way
to generalize our solution to the case where the finite sum (3) is replaced by an infinite
sum. Other problems involve relaxing some of the assumptions in (1). For instance,
under what conditions on S do the results carry over to the case where A is replaced
by R? and E(x,0) € L2(RY). It should also be checked whether our solution of the
problem is robust with respect to the initial condition. If the answer is no, the size of
the set of £(x, 0) for which our results do not hold should be estimated according to
physically relevant measures on the space of £(x, 0).
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able insights all along the completion of this work. The work of J. L. L. was supported by ASFOSR grant
49620-01-1-0154 and NSF grant DMR 01-279-26. J. L. L. also thanks the IHES at Bures-sur-Y vette,
France, where part of this work was done.

Appendix A: On the Permutation of Time Integral and Space Supremum
This appendix is devoted to the proof of the following lemma:

Lemma Al. Let A be a compact pathwise connected metric space [with distance de-
noted by d(-,-)], and t > 0 a real number. Let W be a real function on A x [0, t] such
that W (-, t) is continuous in x uniformlyint € [0, t], andVx € A, W(x, -) is piecewise
continuous with a finite number of discontinuities. Then, for any x € A,

t t
f sup W(y,1)dt = sup / W(x(1), t)dr,
0 yeA x(-)€B(x,t) JO

where B(x, t) is the set of continuous paths in A satisfying x(t) = x.

Proof. We obviously have

t t
/ sup W(y,7)dt = sup / Wx(t), 1)dr,
0 yeA x(-)€B(x,t) JO

and it remains to prove the inequality in the other direction. First we assume W €
CO(A x [0, 1]). Since A x [0, 1] is compact, W is uniformly continuous, and for every
€ > 0 we can find a number § = §(¢) > 0 such that if max{d(x, x'), |t — t'|} < 8(€),
then |[W(x, ) — W(x’, )| < €. Moreover, §(¢) tends to zero with €. If 1 /8 (¢) is not an
integer, it is convenient to replace §(¢€) by the smaller quantity #/(1 4 [¢/5(¢)]), where
[-] denotes the integer part, and from now on we will assume that ¢/5(¢) is an integer.
For a fixede > 0,let N = N(e) = t/3(€), and let R, be a finite partition of A by sets
of diameter at most §(¢). We observe that forany 0 < g < N — 1 one has

sup  sup  Oscrxig/N, q+)i/MW <€, (A1)
FeR.0<g<N-1

where “Osc” denotes the oscillation of the function (namely, its sup minus its inf). We
now choose once and for all a point (xr 4, 74) in each F x [qt/N, (¢ + 1)t/N].
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ForeachO <g¢ < N —landany t € [q¢/N, (g + 1)t/N] one has

sup W(y, ) < sup sup w

yeA FeR. Fx[qt/N, (g+1)t/N]

< sup sup W+ Wxpg, 1q) — inf w
FeRe. | FxIqt/N, (g+1)t/N] Fx[gt/N, (qg+1t/N]

< sup Wlxrg.7q) + sup Oscrxigi/n, q+0i/NW
FeR, FeRe

< sup W(xpy4,79) + sup sup  Oscrxige/N, (g+1)i/ MW
FeR. FeRe0=<g<N-1

< sup Wxrg.79) +e€,
FeR.

where we have used the inequality (A1). Thus, choosing an atom F; € R, such that
SUPFeR, Wxrg, 1) = W(qu,q, 74), one has for any t € [gt/N, (¢ + D)t/N],

sup W(y, 1) < W(qu,q, 74) + €. (A2)

yeA

Let y; and y; be two given points in A. We now define a continuous path x. in A from
yitoy. Forany I < j < N — 1 we choose a family of continuous paths x; from
[—2/2N?,1/2N?] to A satisfying x;(—1/2N?) = xp,_, j—1 and x;(t/2N?) = xp, ;.
We also choose a continuous path x¢ from [0, /2N 2] to A such that xg (0) = y; and
xo(t/2N2) = XF,,0, and a continuous path xy from [—t/2N2, 0] to A suchthat x5 (0) =
y2 and xN(—t/ZNZ) = XFy_,,N—1. The continuous path x, is defined by

x0(T) for0 <t <1/2N?,

ro(r) = | ¥Fua for gt/N +1/2N? <t < (¢ + )t/N —t/2N?,
xq(t — qt/N) for gt/N —t/2N? < v < gt/N +t/2N? for ¢ # 0,
xn(T —1) fort —t/2N? <t <t.

(A3)

One can observe that the Lebesgue measure of the time domain over which x(t) # x Fyq
is at most equal to /N Since A is compact and Vt € [0, ¢], W(-, T) € CY(A), there is
a finite number M > 0 such that for any (x, t) € A x [0, ] one has |W(x, 7)| < M.
Thus, [W(xF, q, T) — W(xe(7), T)| < 2M forany 7 in [gt/N, (g + 1)t/N]. Using the
latter estimate, the remark below (A3), and (A2) one obtains

t N-1 (g+Di/N
/ sup W(y, 1)dt = Z/ sup W(y, 7)dt
0

yEA 4=0 qt/N yeA

N-1 .(g+1)t/N
€t + Z / W(qu,q, 7)dt
qt/N

IA

q=0

IA

2Mt d
€t + — + / W(xe(T), T)dT. (A4)
N 0

Now, assume that there is a finite set of times independent of x, {1, ..., Tp.}, such
that Vx € A the set of times at which W (x, -) is discontinuous is a subset of {zy, ..., 7 }.
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Thus, (A4) applies in each time interval [7;, 7;41],0 <i < L,withtg = Oand 74| = 1.
Let yo, y1, ..., YL+1 be L + 2 points in A with yz41 = x. Let x¢ be a continuous path
in A passing by x.(7;) = y; and defined by (A3) in each time interval [7;, 7;41]. From
Eq. (A4) in which one writes C;(¢) = € + 2M/N;(¢), it follows

t L Ti+1
f sup W(y, 7)dt < E [Ci(e)(ri_H —-17)+ W(xe(r),r)dt:|
O .

yEA i=0 Ti

L t
= Ci(e) (it —rl-)+f W (x (1), T) dT
-0 0

=

R

Il
=}

t
Ci(e)(tiy1 — )+ sup /W(x(r),f)dr,
0

i x(-)eB(x,t)

where the last inequality results from the fact that x. € B(x, ). The proof of Lemma A1
for the class of W considered in this paragraph is completed by taking the limit e — 0
and observing that the C; (¢) tend to zero with €.

We are now ready to prove Lemma 1 in the general case. Since W (-, ) is continuous
in x uniformly in t € [0, 7], for any € > 0, we can find § = 8(¢) > O such that if
d(x,x’) < §, then

sup |[W(x, 1) — W', 1) <e.
7€[0,1]

Since A is compact, we can find a finite covering by open balls of radius at most §/2,
and therefore a finite partition of unity (xx) by continuous functions whose support has
diameter at most 6 (see [3], paragraph 4.3 in Chapter IX). For any k we choose once for
all a point x; € suppxx, and define the function

We(x, 7) = D Wk, 0) k().
k

For each fixed 7, this function is obviously continuous in x, and for fixed x, itis piecewise
continuous in 7, with the possible discontinuity points belonging to a finite set which
can be chosen independent of x. From the previous result we have

t t
/ sup We(y, 1)dt = sup / We(x(T), T)dT.
0 yeA x()eB(x,1) JO

Since sup,cp rep0.47 |W(x, 7) — We(x, 7)| < €, we deduce that

IA

t
/ sup W(y, 7)drt
0

t
et—i—/ sup We(y, 1) drt
yeA 0

yeA

t
=€t+ sup / We(x(1), 1) dT
x()eB(x,t) JO

IA

t
2¢t +  sup / W(x(t), t)dr.
x()€B(x,1) JO

Since the estimate holds for any € > 0 the general result follows. O
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Appendix B: Determination of the Support of ggn)T)

Let g%) (u) be a distribution with compact support on R whose Fourier transform,
W (x t:n) = (fgi'ﬁ))(n) with n € R, is the solution to (14) with V(x,t;n) =
nU(x,t;§), where U(x,t;8) = vazl Ig(s),-go,- (x, 7). This appendix is devoted to the
determination of the support of g&"i)
make the dependence on m explicit.

We begin with a technical lemma that will be useful in the sequel. Let C;°(IR) denote
the set of all smooth compactly supported functions in R:

We have modified the notation used in the text to

Lemma B1. For everyt > 0, x € A, and f € C(R), [ ¢ (v) f(v) dv is an ana-
Iytic function of m on Ct = {m € C : Im(m) > 0}, and ng%)(v)f(v) dv =
lim,, _, o+ fR gi’ﬁﬂy)(v)f(v) dv for each real m # 0.

Proof. As a Fourier transform of a function with compact supports on R, (F f)(n) is
an analytic function of n € C. We have seen at the beginning of the proof of Lemma 1
that W) (x, t; ), with m € C7, is also analytic in 5. Furthermore, if A is a torus and
V is bounded on A (which is the case), then (i) W (x, r; n) is analytic in m € C™;
and (i) Vn € C, ¥ (x, ;) = lim,, _, o+ WOn+iy) (x 1 n) for each real m # 0. We
are indebted to K. Yajima for the proof of the latter result that we reproduce here for the
sake of completeness [13]. Define

RFAN
Un (t) = exp (lz—m) , >0, meCT,

and write the initial value problem (14) in the form of an integral equation,

t

v () =1 —in/ Ut — )V ()W ™ (1) dr.
0

Here V(¢) is the multiplication operator with U (x, ; §). Let B denote the space of
bounded operators in L2(A). By Fourier series expansion, it is evident that
@[Un W™ (0)[]2 < (W™ @)]]2, Viz. Un (1) € B and [[Uy ()] < 1; (b) the function
[0, 00) x Ct > (¢, m) — U,y (¢) € B is strongly continuous [viz. (f,m) — U, () f €
L%(A) is continuous for every f € L%(M)]; and (c) for everyt > 0,m — U, (t) € Bis
analytic form € CT and (d/dm)U,, (¢) is norm continuous w.r.t. (¢, m) € [0, oo) x CT.
It follows from the boundedness of V' that the Dyson expansion [8]

t
Dy (1) = U (1) — inf Un(t = D)V (@O Un(T)dT + - +
0
(—in)"/ Un(t = ) V(Tp) - V(@)U () dT1 - - d Ty + - -
O<ty < <1y <t

converges in the operator norm of B uniformly w.r.t. (¢, m) in every compact subset of
[0, 00) x (C*T\{0}). Thus, the operator D,,(¢) enjoys the same properties (b) and (c)
mentioned above as an operator valued function of # and m. It is easy to check that
D, (t) defines the propagator for (14) and is unitary if m is real. Hence the solution to
(14) satisfies properties (i) and (ii).
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Analyticity of W™ (x, ; n) and (F f)(n) inm € C* and n € C implies that

. . d
/ e () f(u) du = / w ><x,r;n><ff><—n>2—”
R R T

is an analytic function of m € C*. By Eq. (20) and the fact that none of the constants A,
B, and C depend on m, |\IJ(m)(x, t; n)(F f)(—n)| is bounded by an integrable function
of 1 independent of m, from which it follows that the m-limit and the n-integral can be
interchanged. Thus, according to (ii), one finds that for each real m # 0,

. . d
tim | g @) fwydu = lim | WO (xp ) (F ) (=) o
y—=0t Jr 7’ y—0t JR 2

4 d
=/ lim \11(’”’“’7)(x,t;n)(ff)(—n)—'7
R)ﬁﬁ0+ 2ﬂ

dn
= / WO G (F (=) 5 = / g ) f ) du,
R T R 7
which completes the proof of Lemma B1. 0O

Leta = infy(yepn fy UG(t), T3 ) drand b = sup, ) piep) Jo UG (D), 75 §) dt
= H, ;(5). One has the following lemma:

Lemma B2. For everyt > 0, x € A, andm € C_+\{0}, the support of g)(:;) is equal to
la, b].

Proof. First, consider the case m = iy, y > 0. Denote by «[x(-)] the functional

alx()] = f(; U(x (1), T; §)dt. By boundedness of VV over A x [0, ¢], 3A > 0 such
thatVx,y e Aand0 <t <7,

U, t;8) —U@y,1;8)| =

/ VUG, 1;8) -dx'| < Alx —y],
X,y

where X, y denotes the segment of geodesic from x to y and || - || is the usual Euclidean
distance. This implies that Vx(-), y(-) € B(x, 1),

t
lafx ()] — aly)]] S/O U (), 7:8) —U(y(r), 3 9)|dt

t
<A [0 Ix(0) — y(o)] d
< At sup |lx(v) —y@l,

0<t<t

which shows that @[x(-)] is a continuous functional of x(-) € B(x, t) with the uniform
norm on [0, t]. Let h € C{°(R) be a real positive test function with support in [a, b]
and sup, g h(u) = 1. From the continuity of a[x(-)] it follows that Ixo(-) € B(x, 1)
such that h(x[xo(-)]) = 1. By continuity of # and «[x(-)] it follows that Ve > O,
35 > O such that |h(x[x(-)]) — 1| < e for every x(-) € Bo(§) = {x(-) € B(x,1):
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SUpg<r < [1X() — xo(7)[| < &}. Take & = 1/2, in this case h(a[x(-)]) > 1/2 for every
x(+) € Bp(8) and one has

/ 87 Wh(w) du = / e BN @l ()]) dIx ()]
A

x(-)EB(x,1)
> / e F IO (o ()] dx (]
x(-)€By(8)

1

” '/ SR AFIO))
2 Jx()eBo®)

Since the set of the Brownian paths x(-) that are in By(8) has a strictly positive Wiener
measure, the last term is strictly positive and one finds

/ e (wyh(u)du > 0. (B1)
R

If there was an open subset of [a, b] not intersecting the support of g,(ff;) , it would be pos-

sible to choose the support of 4 outside the one of g)(c”,/) yielding [ g)(f;),/) w)h(u)du =0
in contradiction with Eq. (B1). Thus, for every x € A and y > 0, the support of g)(f’),/) is
equal to [a, b].

Consider now the general case m € Ct\{0}. Assume that there is an open subset

of [a, b] not intersecting the support of g)(:;). In this case it is possible to choose the

support of & outside the one of g)(f,), yielding [ g)(cfr;) (u)h(u)du = 0. By Lemma B1

the support of g)(f? must vary continuously with z € C+, whence the support of / can
be taken small enough such that there is a open subset V(m) C C* with m € W
and [ ¢&)(u)h(u) du = 0 identically in V(). From the analyticity of [ g} (u)h(u) du
in z on C* (Lemma B1), it follows immediately that | g)(fg(u)h(u) du = 0 identically
in all C™, in contradiction with Eq. (B1), which completes the proof of Lemma B2. In

particular, one has sup{v : v € suppg)(c”';)} = b = H, +(§), which is the result used in the
proof of Lemma 2. O

References

1. Akhmanov, S.A., D’yakov, Yu.E., Pavlov, L.I.: Statistical phenomena in Raman scattering stimulated
by a broad-band pump. Sov. Phys. JETP 39, 249-256 (1974)

2. Asselah, A., Dai Pra, P., Lebowitz, J.L.., Mounaix, Ph.: Diffusion effects on the breakdown of a linear
amplifier model driven by the square of a Gaussian field. J. Stat. Phys. 104, 1299-1315 (2001)

3. Bourbaki, N.: Eléments de mathématique: topologie générale, chapitres 5 a 10. Paris: Dunod, 1997
(in French)

4. DeWitt-Morette, C.: Feynman’s path integral. Definition without limiting procedure. Commun.
Math. Phys. 28, 47-67 (1972); Cartier, P., DeWitt-Morette, C.: A new perspective on functional
integration. J. Math. Phys. 36, 2237-2312 (1995); Cartier, P., DeWitt-Morette, C.: Functional inte-
gration. J. Math. Phys. 41, 4154-4187 (2000)

5. Hayman, W.K., Kennedy, P.B.: Subharmonic Functions, Vol. I. London Mathematical Society Mono-
graphs, No. 9. London-New York: Academic Press (Harcourt Brace Jovanovich, Publishers), 1976

6. Katznelson, Y.: An Introduction to Harmonic Analysis. Cambridge, New York, Melbourne, Madrid,
Cape Town, Singapore, Sao Paulo: Cambridge Univeristy Press, 2004

7. Mounaix, Ph., Lebowitz, J.L.: Note on a diffraction-amplification problem. J. Phys. A: Math. Gen.
37, 5289-5294 (2004)



758 Ph. Mounaix, P. Collet, J.L.. Lebowitz

8. Reed, M., Simon, B.: Methods of Modern Mathematical Physics 2: Fourier Analysis, Self-Adjoint-
ness. New York-San Francisco-London: Academic Press, 1975
9. Rose, H.A., DuBois, D.F.: Statistical properties of laser hot spots produced by a random phase plate.
Phys. Fluids B 5, 590-596 (1993)
10. Rose, H.A., DuBois, D.E.: Laser hot spots and the breakdown of linear instability theory with appli-
cation to stimulated Brillouin scattering. Phys. Rev. Lett. 72, 2883-2886 (1994)
11. Schwartz, L.: Théorie des distributions. Paris: Hermann, 1997 (in French)
12. Thirring, W.: A Course in Mathematical Physics 3: Quantum Mechanics of Atoms and Molecules.
Wien-New York: Springer-Verlag, 1991
13. Yajima, K.: Private communication, 2004

Communicated by A. Kupiainen



