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Exact Large Deviation Functional of a Stationary
Open Driven Diffusive System: The Asymmetric
Exclusion Process
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We consider the asymmetric exclusion process (ASEP) in one dimension on sites
i=1,..., N, in contact at sites i = 1 and i = N with infinite particle reservoirs at
densities p, and p,. As p, and p, are varied, the typical macroscopic steady state
density profile p(x), x € [a, b], obtained in the limit N = L(b—a) — oo, exhibits
shocks and phase transitions. Here we derive an exact asymptotic expression
for the probability of observing an arbitrary macroscopic profile p(x):
Py({p(x)}) ~ exp[ — LA, 53 ({p(x)}; pus p»)], so that F is the large deviation
functional, a quantity similar to the free energy of equilibrium systems. We find,
as in the symmetric, purely diffusive case g = 1 (treated in an earlier work), that
& is in general a non-local functional of p(x). Unlike the symmetric case,
however, the asymmetric case exhibits ranges of the parameters for which
ZF({p(x)}) is not convex and others for which # ({p(x)}) has discontinuities in
its second derivatives at p(x) = p(x). In the latter ranges the fluctuations of

order 1/ \/N in the density profile near p(x) are then non-Gaussian and cannot
be calculated from the large deviation function.

KEY WORDS: Large deviations; asymmetric simple exclusion process; open
system; stationary nonequilibrium state.

1. INTRODUCTION

Stationary nonequilibrium states (SNS) maintained by contact with infinite
thermal reservoirs at the system boundaries are objects of great theoretical
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and practical interest."® One is tempted to think that, at least when the
gradients and fluxes induced by the reservoirs are small, the full system
behavior is just that of a union of subsystems, each in local equilibrium,
with spatially varying particle and energy densities or equivalently local
chemical potential and temperature. This is, however, not the entire story,
as is clear when one considers the paradigm of such systems, a fluid in
contact with a thermal reservoir at temperature 7, at the top and one
at temperature 7, at the bottom, the Rayleigh-Bénard system.® In this
system there are long range correlations not present in equilibrium systems,
which have been measured by neutron scattering experiments. This system
exhibits, when 7, — T, exceeds some positive critical value, dynamic phase
transitions corresponding to the formation of different patterns of heat and
mass flow as the parameters are varied. These are due to macroscopic
instabilities, caused by gravity, but are not derivable at present, despite
various attempts,® in terms of a microscopic theory of SNS such as that
provided by statistical mechanics in the case 7, = 7;, when the system is an
equilibrium one.

In this paper we study the SNS of a model system which, despite its
simplicity, has some phase transitions and exhibits many phenomena, such
as long range correlations and non-Gaussian fluctuations, which are very
different from those of systems in local thermal equilibrium. For this
system the weights of the microscopic configurations are known and the
typical behavior has been deduced from them.'” Here we determine—
again from the microscopic weights—the probabilities of various atypical
macroscopic behaviors, that is, of large deviations.

The model we consider is the SNS of the open asymmetric simple
exclusion process (ASEP): 'V a lattice gas on a chain of N sites which we
index by i, 1 <i< N. At any given time ¢, each site is either occupied by a
single particle or is empty, and the system evolves according to the follow-
ing dynamics. In the interior of the system (2<i<N-—1), a particle
attempts to jump to its right neighboring site with rate 1 and to its left
neighboring site with rate ¢ (with 0 < g < 1). The jump is completed if the
target site is empty, otherwise nothing happens. The boundary sites i = 1
and i=N are connected to particle reservoirs and their dynamics is
modified as follows: if site 1 is empty, it becomes occupied at rate « by a
particle from the left reservoir; if it is occupied, the particle attempts to
jump to site 2 (succeeding if this site is empty) with rate 1. Similarly, if site
N is occupied, the particle may either jump out of the system (into the right
reservoir) at rate f§ or to site N —1 at rate q.

More generally, one can also consider the ASEP with the above
dynamical rules supplemented by an output rate y at i =1 and an input
rate ¢ at i = N. However, the calculations in the case of nonzero y or ¢ are
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more complicated, and for that reason we limit our analysis in the present
paper to the case y =9 =0.
It is convenient to introduce the two parameters

« B
=1—— 1.1
l_qa Ps 1_ ( )

Pa=

we require that 0 <a, f <1—g, so that 0<p,, p, <1. These parameters
have a natural interpretation as reservoir densities. In particular, when
p. = p, the steady state of the system is a Bernoulli measure at constant
density p,, that is, each site is occupied independently with probability p,;
this may be seen for example from the so-called “matrix method” (see
Section 4). In general, then, we interpret p, and p, as the densities of par-
ticles in the left and right reservoirs, respectively.

In what follows we are interested by the large N limit and we will
describe the system in terms of a macroscopic variable x; for later discus-
sions it is convenient to allow x to belong to an arbitrary interval [a, b].
Thus the microscopic and macroscopic coordinates are related by x =
a+(b—a)i/N, the ratio L between the macroscopic and the microscopic
lengths is L= N/(b—a), and there are N = L(b—a) sites on the macro-
scopic interval [a, b].

The goal of the present work is to calculate the large N behavior of
Py({p(x)}), the probability of seeing a macroscopic profile p(x) for
a < x < b in the steady state for a system of N = L(b— a) sites. This prob-
ability Py({p(x)}) can be thought of as the sum of the probabilities of
all microscopic configurations such that in each box of L dx sites (with
dx <1 and L dx>> 1), the number of particles is close to Lp(x) dx. The
ratio log(Py({p(x)}))/L has a well defined limit for large L,

im0 Pv({p(x)})
L— oo L

_g;[a,b]({p(x)}; Pas Ps)5 (1.2)

which depends on b—a, on the density profile p(x), and on the reservoir
densities. & is called the large deviation functional (LDF) of the system.

When p, = p,, the steady state is a Bernoulli measure, as described
above. This measure is just the equilibrium state of a system of particles,
noninteracting except for the hard-core exclusion, at chemical potential
log(p,/(1—p,)). For this system the LDF can be computed by elementary
means, and is given by®!9

Foun(p prsp) = | ) 10E 25

+(1-p(x)) log 2 )]

a a

(1.3)
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The present paper is devoted primarily to the derivation of the exact
expression of & in the case p, # p,.

1.1. Additivity and Large Deviations in the ASEP

In our earlier work®' on the large deviation functional for the sym-
metric simple exclusion process, corresponding to equal jump rates to the
left and right, ie., to g=1, we were able to use the matrix method 171
to calculate directly the probability of a given macroscopic profile p(x) by
summing the probabilities of all configurations corresponding to that
profile. For the asymmetric model, however, such a direct calculation is a
priori more complicated. For that reason, we follow here a different path,
which has its origin in an a posteriori observation made in ref. 15. We
noted there that while the large deviation functional for the symmetric case
is nonlocal, it possesses a certain ‘“‘additivity” property. For the ASEP we
first derive an additivity property, similar to that of the symmetric model,
and from that obtain & . The derivations are given in Section 5.

The addition formula involves a function J# related to # by

Ho 57(4P(X)}; Pas P5) = T, n({P(X)}5 Pas p) +(b—a) K(po, p3), (1.4

where K(p,, p,) does not depend on p(x). Since the dynamics in the bulk is
driven from left to right (for 0 < ¢ < 1), the roles played by the left and the
right reservoirs (1.1) are not symmetric and the additivity relation and the
expressions for K(p,, p,) in (1.4) and for #, ,;({p(x)}; p., p») depend on
whether p, > p, or p, < p,.

1.1.1. The Case p, = p,
When p, > p, the constant in (1.4) is

K(pas pp) = sup log[p(1—p)], (1.5)

Pb<P<Pa

and the additivity relation, obtained in Section 5 below, is that for any ¢
witha<c<b,

Ho 7 ({P(X)}; Pas P3)
= sup [H, ,({p(0)}; pus p)+ He s1({p()}; pes )] (1.6)

Pb < Pe S Pa

Equation (1.6) expresses a relation between the large deviation function of
the whole system and those of two subsystems connected at the break point
to a reservoir at an appropriate density p,.
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Once we have the additivity relation (1.6), the derivation of the large
deviation functional is simple, and we give it here. We divide our system
into n parts of equal length and apply (1.6) n times; this will introduce
intermediate reservoir densities p,=p,=p, = - =p,=p,. For very
large n, most of the intervals must have reservoir densities p,_;, p, at their
boundaries which are nearly equal, and the LDF for these intervals is
approximately given by (1.3) (with p, there replaced by p,_; ~ p;). On the
other hand, the total length of the intervals for which this is not true will
approach 0 for large n. Now taking the n — oo limit and introducing a
function F(x) as the interpolation of the values p,, p,..., p,, we are lead
directly to a formula for the large deviation functional:

0 ({P(}; Pas 3)
= ~(6=a) K(py, p) +5up [ dx p() gl p()(1 = F(9)

+(1=p(x)) log[(1—p(x)) F(x)], (1.7)

where the supremum is over all monotone nonincreasing functions F(x)
which for a < x < y < b satisfy

Pa=F(a)=F(x) = F(y)=F(b) = p,. (1.8)
This supremum is achieved at a certain function F,(x). Note that without
the constraints (1.8) one would have F,(x)=1—p(x). The monotonicity
requirement, however, makes the determination of F, more subtle (see

Section 3.1) and the expression of & nonlocal. This will be at the origin of
most of its interesting properties.

1.1.2. The Case p, < p,

When p, < p, the constant in (1.4) is

K(pa, pb) = mln[log pa(l _pa), log pb(l _pb)]a (19)
and the additivity relation, again derived in Section 5, is
e%a,b]({P(x)}Q Pas Pb)

= min [‘;ﬁ:a,c]({p(x)};pa’ pc)+%c,b]({p(x)};pc9 pb)] (110)

Pc=Pa> Pb
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By an argument similar to that which led to (1.7), we obtain the formula

0,y ({P(X)}; Pas P3)
=—(b—a) K(p,, p»)

+ inf {fy dx p(x) log[ p(x)(1—p,) ]+ (1 —p(x)) log[ (1 —p(x)) p.]

asy<b

+Lb dx p(x) log[ p(x)(1—p,) ]+ (1—p(x)) log[(1—p(x)) pb]}-
(1.11)

The fact that for each p(x) one has to find in (1.11) the infimum over y
makes, in this case too, the large deviation function nonlocal.

It is interesting to note that the formulas (1.7) and (1.11) for the large
deviation function do not depend on g¢.

1.2. Outline of the Paper

In Section 2 we review briefly some known results on the open ASEP,
emphasizing the phase diagram. In Section 3 we give a summary of our
results which follow as consequences of the formulas (1.7) and (1.11) for
the large deviation function. In Section 4 we recall the matrix method for
carrying out exact calculations in the ASEP and give several results
obtained by this method which are relevant to our considerations here.
Then in Section 5 we give the derivation of the addition formulas (1.6) and
(1.10). An unexpected consequence of our results, discussed in Section 6,
is that the correlations in the steady state are not related in any simple
manner to the large deviation function. We also show in that section that
the fluctuations of the number of particles in any box of size Lx, with
0 <x <1, are not Gaussian for certain ranges of the parameters p,, p,.
Section 7 gives some concluding remarks, and certain more technical ques-
tions are discussed in appendices.

2. THE STEADY STATE OF THE ASEP WITH OPEN BOUNDARY
CONDITIONS

We describe here the phase diagram of the ASEP with open boundary
conditions, which has been obtained by various methods.">¥2) Ag indi-
cated above, we consider here only the case y=0=0,0<0a, f <1—¢q.

The phase diagram is given in Fig. 1, where we have chosen as
parameters the densities p, and p, (1.1) of the two reservoirs. There are
three phases: a low density phase 4 with a constant density p(x) = p, in the
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Fig. 1. The phase diagram of the open ASEP.

bulk, a high density phase B with a density p(x)=p,, and a maximal
current phase C with a density p(x) =1/2. The current in each phase is
given by J = (1 —¢g) p(1—p). The transition lines between these phases are
second order phase transitions where p(x) is a continuous function of p,
and p,, except for the boundary S (p,=1—p, <1/2) between phase 4
and B, where the transition is first order: p(x) jumps from p, to p,. On the
line S the typical configurations are shocks between phase A with density p,
at the left of the shock and phase B with density p, at the right of the shock:

py(x)Epa@(y_x)+pb@(x_y)’ (21)

with @ the Heaviside function. The position y of the shock is uniformly
distributed along the system,”*? and as a result the average profile is
linear: {p(x)> = p,(1—x)+ p,x.

This phase diagram can be understood easily in heuristic terms. First
consider an infinite one dimensional lattice on which the initial configura-
tion is a Bernoulli distribution at density p, to the left of the origin and p,
to the right of the origin. If p, < p,, this initial condition produces a shock
moving at velocity (1—p, —p,)(1—g); thus in the long time limit, the dis-
tribution near the origin is Bernoulli, with density p, if p,+p, <1 and
density p, if p,+ p, > 1. On the other hand if p, > p,, the profile becomes a
rarefaction fan: p(x, t) = p, if x <x,(t), p(x,t) =p,+(po—p.)(x—x,(2))/
(x, (1) —x,(2)) if x,(t) <x<x,(¢), and p(x,t)=p, if x,(z) <x, with
x,)=0-¢)(1-2p,)¢t, a=a,b. If 1/2<p,<p, then the entire fan
moves away to the left, if p, < p, <1/2 then it moves away to the right,
and if p, <1/2 < p, then the origin remains in the fan for all time. These
three cases give rise in the long time limit to Bernoulli distributions at the
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origin, with densities p,, p,, and 1/2, respectively (see, e.g., ref. 24 and ref-
erences therein).

If now we consider the finite system with left and right reservoirs at
densities p, and p,, and start with a Bernoulli distribution at density p, at
the left of some point in the bulk far from the boundaries, and p, at the right
of this point, then the evolution will be the same as in the infinite system
until the shock or the fan reaches the boundary, leading, for the asymptotic
density in the bulk, to what is given in the phase diagram. This idea is at the
basis of what has been done recently by Popkov and Schiitz® % to predict
boundary induced phase diagrams in more general cases.

The dashed line p, = p, (x4 f =1—gq) in Fig. 1 separates what we will
call the shock region p, < p, and the fan region p, > p,. On this line the
measure reduces to a Bernoulli measure at density p, (see Section 4) and
the large deviation function is given by (1.3). The line plays no role in the
phase diagram for the typical profile p but separates phases 4 and B into
two subphases, 4,, 4, and B,, B,, which, as we have seen in Section 1, can
be distinguished by the different expressions (1.7), (1.11) for the large
deviation function in these regions.

3. CONSEQUENCES OF THE LARGE DEVIATION FORMULA FOR
THE ASEP

In this section we describe some consequences of formulas (1.7) and
(1.11) for the large deviation function. It is convenient to write (1.5) and
(1.9) in the unified form

K(pa> ps) =1log p(1—p), (€RY

where p = p(x) depends on p, and p, and is obtained from the phase
diagram, Fig. 1. Note that p, the bulk density on the macroscopic scale (on
which boundary profiles are invisible) is independent of x, except on the
line §; there p can be any shock profile p,(x) (2.1), but the value of
K(p,, p,) is independent of the shock position y since p,+p, =1 on S. We
also introduce the notation

ACP D)
p(1—p)’

+log (3.2

h(r, f; p)—rlogf+(l—r)log1 my

so that (1.7) and (1.11) become respectively

Fra 51 (1P(X)};5 Pas P)

= sup f dx h(p(x), F(x); p) = j dx h(p(x), E,(x); p),  (3.3)

F(x) “@
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for p, > p,, and

Fra 1P} Pas )

— inf “}hﬂﬂﬂw@m+ﬁ¢mwwxmmﬁ, (3.4)

asy<b

for p, < p,, where again p is determined from p,, p, through the phase
diagram. Note that A(r, f; p) is strictly convex in r for fixed f, p, with a
minimum at r = f.

3.1. Construction of the Function F,

There is a rather simple way of constructing the optimizing function
F,(x) in (3.3). If g(x) is any function defined on the interval [a, b], its
concave envelope g* is the smallest concave function that g*(x) = g(x) on
[a, b]. Now let G,(x) be defined for a < x < b by

G,(x) = Concave Envelope {Lx (1—p(y)) dy}; 3.5

then F, is obtained by cutting off G,(x) at p, and p,:

Pas if G'(x)>p,
F0)={Gx), if p<G(x)<p, (3.6)
P if G'(x)<p

This construction is verified in Appendix A.

In Fig. 2 we illustrate the construction for the density profile
p(x) =0.5—0.45 cos 3nx, with p, = 0.8 and p, =0.0.

As a second example, suppose that p(x) is a constant profile: p(x) =r.
Then the expression in brackets in (3.5) is concave and hence equal to
G,(x), so that G,(x)=1-r and F, is constant: F,=p, if r<1l-p,,
F,=1-r if 1-p,<r<1-p,, and F,=p, if 1—p, <r. In particular,
taking r = p we find that

F,=p. (3.7)

For (i) in region A,, where 1/2>p,>p,, r=p,<1—p, and so
F,=p,=p; (i) in region C, where p,>1/2>p,, r=1/2 and so
F,=1—r=1/2= p; (iii) in region B,, where p, > p, >1/2,r=p,>1—p,
andso F, = p, = p.
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Fig. 2. The concave envelope construction for p, = 0.8, p, = 0.0, and p(x) = 0.5—0.45 cos 3mx.
On the left we show j;; (1—p(y)) dy (solid line) and its concave envelope G,(x) (dashed line);
on the right 1 — p(x) (solid) and F,(x) (dashed).

3.2. The Most Likely Profile

We will show in this section that the most likely profile is
always given by p(x)=p, with p given by Fig.1; specifically, that
Fay({P(X)}; pas pp) = 0 for all p(x), that F, ,;({p}; pa> p») =0, and that
Fo iy({P(X)}; pas ps) > 0 if p(x) # p. This is of course expected and in fact
represents an alternate way to obtain the phase diagram of Fig. 1.

To obtain the most likely profile in the fan region p, > p,, we note
that (3.3), (3.7), and the convexity of A(7, f; p) in r imply that

Fran(pG)}: pos ) = [ dx hp(), Fy(): 7)
> Lb dx h(p(x), Fy; p)
> | " dx W(F,, F,; ) =0. (3.8)

Moreover, if p(x)=p then equality holds throughout (3.8), so that the
minimum value of & is zero and p is a minimizer; otherwise the second
inequality is strict, from which it follows that this minimizer is unique.

In the shock region p, < p,, we observe that for fixed y, a<y <b,
the right side of (3.4) is minimized by the unique choice p(x)=p, for
a<x<y, p(x)=p, for y<x<b. Minimizing over y then implies that,
except on the first order line .S, the optimal profile is again constant with
value p, and is unique; again the corresponding minimum value of & is
zero. On S all values of y give the value zero for &, so that the shock pro-
files p,(x) of (2.1) form a one parameter family of minimizing profiles.
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Note that a knowledge of the large deviation functional is not sufficient to
determine the distribution of the shock position y mentioned in Section 2.

3.3. Convexity

In the fan region p, > p,, the LDF Z, ,;({p(x)}; p., ps) is a strictly
convex functional of p(x), since by (3.3) it is the maximum (over the func-
tions F(x)) of strictly convex functionals of p(x). This is also true in the
symmetric case!’®*! and in equilibrium systems not at a phase transition.
In the shock region p, < p,, on the contrary, & is not convex. This is most
easily verified on the line S, since it follows from Section 3.2 that on S a
superposition of minimizing profiles (2.1), p(x) = 4p,(x)+(1—1) p.(x),
y # z, satisfies Z({p(x)})>0 for 0 <A< 1. But we will also see in Sec-
tion 3.5 below that for every p,, p, there is a constant profile p(x) = r* near
which & is not convex.

3.4. Suppression and Enhancement of Large Deviations

The LDF in the fan region p, > p, has similarities besides convexity to
the LDF in the symmetric case. In particular we have from (3.3) that

Franr(PCO}: pos )= [ dx h(p(), 7 )

=Zaanlp}p),  if p,=ps, (3.9

where

p(x)

#i2alo)i7) =]" [ p0 1082211 - piay 1og T2

(3.10)

is the LDF for an equilibrium system at density p (see (1.3)). But in the
shock region this inequality is reversed:

Fie (4P} P o) S F 1 n({p(0)}: p),  if p,<py, (3.11)

as can be derived from (3.1) and (3.4), since in region B, (4,), taking y =a
(y =b) on the right side of (3.4) gives Z i ,;({p(x)}; p). On the line S,
where p=p,(x) (see (2.1)) for some y, (3.11) holds for all values of y.
Physically, (3.9) and (3.11) mean that the probability of a macroscopic
deviation from the typical density profile is reduced in the fan region, and
increased in the shock region, compared with the probability of the same
deviation in an equilibrium system with the same typical profile.
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3.5. Flat Density Profiles

One can readily compute the LDF for constant profiles p(x) =r. In
the fan region p, > p, one finds, as discussed in Section 3.1, that F, is also
constant, with F,=p, if r<l—p,, F,=1-r if 1—p,<r<1-p,, and
F,=p,if 1— Py <r. There are correspondingly three different expressions
for the LDF % (r) = %, 41(7; po» Pb):

(b_a) h(r’ pa;ﬁ)s if r< l_paa
Fr)={(b—a)h(r,1-r;p), if 1—p,<r<l—p,, (3.12)
(b—a) h(r, py; p), if 1—p,<r.

If p,>1/2> p,, so that p=1/2, (phase C of Fig. 1) and 1—p, <
r < 1—p,, then from (3.12),

F(r)=2F00(r; 1/2,1/2) =27 33 13 (r;1/2), (3.13)

where again (see (3.10)) F {1 ,,(r; 1/2) is the large deviation function for
observing the uniform density r in a Bernoulli measure with density 1/2. In
particular, for p, =1, p, =0, the probability of observing all sites empty,
r=0, or all sites occupied, r =1, is 27" for the Bernoulli measure, where
N = L(b—a) is the number of sites, so that from (3.13) the corresponding
probability for the ASEP is given to leading order by 4.

In the shock region p, < p,, the minimizing y in (1.11)is y=b if r <r*
and y = a if r > r*, where

P . S— (3.14)

so that
A b_ h s a; p 5 f < *’
ﬂ'(r)={( QA pip) M rsr (3.15)
(b—a)h(r, py; p), I r=r.
At r = r* the derivative is discontinuous, with
dg dF
—_— — . 1
dr ro>r*—0 dr ror*+0 (3 6)

Thus # (r) is not convex near r = r*, and hence %, ,;({p(x)}; pa» p») is not
convex in a neighborhood of p(x) = r*.
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3.6. Distribution of the Total Number of Particles

The probability P,(M) that there are a total of M =rN particles in
the system can be obtained from the LDF as

1 .
_Z log PL(rN) =~ ’97(”) = %a,b]({p(x)}; Pas pb)’ (317)
where p(x) is the most likely profile under the constraint
b
j p(x) dx = r(b—a). (3.18)

It will be shown in Appendix B that p(x) is the constant profile p(x) =r,
and correspondingly & (r) = % (r), except in that portion of the shock
region in which r satisfies 1 —p, <r < 1—p,, where

1_pb7 lf x<yra
- 3.19
p(x) {l—pa, it x>y, 3.19)
with
1—p, —r)—a(l—p, —
y,=b( pa—r)—ald—p,—1r) (3.20)

Pb—Pa

Then from (3.4) it follows that for these values of r,
#(r)=(b—a)[rlog(1—p,)(1=p,)+(1=r) log p.p, — K(pa> p»)].  (3.21)

Remarks. (a) Equation (3.19) is easy to interpret on the first order
line S in the phase plane, where p,+ p, =1: it corresponds there to a
typical shock configuration p,, (x), with y, determined by (3.18).

(b) Although, as observed in Section 3.5, Z is not convex (at least in
the shock region), # is always convex, and is in fact the convex envelope
of #.

(c) We will discuss in Section 6.3 how (3.21) may be derived by a direct
calculation from the matrix method.

3.7. Small Fluctuations

It is natural to ask about the connection between the LDF, which
gives the probabilities of macroscopic deviations from the typical density
profile, and the distribution of small fluctuations, i.e., those of order
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1/ \/]V . (In what follows we will refer to these simply as “fluctuations.”) In
the symmetric case discussed in ref. 15, as in an equilibrium system not at a
phase transition (in any dimension, with N being the number of sites in the
system), the distribution of fluctuations can be obtained from % as a limit.
More precisely if we write p(x) = ﬁ(x)+ﬁ u(x) and then expand Z to
second order (the first order term being zero) we get a Gaussian distribution
for u(x) with covariance C(x,x'), where C~'(x, x') =°F /dp(x) dp(x")
evaluated at p = p. This covariance is the suitably scaled microscopic trun-
cated pair correlation.">

For the asymmetric case discussed in this paper, however, the distri-
bution of small fluctuations need no longer be given by the LDF, as we
discuss in Section 6.1. In fact we show there that 6% /dp(x) dp(x') is dis-
continuous at g = 1/2 in the interior of region C of the phase diagram, i.e.,
where p, > 1/2> p,. Furthermore, the fluctuations in this region are no
longer Gaussian; in Section 6.3 we show this by computing explicitly the
non-Gaussian distribution of the fluctuations of the number of particles in
a box of size Ly, with 0 < y < 1.

4. THE MATRIX METHOD FOR THE ASEP

The steady state properties of the ASEP with open boundaries can be
calculated exactly in various ways;®%?® here we describe the so-called matrix
method, "> """ which we will use in the derivation of the additivity relations in
Section 5. Let us consider two operators denoted by D and E, a left vector
{W| and a right vector |V, which satisfy the following algebraic rules:

DE—4ED=D+E, 4.1)
BD V) =V>, (4.2)
W|aE =W 4.3)

Any matrix element of the form <W|Y\Y,--- Y, |[V)/<W |V>, where ¥,
denotes D or E, can be calculated from these rules (without the need of
writing down an explicit representation). Thus from (4.2, 4.3), one has
WIDWY/WI|Vy=1/p and <W|E|V)/<{W |V)=1/a, and the matrix
element of any product of n matrices can be expressed through (4.1)—(4.3)
in terms of sums of elements of shorter products.

For the open ASEP as described in Section 1, the probability P({z;})

of the microscopic configuration {7;} in the steady state can be written
12)
as

WITLZ, (Dr+E(Q-1) V)

P({r}) = 7 (4.4
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where 7, =1 or 0 indicates whether site 7 is occupied or empty and the
normalization factor Z,, is given by

Zy={W|(D+E)" V). 4.5

On the dashed line p, = p, of Fig. 1, there exists a one dimensional
representation of the matrix algebra; it then follows immediately from (4.4)
that the invariant measure is Bernoulli on this line. There are other lines in
the p,, p, plane where there exist finite dimensional representations®-*” of
the algebra (4.1)—(4.3), but the large deviation function has no particular or
remarkable expression along these lines, and so these cases will be treated
together with the general case.

From the algebra (4.1)-(4.3) all (equal time) steady state properties
can (in principle) be calculated. For example the average occupation {z;)
of site i is given by

_ W|(D+E)~'D(D+E)YN V>

; 4.6
(> 7 (4.6)
and the two point function is, for i < j,
W|(D+E)~'D(D+E) "' D(D+E)"|V)
(o> = | ( )" D( ) ( 08 @7

Zy

The average steady state current Jy, is the same across any bond. It has the
form

Iy ={t;(1=1;41) —q(1 —7;) 7111
_W|(D+E) " (DE—qED)YD+E)"""'\V) Zy_,
B Zy T Zy

(4.8)

The probability Qy, (M,,..., M,) that there are exactly M, particles on
the first N, sites, M, particles on the next N, sites, ..., M, particles in the
rightmost N, sites is given by

WY ---Y V>

QNl,...,Nk(Mla'"a Mk) = ZN

4.9
with

1 2n . .
Y, =— f d e="™Mr(De™ + E)™. (4.10)
2im Jo
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Clearly by making the number k of boxes, and their sizes N, large enough,
we can approximate any density profile p(x) via p(x)=M,/N, for
x=N"! /1 N;. Equation (4.9) then gives the probability of the profile
p(x), and one may attempt to obtain an asymptotic form via a saddle point
analysis. This approach, which is conceptually straightforward and was
followed in the symmetric case,"® turns out to be more difficult to imple-
ment in the asymmetric case, and this is why we here follow the additivity
approach explained in Section 5.

Various more explicit expressions may be extracted from (4.6) and
(4.7); for example, in the totally asymmetric case (¢ = 0) the average profile
{t;» near the boundaries was computed for all i in ref. 12. Moreover, for
g =0 and at the special point e = =1 (p, =1 and p, = 0) in the maximal
current phase C, finite-size corrections have been computed® for the mean
density profile {z;) and for the two point function {7,7;)—<7,><7;>. In
particular it was found in ref. 28 that at a point i = Nx (with 1 <i < N) of
a system of N sites,

11 1-2x
2 2fN‘/2/(1—x)

which for a system of N = L(b—a) sites becomes for i = L(x—a)

{1, = +O(N7), 4.11)

1 1 1 b+a—2x
2 2fL/ J(b—a)(b—x)(x—a)

Also, at this point (x = 8 =1) of the phase diagram it was shown®®
that for large N, the variance of the total number M of particles is given by

(1, = FO(L7).  (4.12)

N
(M?y— (M ~ 3 (4.13)
while a Bernoulli distribution at density 1/2 would give twice this variance
(see the discussion in Section 3.5).

5. DERIVATION OF THE ADDITIVITY FORMULAE

In this section we obtain the additivity formulae (1.6) and (1.10) for
the large deviation functional in the ASEP. We begin by deriving two
formulae valid for arbitrary system size N. The first of these, (5.10), is
obtained directly from the matrix formalism of Section 4 and is valid for a
range of parameters corresponding to the fan region p, > p,. By analytic
continuation of (5.10) we then obtain a new formula (5.24), which is valid



The Asymmetric Exclusion Process 791

for all parameter values. Finally, we analyze the large N behavior of (5.24)
to obtain (1.6) and (1.10).

For ¢ =0, the additivity formula (5.10) takes a much simpler form,
which is given in ref. 31. We do not reproduce this formula in the current
paper because the treatment here of the general case 0 < g <1 requires
slightly different notations.

5.1. Preliminaries

Let D and E satisfy (4.1)—(4.3) with ¢ < 1. We define the operators d
and e by

D=—Lu+@, E=—La+@; (5.1)
l—q l—q

from (4.1) these operators satisfy
de—qged=1—q. 5.2

We also define eigenvectors |z) and {z| of d and e, for arbitrary complex z,
by

dz) =z, (5.3)
(zle =% {z]. (5.4)

If X is a polynomial in the operators D and E (or equivalently d and e),
then the matrix element {z,| X |z;)/{z, | z; ) is a polynomial in 1/z, and z,,
with positive coefficients whenever the coefficients in X are positive; this
is easily seen since then X is a polynomial in d and e with positive coeffi-
cients, and using (5.2) one can push all the d’s to the right and all the ¢’s to
the left, maintaining this positivity.
Finally, we define the function ¢(z) by
© 1
P(z) =), P (5.5)

n=0 %n

where the ¢, are constructed from the recursion

=1 ¢=>0-¢¢,. (5.6)
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One can check easily from (5.5) that

9(2) —p(qz) = z¢(2), (5.7
so that
@(z) = nl:[o g (5.8)

5.2. Exact Additivity Formula for Iz,] > 1z

The additivity formula which we prove in this section is that if X, and
X, are arbitrary polynomials in the operators D and E, then for

20| > |24 5.9
one has
{20 X0 X, |21) <Z_1>
{zo|z1) 29

_ L g2 4z (X' (q—nz><z|X1 |z1> <Z—1> 5.10
o(q) ,Z‘ocn 2niz {zy| q"z) ¢ Zo {z|z,)> @ 2 ) (5.10)

where the contour of integration is a circle |z| = R with
|z1] < R < |zg]. (5.11)

Proof. Using (5.2), any polynomial X in D and E can be written in
the form

X=Y A, e’d. (5.12)

pr

As (5.10) is linear in X, and X, it is sufficient to prove it for X, = erodr
and X, =e”'d?1, and as {z,| and |z, ) are eigenvectors of ¢ and d, one can
immediately simplify the problem and limit the discussion to the case

—dm, X, =en. (5.13)

For this choice of X, and X, the right hand side of (5.10) becomes

‘ -
8
8

n(1+mo+po) Z™M
1

M8
Q

(5.14)

mgy+ po, my +p1 °
(q) n=0 my=0 m =0 CC C ZO ope TR
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once ¢(q"z/z,) and ¢(z,/z) have been replaced by their power series (5.5)
and the integration over z has been carried out. One can now use (5.5)
again to evaluate the sum over n, and then simplify the result using the
identity ¢(q'*™) = ¢,,¢(q), which follows from (5.7) by an inductive argu-
ment, to see that with the choice (5.13),

0 0 14+my+po 1 m
rhsof510)= Y Y 24 ) S

mgy ~mo+po, m +py
my=0 m; =0 (p(q) cmocml 2y

<] 0 c 2'1”1

= Z Z oL my 5mo+1)0,m1+171 : (515)
my=0 m; =0 Cmocml

So to prove (5.10), we just need to show that the left hand side of (5.10),
again with the choice (5.13), coincides with (5.15).

We argue by induction on p,. If p, =0, it is easy to see that the left
hand side of (5.10) is given by z;” ¢(z,/z,). Evaluating (5.15) in this case
leads to the same expression.

Let us assume, then, that (5.10) is valid for all p, < P. We want to
prove that it remains true for p, = P+ 1. To do so we observe the following
consequence of (5.2):

d™len = (1—gM) d¥em ' +qPd"erd. (5.16)

Using (5.16), the left hand side of (5.10) for p, = P+1, ie., for X, =d**!
and X, = e”', becomes

Sld'en z) <Zl>+ qu,(i), (5.17)
2o | 21) Zy $zo |21 Z

0

(I—=¢™)

As we have hypothesized that (5.10) is valid for p, < P, we can replace each
term of (5.17) by the corresponding expressions (5.15), leading to

Lh.s. of (5.10) = Z Z Cmpp 21

my=0 my= OC chZO
X [(1 _qpl) 5mo+P,m1+p171 +Zlqp15m0+P,m1+p1 ] (518)
If now in the second term in (5.18) we make the change of summation

index m;, - m; —1, and then use the identities c,, =(1—¢™)c,, _, and
Cmpspi1 =1 —g™ " ¢, , we obtain

Lhs. of 5.100= Y Y '”O”“Z,‘,,O Orrsimins  (5.19)

mg=0 m =0 CmyCm Z0
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which is identical for p, = P+ 1 to (5.15). This completes the derivation of
(5.10).

5.3. Analytic Continuation of (5.10)

Recall that (5.10) has been established for |z,| > |z;|, with integration
contour a circle |z| = R with |z,| < R < |z,|. However, the left hand side of
this equation is an analytic function defined for all complex z, and z,
except at z, =0 and at the poles of ¢(z,/z,). In this section we make an
analytic continuation of the right hand side to obtain an integral represen-
tation of the left side which is valid for any z,, z, for which the left side is
defined. In the final representation we will again integrate over a contour
|z| = R, but now R will be allowed to take any value for which the contour
does not pass through singularities of the integrand, that is, for which

R>0, R#q"|z|, m=0, R#q™"|z|, m=0. (5.20)

The expression on the right hand side of (5.10) must be modified
when, as one varies z,, z; and R, the singularities of the integrand—that is,
the poles of ¢(q"z/z,) and ¢(z,/z)—cross the integration contour. When
this happens, however, the residue theorem tells us how (5.10) is to be
modified: one simply includes the residue of the pole on the right hand side
of the equation, adding or subtracting it according to whether the pole
crosses the contour from the inside to the outside or vice versa. Using the
fact that the residue of p(z) atz=¢™, m=0, 1,..., is

(_1)m+1 qm(m—l)/Z

»(q), (5:21)
C

m

one then finds the following extension of (5.10):
Suppose that R satisfies (5.20). If R < |z,| then define k; by

gt |zl < R< g"z, (5.22)
and if R > |z,| define k, by

EAl 20|
qko qk0+1 .

(5.23)
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Then

$zo|l Xo X 121> <Z_1>

$zo|21) 29
_ - Q_n{ 1 dz {zo| Xy lq"z> <q_nz> {z| X1 |z, (Z_1>
no0 Cn (@(q) Jl=r 2miz {2z, |q"z) zy ) <zlz) z
ky (_l)m qm(m+1)/2 qn+mz
+6(z|-R) 3 o(*2)
m=0 m ZO
2ol Xo 1" "2 ) £q™21] Xy 21D
2o 19" "z q"zy | z1)
ko—n (—l)m qm(m+1)/2 qn+mZ
+OR=q ")) T o(*)
m=0 Cm ZO
{z| X, |j]m_m20> <q_(j:jrzn(;| X, |Zl>} (5.24)
20 1q7"20) {q Zo |21

5.4. Asymptotics of the Additivity Formula

We now ask what happens to the representation (5.24) when the
system size N becomes very large. Throughout this section we take z, and
z, to be positive real numbers and X, and X; to be polynomials, with posi-
tive coefficients, in the operators D and E. We will use throughout this
section three properties of the product

{20l X 19"z 2] Xy |2,
219"z z|z)

II,(z) = (5.25)

occurring in the integrands of the representation (5.24), which follow from
the discussion of Section 5.1: I7,(z) is a polynomial in ¢"z and 1/z, with
positive coefficients; for z on the positive real axis, I7,(z) is a convex func-
tion of z; for fixed positive z, I1,(z) decreases as n increases. We will
assume that, for z on the positive axis, I7,(z) grows exponentially in N.

Now I1,(z) has a unique minimum at some value z,;, on the positive
real axis; we will use the representation (5.24) with the choice R=1z,,.
Using first the fact that the maximum of the magnitude |I7,(z)| on the
contour |z| =z,;, occurs on the real axis, and then the monotonicity of
I1,(z) in n for z positive, we see that each integral occurring in (5.24)
satisfies
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3g dz <z| X, 19"z) <q"2> {z| X, |z, <Z_1>
|

o=z 2702 20| q"Z) Zp {z|z) z

< 2ol Xo 19" 2umin ) {Zwmin| X7 |21

201 4" Zmin ) oin | 210 ’

< {20l X |Zmin > {Zaninl X1 121D
2ol Zminy w2

(5.26)

where the first inequality holds up to factors that do not grow exponen-
tially with N. On the other hand, when #n = 0 the point z,;, will be a saddle
point for I1,(z) lying on the contour |z| = z,;,, and equality (again up to
factors not growing exponentially with N) will hold in (5.26).

The bound (5.26), and an argument similar to that above for the terms
in (5.24) arising from the poles, show that the » =0 terms there always
dominate those with n > 0, so that we may neglect the latter. But for n =0,
the fact that I7,(z) is convex, with a minimum at z,_;,, implies that the
m =0 terms dominate each sum over m. Thus (5.24) becomes (again up to
factors not growing exponentially with N)

{zo|l Xo X 121> - max{<20| Xo |Zumin ) Zaminl X7 |21
$zo|21) 2o | Zumin ) Zin | 210 ’
$zol Xy |21 21| X, |z1)
{zo|21) {zi|z1)
{z0] Xy 1207 <20] X, |Z1>}
{20 | 20> $zo|z1) ’

O(z1 — Zupin)

O(Zyin —20)

(5.27)

Now the discussion can be completed by considering successively all the
possible relative positions of z;, z; and z,;,.
Suppose first that z; < z,. Then (5.27) gives

2ol Xo |Zmin ) Zaminl X7 |20
20 | Zumin? Zuin | 21D ’
{zol Xo X 21> :< $zo|l Xo |21 <z1| Xy |21
{zo|z1) {zo|z1) {zi|z1)
$zol Xo 1207 <20l X |21
{291 20) {zo|21) ’

if 2z <zZpn

<ZO5

if 2, <z <z, (5.28)

if z, <zy<Zyn,
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and one sees that each case in (5.28) reduces to

{zo| Xo X, |21) ~ min {zo| Xo |2) 2| X; |Zl>' (5.29)

{zo|21) n<z<zn  {Z|2z) {z|z)

On the other hand, if z, < z,, then (5.27) gives

$zo|l Xo Xy |21)
{zo|z1)

max {zo| Xy |2) 2| X |21)
=z, £Zy|2) {z|z) ’
$zol Xy |21 <z1] X, |z1)

$zo|z1) {zy|z1)
{20l Xy |20) 20| X, 121>

$zo 129> $zo| 21> ’

if zy<zpw <7z,

12

if zg, <z <z, (5.30)

if zy <z <Zpn,

and each case in (5.30) reduces to

$zol Xo X 121> ~ max $zo|l X |2) 2| X3 |Zl>. (5.31)

$zo|21) e=z,n {Zo|2) {z|z)

5.5. Derivation of (1.6) and (1.10)

We finally want to obtain the fundamental additivity relations for #,
(1.6) and (1.10), from (5.29) and (5.31). The first step is to relate the densi-
ties p,, p, to the parameters z,, z;. Using (1.1), (5.3), and (5.4), one can
easily establish that if

Z Z
_ _ 32
Pa 1+z, Pe 14z’ 632
then
(2ol XoXi 12> VI XX, IV (5.33)

olzy — WYy

where (| and |VV) are defined by (4.2) and (4.3).

Now let us consider a given profile p(x) defined for a < x < b, and for
fixed ¢ with a < c¢ < b denote by X, the sum over all the products of D’s
and E’s consistent with the left part of this profile over the first L(c—a)
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sites, and by X, the same quantity for the right part of the profile over the
last L(b— c) sites. We define # by

) {20l Xo X, |21)
$zo |21

Then we obtain immediately (1.6) and (1.10) from (5.29) and (5.31).
Moreover from (1.2), (4.4), (5.33), and (5.34) we see that the constant
K(p,, p,) which appears in (1.4) is given by

(1—g)" ~exp[ — LA, 5 ({p(0)}; pas p)]. - (5.34)

(1 _q)L(b—a) <W| (D+E)L(b—a) |V> ~ e L®=a) K(pa, 1) (535)

Writing (5.29) and (5.31) for X, = (D+E)*“~ and X, = (D+E)*®=9, we
see that K(p,, p,) should satisfy

(b—a) K(p,, py) = sup [(c—a)K(p,, p.)+(b—c) K(p., py)],  (5.36)

Pb<Pe < Pa

if p, > p,, and

(b—a) K(p,, pp) = min [(c—a) K(p,, p.)+(b—c) K(p., pp)],  (5.37)

Pe = Pa OF pp

if p, < p,. Now when p, = p, the matrices D and E commute and may be
realized as the scalars D= (1—¢) ' (142z,), E=(1—¢)"' (14+2z,"), so that
from (5.35) and (5.32) we have

1
K(pa, pa) = —log <zo+2+z—>=10g[pa(1—pa)]- (5.38)
0

From (5.36) and (5.38) one finds, by repeated subdivision of the interval
[a, b], that if p, > p, then

(b—a) K(pa, py) = Sl;p Lb dx log[ f(x)(1—f(x))], (5-39)

where the supremum is over nonincreasing functions f(x) with f(a) = p,
and f(b) = p,, and from (5.39) one obtains (1.5). Similarly, if p, < p, one
obtains from (5.36) and (5.38) that

(b=) K(ps p) = inf { [/ axtogtp.(1-p1+[ dxloglp,1 —pb)]},
(5.40)
and (1.9) follows.
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6. LARGE DEVIATIONS VERSUS TYPICAL FLUCTUATIONS

Expressions (1.7) and (1.11) enable us to calculate the large deviation
function for an arbitrary density profile p(x). As we have already noted
and will show in this section, the large deviation functional, which descri-
bes macroscopic (order N) deviations from the typical profile p, is in
region C, where

Pa>13> Pos (6.1)

not simply related to the fluctuations (order \/Xf) around p. We demon-
strate this by computing explicitly, for ¢ =0, the probability of seeing a
given global density r in a window ¢ < x < d of our system, with no other
constraint in the system, both for fixed r with r # p and for r— p of order

1//N.

We divide our system of N = L(b—a) sites into three boxes, of N, =
L(c—a) sites, N, = L(d—c) sites and N; = N(b—d) sites, corresponding to
macroscopic intervals [a, c], [¢, d], and [d, b], and compute the probabil-
ity that the density is r in the middle box, i.e., the probability P(M,) that
the total number M, of particles in the middle box is

M,=Ld—c)r, 6.2)

with no constraint imposed in the two other boxes.

6.1. Large Deviation

Corresponding to the above constraint there will be an optimal profile
p(x) for which, with # (r) = %, ,;(p(X); pa, ps), one has

P(M,) ~exp[ —LZ]. (6.3)
Since p, > p,, one can use the additivity formula (1.6)

o y(P(X); pus pp) = sup {4, 4(p(X); pas P.)

Pb S PdSPesPa
+ o 1 (P(X); Pos Pa) + Hia 57(P(X); Pas P)}- (6.4

As there is no constraint on the profile in the two side boxes, one has
%a,c](p(x); pa7 pc) = %d,b](p(x); pda pb) = 09 SO that from (14)9

‘}ﬁa,c](p(x); paﬂ pc)=(c_a) K(p(U pc)7 (65)
inb,d](ﬂ(x); Pas Pp) = (b—d) K(pa, py). (6.6)
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Moreover, since p, = p, we know from Sections 3.5 and 3.6 that within the
central box [¢, d] the optimal profile p(x), which corresponds to a fixed
number of particles there, is flat. From (1.4) and (3.12) we then have

(c=d)[rlog(r(1—p.))+(1—r) log((1-r) p.)],
He,a)(P(X); pes pa) = { (¢c—d)[2rlog r+2(1—r) log(1—r)], (6.7)

(c—d)[rlog(r(1—p,))+(1—r)log((1-r) pa)],
when r<1l—p,, 1—p. <r<1l—p,, and 1—p, <r, respectively. Now from

(6.4) one must choose p, and p, to maximize the sum of (6.5), (6.6), and
(6.7). The result depends on the sign of r—1/2.

Case 1. r<1/2. In this case the optimizing values of p, and p, are

p. =min {%,pa}, pﬁ%. (6.8)
The corresponding LDF is
F(r) = (d—c)[rlog(4r(1—p.))+(1—r) log(4(1—7) p,)]
+(c—a) log(4p.(1-p.)), (6.9)
which for r close to 1/2 becomes
ﬁ(r)=%<r—%>z+0<r—%>3. (6.10)

We also find from Section 3.2 that the optimal profile p(x) satisfies
p(x)=p, fora<x<cand p(x)=1/2ford<x<b.

Case 2. r>1/2.1In this case, a similar calculation leads to

(b—c)—r(d—c)
2b—d—c ”}

1

5 (6.11)

and
F(r)=(d—c)[rlog(4r(1—p,))+(1—r) log(4(1—r) p,)]

+(b—d) log(4p.(1—pa)); (6.12)



The Asymmetric Exclusion Process 801

and for r close to 1/2, (6.12) gives

- Ad=o)(b=c)( 1Y 1y
F=—my < 2) +0<r 2). (6.13)

We see from (6.10) and (6.13) that in general the limiting value of the
second derivative of Z (r) at r = 1/2 depends on the sign of r—1/2, so that
Z (r) is in general nonanalytic at r = 1/2. Note, however, that when the overall
density for the system is specified, i.e., when ¢ = aand d = b, % (r) is analytic.

6.2. Fluctuations

Formulae (6.9) and (6.12), with (6.8) and (6.11), give us the leading
behavior of P(M,) for large deviations, i.e., for r—1/2 of order 1. Let us
now discuss the small fluctuations, i.e., the regime in which r—1/2=
O(L™'?), so that LZ is of order one. As (6.10) and (6.13) do not coincide,
one expects that typical fluctuations around the optimal profile p(x) =1/2
will be anomalous, i.e, non-Gaussian. Let us define the fluctuation yx in the
number M, of particles in the central box by

MZ—(‘I_T")Lzﬂﬁ. (6.14)

In the next subsection we will derive, for g =0, the following probability
density p(u) = P(M,) ﬁ for the random variable u:

8(b—a)*?
[n(c—a)(b—d)]*” (d—c)

p(u) =

j dxf dyxyexp[ 5o

—a
X{exp[ _ Wt x—y)” +(ﬂ+x y)]

=]

2(ﬂ+x);tiﬂ—Y)2]}'

(6.15)

We see that indeed x4 has a non-Gaussian distribution. Note, however, that

the \/Z scaling in (6.14) is that appropriate for “normal” fluctuations.
For large positive u, (6.15) becomes

(b—a)*? (b—c)(b—d) 4b—c) ;
un (d—c) 2 (2b—c—d)" (c—a)y [_(d—c)(Zb—d— ) ]
(6.16)

p(w) =
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and for large negative u,

(b—a)*’* (d—a)(c—a) 4(d—a) )
p(w) = }

i 7 ([d=c) 7 (d+c—2a)" (h—d) " P [_(d—c)(d+c—2a) #
(6.17)

We see that the large x4 asymptotics (6.16) and (6.17) match with (6.10) and
(6.13) when |u|>1 and |[r—1/2| <1, with u=(r—1/2)(d—c) ﬁ, ie.,
that (6.15) interpolates between the large deviation regions r > 1/2 and
r<1/2.

Also, from (6.15) one can compute the average {u) of u:

_ _Jd=a)b—d)—/(c=a)(b—c)
<u>—fp(ﬂ)#dﬂ— JaJba :

For a system of N = L(b—a) sites, one sees from (4.12) that

(6.18)

Ld-a) b+a—2x

1\ L 4
S )= d 6.19
,-=L%_a><<f‘> 2> 2\/£L Jo—ab—oc—a 1

in agreement with (6.18), since {M,>—L(d—c) /2= {u) ﬁ

6.3. Derivation of (6.15)

One way to derive (6.15) is to use the following explicit representa-
tion"? of (4.1), valid for g = 0:

D= i [n)<n|+n)<n+1|, (6.20)
E= i |n><n|+|n+1)<xn|, (6.21)

where the vectors |1), |2),...|n)... form an orthonormal basis of an infinite
dimensional space (with {n|m) =9, ,). Within this basis, the vectors |V}
and {(W| are given (see (4.2), (4.3), and (1.1)) by

=3 (S m=% ({2 ) . (622)

(1 — P ) l, (6.23)

W)= §1<1_“>"<n|=§
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and one can show (for example by recursion) that

. @) 2N
D+E = -
PO = N N+ 7= W2+ 2 V=7 )
(6.24)
and that®>*
" (V)2
X 10 = DT N =M M p— ) (N =M —pt )
@y (6.25)

T (MAp)! (N—M—p)! (M—p ) (N—M+p)

where X ,, is the sum over all the configurations of N sites with M
occupied particles. The probability P(M,) that the number of particles is
M, in the central box is given by

_W|(D+E)" Xy, »,(D+E)™ V)
P(M,) = T DTy (6.26)

From (6.26) one may recover the results of Section 3.4.
Let us first analyze the denominator of (6.26):

® ® 1— p1 b P2 N
0+ 1= 3 3 (L) (2] ol 0+ I,
n=1 p=1 a b (627)

For large N, this sum is dominated by p, and p, of order 1, so one can use
an approximation of (6.24) valid for p and p’ of order \/]TI or less,

<l (D+E)Y |p'>:;ﬁ[exp<—@];p) )_exp<—(p;p) >]
(6.28)

and one gets for large N,

<W| (D+E)N |V> ~ i (1 _pa) Pa (1 _pb) pb. (629)

T JaN o~ 1) 2py—1)
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One can write the numerator of (6.26) as

WI(D+E)" Xy, s, D+E) V=3 ¥ 3 YW lp)

P P2 p3 pa

{pil (D+E)N' 1292921 Xy, 11 |3 ><psl (D"‘E)N3 [pa><ps |V (6.30)

When N,, N,, N, are large and of order L and when the difference
M,—N,/2 is of order ﬁ as in (6.14), these sums are dominated by p, and
ps of order 1 and p, and p; of order ﬁ If one writes

n=xJL  p=y/L (6.31)

one gets that

2 2L
pol Xyy aa, |3 = 4™ exp | —— (W +(u+x—y)%)

N N

2

TV,
2L
_exp < e ((u—y)2+(u+x)2))], 6.32)

and the numerator becomes, after summing over p;, and p, and replacing
the sums over p, and p, by integrals,

W (D+E)™ Xy, r,(D+E)™ V)

4N1 +Ny+N3+2 X 2

T wL[(c—a)(b—d)] (d—c)

(I=p) p. (L=py) py (= , (@ x? oy
dx (" d -
X 2p—1)" (2p,—1)° jo x-[o YXVEXP| T T T h—d

x{exp [ _2ﬂ2+(;;:r:—y)2]_exp[ -2 (ﬂ+X);J_r(cﬂ—y)2]}

(6.33)
which reduces to (6.15) after dividing by (6.29).

Remark. One can also recover from (6.26) the expressions (6.9) and
(6.12) by allowing deviations in M, of order L.

7. CONCLUSION

The main results of the present work are the exact expressions (1.7)
and (1.11) for the LDF Z#({p}) for the SNS of the open ASEP in one
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dimension and the simple additivity formulae (1.6) and (1.10) that they
satisfy.

This &, like the one we found for the symmetric case in refs. 15
and 16, is a non-local functional of the density profile {p(x)}. We expect
non-locality to be a general feature of such functionals for non-equilibrium
systems.

Our expressions of the LDF, which take different forms in the fan
region p, > p, (Where the reservoirs and the bulk asymmetry cooperate)
and in the shock region p, < p, (where they act in opposite directions),
reflect several qualitative differences:

In the fan region, p, > p,, the probability of macroscopic deviations
from the typical density profile is reduced compared with that in an equi-
librium system with the same typical profile (see (3.9)); this was also true in
the symmetric case.'® Another surprising feature of the fan region, at least
in the maximal current phase C, is that the fluctuations of the density
profile cannot be calculated from the LDF, and that these fluctuations are
in general not Gaussian (see Section 6). We have no heuristic explanation
of this behavior.

In the shock region of the phase diagram, p, < p,, & is not convex in
p (see Section 3.3). Moreover, in this region the probability of macroscopic
deviations from typical behavior is increased rather than reduced; see
(3.11). This enhancement of deviations appears similar to known beha-
vior® of fluctuations (the behavior of macroscopic deviations is not
known) in a slab of fluid in contact at the top with a heat reservoir at
temperature 7,, and at the bottom with another reservoir at temperature
T,: the Rayleigh-Bénard system.® In this system the force of gravity causes
the SNS to undergo dynamic phase transitions when (7, —17,) is “suffi-
ciently” large, corresponding to different spatial patterns of heat and mass
flow. This transition is preceded, as 7, — 7, is increased, by enhanced fluc-
tuations even for very small differences between the two temperatures (for
which the system is stable) as long as 7, > T,,.

It is natural to expect that the probabilities of typical fluctuations and
of large deviations are either both enhanced or both reduced, in compari-
son with the equilibrium system having the same p, but this is not known
to be true in general. In fact, our work here shows that small (typical) fluc-
tuations cannot in general be computed from the LDF.

One can note that our expressions for the LDF (1.7) and (1.11) do
not depend on the asymmetry parameter 0 < g < 1. These expressions,
however, are not valid at ¢ = 1, and they do not reproduce the symmetric
exclusion result: the limits ¢ » 1 and N — oo do not commute. It would be
interesting to analyze the case of large N with 1—g = O(N™"), in order to
interpolate between the symmetric case and the asymmetric case.
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It would also be desirable to have a physical understanding of our
additivity formulae (1.6) and (1.10), and to see how our results could be
generalized to more complicated non-equilibrium steady states.

Lastly, from our knowledge of the LDF in the SNS steady state, one
could try to determine how a given (unlikely) profile was produced dynam-
ically out of the nonequilibrium steady state. This has been done for the
symmetric exclusion process on a circle in ref. 34, and recently for the open
system in refs. 35 and 36, where the LDF was given in terms of a time
integral over a trajectory taking the system, via a “reversed dynamics,”
from a typical SNS configuration to the profile p(x). A dynamic LDF for
the ASEP on the circle was studied in ref. 37.

APPENDIX A. THE CONCAVE ENVELOPE CONSTRUCTION

In this appendix we justify the construction (3.5, 3.6) of the optimizing
function F, for the supremum in (1.7). Recall that we are given a density
profile p(x) which is defined for a < x <b and satisfies 0 < p(x) <1 for
all x, and reservoir densities p, and p, which satisfy 1> p, > p, > 0. Let
H,(x)= j;‘ (I—p(y)) dy, so that G, is the concave envelope of H,, and
recall that F, is obtained by cutting off G/,(x) at p, and p, (see (3.6)). Then
(1.7) may be written as

Fra 57 ({P(X)}; Pas P3)
= —(b—a) K(p, p») +Lb dx[ p(x) log p(x)+ (1 —p(x)) log(1 - p(x))]

+sup B,(F), (A1)

F(x)
where

F(x)
1—F(x)

B,(F) = L” dx [ (1— p(x)) log +log(1—F(x)) ] (A2)

and the supremum in (A.l) is over monotone nonincreasing functions
F(x) satisfying F(a) = p,, F(b) = p,. Now since H,(x) < G,(x) for all x
and log[ F(x)/1—F(x)] is decreasing, we obtain by integration by parts,
noting that H(a) = G(a) and H(b) = G(b), that for any F(x) in this class,

F(x)
1—F(x)

[ dx1(1=p(x) =Gy log

_ _Lb [H,(x)—G,(x)] d[loglf(—;,c()x)] <0, (A3)
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so that

F(x)
1—F(x)

B,(F)< jb dx [ G,(x) log +log(1—F(x)) } (A.4)

Since the integrand in (A.4) is pointwise concave in F(x), with a maximum
at F(x) =G (x), the integral is, for the functions F(x) satisfying p, >
F(x) = p,, bounded above by its value at F(x) = F,(x). Thus

F,(x)

B,(F) <L dx[G;,(x) log e

+log(1 —F,,(x))}

F,(x)

=Lb dx[(l—p(x)) log I—F ()

+log(1—F,(x)) ]
=B,(F,); (A.5)

here the first equality is obtained by noting that if (¢, d) is a maximal

interval on which G,(x) # H,(x) then (i) G/(x) and hence F,(x) are con-

stant on this interval and (ii) {¢ G/,(x) dx = [¢ (1— p(x)) dx. Equation (A.5)
shows that the supremum in (A.1) is achieved by F(x) = F,(x).

APPENDIX B. OPTIMAL PROFILE UNDER A CONSTRAINT

Let p(x) be an optimal system profile for a fixed mean density r, that
is, a profile which minimizes %, ,;({p(x)}; p., p,) under the constraint

'[b p(x)dx=r(b—a). (B.1)

In this section we show that p(x) is uniquely determined, and derive its
form.

Case 1. p,> p,. Let G, and F, be defined by (3.5) and (3.6), so that

Frans(PCOY: P ) = [ Hp(0), F (53 p) di, (2)

where A(r, f; p) is defined in (3.2) and p is determined from p,, p, as in
Fig. 1.
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We first show that p(x) must be monotone nondecreasing, that is, that
p(x) =1—G/(x) (almost everywhere). For otherwise there will exist some
interval [¢, d] = [a, b] satisfying

G =[ A=pMdy,  G@=[ A-pNdy. B3I
and
Gp(x)>fx (1—p(p))dy, for c<x<d. (B.4)

Then for ¢ < x <d, G),(x) = 1—4, where

1 d
i=—— [ p(») dy, (B.5)
and if p* is defined by
5 )_{A, if c<x<d, (B.6)
P = p(x),  otherwise, ’

then p* satisfies (B.1) and from the strict convexity of A(p, F; p) in p and
the fact that F, is constant on [c, d] (with value 4, p,, or p,) it follows that

(c=d) hz, Fy; ) <[ W(p(o), F,(x); p) dx (B.7)

and hence that 7, ,;({p*(x)}; pa, Ps) < Fu iy ({P(X)}; pu, ps), contradicting
the definition of p(x).

Since p(x) =1-G/,(x) we have from (3.6) that F,(x) is a local func-
tion of p(x) taking value p, if 1—p(x)>p,, p, if 1—p(x)<p,, and
1 — p(x) otherwise. Then one can check that the integrand h(p(x), F,(x); p)
in (B.2) is pointwise convex in p(x). Thus since p(x) satisfies (B.1),
(b—a) h(r,1—r, p) < F, 5;({p(X)}; pu, py), with equality if and only if
p(x) is the constant function p(x) =r.

Case 2. p,<p,. Let y, be the minimizing value in (1.11) corre-
sponding to the optimal profile p(x); it is clear that p(x) must be constant
on the intervals [a, y,] and [ y,, 6], so that

Fran({P(X)}; pas )
= (¥, —a) i(ry, pa; P)+(b—y,) h(ry, py; P) (B.8)



The Asymmetric Exclusion Process 809

for some values r,, r, satisfying

(y=a)ry+(b—y)r,=(>-ayr. (B.9)

Minimizing (B.8) over a<y, <b and (B.9) leads to y,=b, r,=r if
r<l—p,and y,=a,r,=rifr>1—p,, while if 1 —p, <r<1l—p,, y, is
given by (3.20)and r,=1—p,, r,=1—p,.
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