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Abstract: We prove that, for low-temperature systems considered in the Pirogov-Sinai
theory, uniqueness in the class of translation-periodic Gibbs states implies global unique-
ness, i.e.the absence of any non-periodic Gibbs state. The approach to this infinite volume
state is exponentially fast.

1. Introduction

The problem of unigueness of Gibbs states was one of R.L.Dobrushin’s favorite subjects
in which he obtained many classical results. In particular when two or more translati-
on-periodic states coexist, it is natural to ask whether there might also exist other, non
translation-periodic, Gibbs states, which approach asymptotically, in different spatial
directions, the translation periodic ones. The affirmative answer to this question was
given by R.L.Dobrushin with his famous construction of such states for the Ising model,
using + boundary conditions, in three and higher dimensions [D]. Here we consider
the opposite situation: we will prove that in the regions of the low-temperature phase
diagram where there is a unique translation-periodic Gibbs state one actuailpbals
uniquenes®f the limit Gibbs state. Moreover we show that, uniformly in boundary
conditions, the finite volume probability of any local event tends to its infinite volume
limit value exponentially fast in the diameter of the domain.

The first results concerning this problem in the framework of the Pirogov-Sinai
theory [PS] were obtained by R.L.Dobrushin and E.A.Pecherski in [DP]. The Pirogov-
Sinai theory describes the low-temperature phase diagram of a wide class of spin lattice
models, i.e. it determines all their translation-periodic limit Gibbs states [PS, Z]. The
results of [DP], corrected and extended in [Sh], imply that, for any values of parameters
at which the model has a unique ground state, the Gibbs state is unique for sufficiently
small temperatures. But the closer these parameters are to the points with non unique
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ground state the smaller the temperature for which uniqueness of the Gibbs state is
given by this method. Independently, an alternative method leading to similar results
was developed in [M1,2].

The main difficulty in establishing the results of this type is due to the necessity of
having sufficiently detailed knowledge of the partition function in a finite domain with an
arbitrary boundary condition. This usually requires a detailed analysis of the geometry
of the so callecboundary layemproduced by such a boundary condition (see [M1,2,
Sh]). Here we develop a new simplified approach to the problem. The simplification is
achieved by transforming questions concerning the finite volume Gibbs measure with
arbitrary boundary conditions into questions concerning the distribution wsthlde
(in the sense of [Z]) boundary condition. The latter can be easily investigated by means
of thepolymer expansiononstructed for it in the Pirogov-Sinai theory. This also allows
the extension of the uniqueness results from systems with a unique ground state to the
case with several ground states but unigtable ground statésee [Z]).

Since the publication of the paper [PS] about twenty years ago the Pirogov-Sinai
theory was extended in different directions. For a good exposition of the initial theory
we refer the reader to [Si] and [SI]. Some of the generalizations can be found in [BKL,
BS, DS, DZ, HKZ] and [P]. Below we present our results in the standard settings of [PS
and Z]J: afinite spin space with a translation-periodic finite potential of finite rarmye
finite degeneracy of the ground stated astability of the ground statesxpressed via
the so calledPeierlsor Gertzik-Pirogov-Sinai conditianThe extension to other cases is
straightforward. Our method also works for unbounded spins, see [LM].

2. Models and Results

The models are defined on some lattice, which for the sake of simplicity we take to
be thed-dimensional ¢ > 2) cubic latticez?. The spin variabler, associated with

the lattice siter takes values from the finite sét= {1, 2,...,|S|}. The energy of the
configurations € 57 s given by the formal Hamiltonian
Ho(o) = > Uo(c4). 1)

ACz, diam A<r

Hereo, € S4 is a configuration ind ¢ Z? and the potential/o(c4) : S4 — R,
satisfiesUo(c4) = Uo(oa+,) for any y belonging to some subgroup @f of finite
index and the sum is extended over subsetsf Z¢ with a diameter not exceeding
Accordingly for a finite domair’ ¢ Z<¢, with the boundary condition,,. given on its

complemen?/’¢ = 74\ V, the conditional Hamiltonian is

Hoo,lo,)= Y Udloa) )
ANV #AD, diam A<r

whereo s = ocany + oanve for ANVe # (), i.e. the spin at site is equal too,, for
r€ ANV ando, forz € ANVe.

A ground stateof (1) is a configuratiom in Z¢ whose energy cannot be lowered by
changings in some local region. We assume that (1) has a finite number of translation-
periodic (i.e. invariant under the action of some subgroupéf finite index) ground
states. By a standard trick of partitioning the lattice into disjoint cub@g centered
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aty € qZ¢ with an appropriatg and enlarging the spin space frosnto S© one can
transform the model above into a model @ with atranslation-invariantpotential
and onlytranslation-invariant or non-periodiground states. Hence, without loss of
generality, we assume translation-invariance instead of translation-periodicity and we
permute the spin so that the ground states of the model witrBe. . ., o™ with
o =k for anyz € Z¢. Takingq > r one obtains a model with nearest neighbor and
next nearest neighbor (diagonal) interaction, i.e. the potential is not vanishing only on
lattice cubes; of linear size 1, containing®sites.

Given a configuration in Z¢ we say that site is in thek*" phasef this configura-
tion coincides withr(*) inside the lattice cub@,(x) of linear size 2 centered at Every
connected component of sites not in one of the phases is catieataur of the config-
urationo. Itis clear that forr = o, + crgfz contours are connected subsetd/oivhich
we denote byy(0), . .., (o). The important observation is that the excess energy of a
configurations with respect to the energy of the ground staf@ is concentrated along
the contours of. More precisely,

Holo,|o')) — Ho(o'P10) = 3 Ho(3i(0). ®)
where
HoGio) = Y. (Voloa) — Uo(e) (4)
Q1 Q1CHi(0)

and the sum is taken over the unit lattice culgis containing 2 sites. The Peierls
condition is

Ho(%i(0)) = 77i(0)], (5)
wherer > 0 is an absolute constant afid(c)| denotes the number of sites1(5).
Consider now a family of Hamiltonian&l,,(c) = Z Un(oa), n =

ACZd4, diam A<r
1,...,m — 1 satisfying the same conditions && with the same or smaller set of
translation-periodic ground states. For= (A1, ..., \,,_1) belonging to a neighbor-
hood of the origin irR™~* define a perturbed formal Hamiltonian

m—1

H=Ho+» A\H,. (6)

n=1
Here\,, H,, play the role of generalized magnetic fields removing the degeneracy of the
ground state. The finite volume Gibbs distribution is
exp {f BH(o |0\, )]
EWVle,) 7

)

fhy.5ye(0y) =

where > 0 is the inverse temperature aplggvc (0y,) is the probability of the event
that the configuration i is o, givena_vc. Here the conditional Hamiltonian is

m—1
Ho o)=Y Ulg), UO=Y Ua0) ®)
Q1 QiNVFAD n=0

and the partition function is
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E(VIzy) =D exp|-BH(,[7,.)] )

v

The notion of astable ground stateas introduced in [Z] (see also the next section)
and it is crucial for the Pirogov-Sinai theory because of the following theorem.

Theorem [PS, Z].Consider a Hamiltonia of the form (6) satisfying all the conditions
above. Then fop large enough > 5o()\), every stable ground staté®) generates a
translation-invariant Gibbs state

PPy = lim o e (). (10)
V—zd V9yec

These Gibbs states are different for differe@ind they are the only translation-periodic
Gibbs states of the system.

An obvious corollary of the above theorem is

Corollary . If there is only a single stable ground state, sg¥, then forg > Go()\)
there is a unique translation-periodic Gibbs state

@y = i .
o) ( ) |IIIZId /LV,U(DC ( ) (11)
Our extension of this result is given by

Theorem 1. Under conditions of th€orollary the Gibbs state:()(-) is unique. De-
noting this unique state by(-) then for finite A C V, such thatdist(4,V*¢) >
2d diamA + Cy(7, 8, A, d), any configurationo 4 and any boundary conditioEVc,
one has

5y (72) = plo)| < eXp[Calr. B A d) dist A,V (12)
whereCy, C, > 0.

Remark 1.In contrast with [DP, Sh and M1,2] the theorem above treats the situation
when there are several ground states with only one of them being stable. Moreover,
the result is true for all sufficiently low temperatures not depending on how close the
parameters are to the points with non unique ground state.

Remark 2.If some of the conditions of the Theorem are violated the statement can
be wrong. The simplest counterexample can be constructed from the Ising model in
d = 3. It is well-known that at low temperatures this model contains precisely two
translation-invariant Gibbs states taken into each othetlsymmetry and infinitely

many non translation-invariant Gibbs states, i.e. the Dobrushin states mentioned earlier.
Identifying configurations taken into each otherbgymmetry one obtains a model with

a unique translation-invariant Gibbs state and infinitely many non translation-invariant
ones. The condition of the Theorem which is not true for this factorized model is the
finiteness of the potential: the model contains a hard-core constraint. Indeed, consider a
dual lattice formed by the centers of the unit cubes of the initial lattice. Then define on
the dual lattice the model with the spin taking 128 values represented by the unit cubes
of initial lattice with the following properties:

(i) The bonds of the cube are labeled by +1-df.
(i) The product of labels along any of 6 plaquettes is 1.
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(iii) The energy of the cube is1/2 times the sum of the labels of the bonds.

With the hard-core condition saying that for any two neighboring cubes the labels of
common bonds are the same in each cube one abtains precisely the factorized Ising
model above.

Another counterexample based on a gauge model can be found in [B].

Remark 3.We conjecture that for Hamiltonian$ satisfying our conditions the state-
ment of our theorem is true at all temperatures. This is known to be the case for systems
satisfying FKG inequalities [LML]. Furthermore the only examples of nontranslation-
invariant states for suchH which we are aware of are those of the Dobrushin interface
tye [D], [HKZ] which in d > 3 “connect” different pure phases.

3. Preliminaries

In this section we assume that the reader is familiar with the Pirogov-Sinai theory and
we only list the appropriate notations and quote some necessary results.

A contouris a pairy = (¥, 05) consisting of thesupporty and the configuration
o5 in it. The components of thiterior of the contoury are denoted bynt;y and
the exterior of ~ is denoted byExty. The family {7, Int;v, Exty} is a partition of
Z?. The configuratiows can be uniquely extended to the configuratdin Z¢ taking
constant values;(y) and E(v) on the connected componentswi Generally these
values are different for different components. The contoigrsaid to bérom the phase
k if E(y) = k. Theenergyof the contoury is

HEON= Y. (Uloo) = UE5™). (13)
Q1: Q1CA(0)
The statistical weighof v is
w(y) = exp(-5H (7)) (14)

and satisfies )
0 <w(y) <e P (15)

Therenormalized statistical weigldf the contour is
E(Int;y|L; (7))

w =w =) 16
(7) = w(7) 1:[ SUntn|EG) (16)
where for anyd ¢ Z¢ we denote
A* ={x € A] x is not adjacent tol“}. @7
The contoury is stableif
1 .
W) < exp| - 3071 a9

and the ground state®) is stableif all contoursy with E(v) = k are stable. It is known
(see [Z]) that at least one of the ground states is stable. Because of (18) foran,
N > 1 andg large enough



316 J.L. Lebowitz, A.E. Mazel

> W(y) < e N, (19)
v (Bxty)edz, || >N

whereC3 = C3(T, 8, d) is positive and monotone increasingrimnd . In particular

> W) <G, (20)

~v: (Exty)cdx

whereC; = e~ 3. For the stable ground staté®) the corresponding partition function
can be represented as

= _ —BH@W o))
Sk =e vy > IIwe. (21)
[vil* €V, E([vil®)=k i

where the sum is taken over all collections of contout$ $uch thaty; are disjoint,
E(y;) = k for all i and~; C V for all .

Representation (21) and estimate (18) allow to write an absolutely convergent poly-
mer expansion

log 2(V|k) = ~BH Do) + > W(x®), (22)
eV

where the sum is taken over so calleolymersr*) of the phase: belonging to the
domainV’. By definition a polymer*) = (v;) is a collection of, not necessarily different,
contoursy; of the phaseé: such thatJ;7; is connected. The statistical weight(7*))

is uniquely defined vidV/ (v;) and satisfies the estimate (see [Se])

W(E®)| < exp [— (;m - 6d) > m] (23)

implying
> W (r®))| < e N, (24)

m®)=(,): Ui(Bxty,)eda, Y |7il>N

Denote byui’j)({%}, ext) the probability of the event that all contours of the collec-
tion {~, } are external ones insidé. By the construction

(it ext) < [TwWen). (25)

From the polymer expansion (22) and estimate (24) it is not hard to conclude that for
{’yi} with diSt(Ui:}‘/i, VC) > | U, :}I/Z‘

1D ewt) = pD (i} eat)| o5
< 1P ({;}, ext)| U; 7i| exp[—Cs dist (Ui, V)]

whereCs = Cs(r, 8, d) is positive and monotone increasingrigndg. For anyA € V,
dist(4, V¢) > diamA, and any 4 estimate (26) implies in a standard way that

‘H?,C)(UA) _ H(k)(o'A)) < exp[—Ce dist (4,V)] (27)
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where agairCs = Cs(, 3, d) is positive and monotone increasingrirandg.
From now on we suppose thaf) is the only stable ground state Bfand denote by

v () andpy 5. (-) the Gibbs distribution with the stable boundary conditié}’l and
an arbitrary boundary conditian, - respectively. CIearIyLW;VC (c4) depends only on
ooy, Where

oV ={x e V°: xisadjacent td'}, (28)

and we freely use the notatigiy 7, (c.4). For a domairV fix a collection{~; }© of all
external contours iy touchingdV and suppose that the number of the points at which
U;7; touche®V is not greater thah. Consider a smaller domaif = U;U; Int3y; with
the boundary condition,, = 3°, >, agh(l;» Given{v;}¢ € V.andM > >, |7

denote by€{ - the event that the number of unstable (see Def. 2 of Sect. 3.2in [2])
sites inV”’ is not less thar/ — 3" |7;|. According to the Theorem of Sect. 3.2 in [Z],

foror (Eppyenr) < e CHTONDM=3 0 FiD+Catr B0 3, sl (29)
V 95y S — :

The positive constants; andCgtend to 0 agd — oo or (G, \) approaches the manifold
on whicha®™ is not the only stable ground state. For differémt} the event€y, ye v
are disjoint and for their uniofiy, a7,z = Ugy,1ccv &y, 3¢, ONE has the estimate

py (Eviane) = D pyron, (Egayenr) iy ({3339)

{’yl}eEV

< Z o CrM =37 |w)+csmll-[W(7

{'71} 5%
6707M Z H e—(§Tﬁ—C7—Cg)"yi
{riteev
<e M1+ Cy)"
< e—C7M+C4L. (30)

Finally observe that for anyt C V and anyo 4
pyloa)e” M) <y 5 (04) < (@) MoV, (31)
whereL(csy) is the number of sites € 9V with o, # 1 and

Cy = 21 max|U(og,)| - (32)
TQq

4. Proof of Theorem

We are now ready to prove the theorem. Givghdenote byQ2(oy) the union of the
connected components of the det € V:o, # 1} adjacent to{x € §V: 7, # 1}.
This set is called theoundary layerof oy. Take an intege®V > 0 and suppose that
V' contains a cub&gx with sides of length 6N centered at the origin. From now on all
cubes are assumed to be centered at the originQlhet N’ > 6N be the maximal
cube contained ifv. Denoted’V = 9Q y+ N OV . First we consider boundary conditions
o, which coincide withv™ on 9V \ &'V and differ froms™® on &’V by at mosty’ N
lattice sites. Introduce the evef§ = {0, : Q(o,) N Qan 7 0}. By construction for
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o, € & everyQ;(o,,) touches)V at some site: € 9V with o, Z 1 and there exists at
least one componefi; intersectingl4y . Without loss of generality we suppose that it
is Q1(c ). This leads to the estimate

(&) < %YV (€0)

< eCoVN/Ne=CaN (1 + VY
< e~ CwlN (33)

MV7EVC

In the first inequality of (33) we used (31) reducing the problem to the calculation
for the stable boundary conditierf!). The second inequality comes in a standard way
from the cluster expansion for, (). Indeed, in the domail with the stable boundary
conditionai})c every componer®; contains an external contoty such thatF(;) = 1,

7 € Q; andQ; C (Ezt(y;))¢. One may simply say that is the external boundary of
Q; and clearlyy; touches)V. If Q; intersects) 4y then~; intersects or encloség,y .
The number of possibilities to choose the site dV, o, # 1 at whichy; touchesdV
does not exceed/ N which produces the factoy/ N in the estimate. The next factor
estimates the sum of the statistical weights of all possibléouching this site. It is
based on (19) and takes into account the fact that the diameter ahd hencéy, |, is
not less thanV. The constant’, (see (20)) estimates the sum of the statistical weights
of all possibley; touching a given lattice site ar(d +C4)W estimates the statistical
weight of all possibilities to choosgy;, « Z 1}. The whole estimate uses (25) and the
fact thatuv({%-}, ext) is the upper bound for the sum p(/-probabilities of boundary
layers = {€2;} having~; as the boundary a®,. The third inequality in (33) is trivial
for C10 = 0.5C5 andN > 4(Cq + 1 +C4)?C5 2.

Denote by&§ the complement ofy. If o, €& then (V' \ Qo))" 2 Qan—2 (see
(17) for the definition of {*). It is not hard to see that the configuratiop € &5 equals
1 on the boundary ofi( \ ©(c,))*. Now fix A C Q2 ando 4. In view of (27) one has

1y (018) = ()| < e, (34)
This gives us

by e ©) = 1) < |1y, @4l€0) = o 0)| 1y, (E0)

iy 5 @41€8) = o) 1y 5, (E5)
< e_ch +e—CeN

<e N, (35)

whereC1; = 0.5min(Cio, Cs) and N > log 2/C1;.

To extend (35) to the wider class of boundary conditions we suppos¥ thaf)sy
andQy/, N’ > 8N is the maximal cube contained 1. Now we consider boundary
conditionso,  which coincide witho) on 9V \ &'V and differ fromo® on &'V’ by
at most (/N)? lattice sites. Denote\; = Qgn_2i+2 \ Qan—_2; and IetQ(")(av) be a
union of the connected components of the{fset V' \ Qsn—_2; : 0, 7 1} adjacent to
{redV: o, #1}, i =1,..., N. Introduce disjoint events



Uniqueness of Gibbs States 319

&1={o, 1 19%0,) N A1] < VN},
& ={o, |Q, )N A = VN,. . |Q0 D0 )N A > VN,
Q0o )N A < VN}

and

N C
&= <U 51») . (36)
=1

If o, € & then the boundary conto(c,) contains at leasWV /N sites. Hence (30)
impﬁes the following estimate for the probability 6f

2
() < PNy (£2)
< ng(\/N)Ze—C7N\/N+C4(\/N)2

/'LV,EVc

< e~ C2NVN 7 (37)

whereCi, = 0.5C7 andN > 4(Cy + C4)’C; %
Foro,, € & consider the volumg; = (V'\ Q(l)(av))* U Qsn —2; With the boundary
conditiona_vc +oy\y; - By construction the number of sitess 9V, with o, 7 1is less

thany/N and one can apply (35) to obtain the bound
1y alE) = )| < e (38)

Joining (37) and (38) we conclude

iy (0.4) = o) =

N
> by € sy (016D i)
i=1

+ iy, () (uv,avc (cal€) - u(o—A)> '
o~ CuN +e—clzN\/N

<
< 2e”OuN (39)

where N > (C11/C1,)?. Expression (39) is a version of (35) which is weaker by the
factor 2 inthe RHS butis applicable to the wider class of boundary conditions containing
(v/N)? unstable sites instead ofN for (35).

The argument leading from (35) to (39) can be iterated several times. The first
iteration treats the following situation. Suppose thab Qioy andQy+, N’ > 10N
is the maximal cube contained¥n Consider boundary conditiomsy, which coincide
with ¢® on 9V \ &'V and differ frome™ on 'V by at most {/N)? lattice sites. Then
the analogue of (39) is

iy e (00) = ()] < 3¢, (40)
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Similarly after 21 iterations one obtains that for any 2 Q.qn with the boundary
conditions = containing not more than(IV)%¢ unstable sites

[y (0.4) = o) < 2=, (42)

NowsetCy = 2d max (4(Co + 1 +C4)2C5 2, 10g 2/C11, 4(Co + Ca)?C7 2, (C11/C12)?)
and for anyA ando 4 consider a cub&-,;, with L > Cj and dist@, Q5,) > (1—1/d)L.
Taking N = L/d andC> = Cy1/2d for V = @25, one obtains (12) from (41). For any
V D @y, with OV N 0Q3;, # () we have

TRESN GV RIS S T CA T CON T C 2o

90Qar

< exp[—Ca dist (4,V)] , (42)

which finishes the proof of th€heorem. a

AcknowledgementWe are greatly indebted to F.Cesi, F.Martinelli and S.Shlosman for many very helpful
discussions.

References

[B] Borgs, C.: Translation Symmetry Breaking in Four-Dimensional Lattice Gauge Theories. Commun.
Math. Phys96, 251-.284 (1984)

[BKL] Bricmont, J., Kuroda, K. and Lebowitz, J.L.: First Order Phase Transitions in Lattice and Continuous
Systems: Extension of Pirogov-Sinai Theory. Commun. Math. Pt§%.501-538 (1985)

[BS]  Bricmont, J. and Slawny, J.: Phase Transitions in Systems with a Finite Number of Dominant Ground
States. J. Stat. Phy54, 89-161 (1989)

[DS] Dinaburg, E.I. and Sinai, Ya.G.: Contour Models with Interaction and their Applications. Sel. Math.
Sov.7, 291-315 (1988)

[D] Dobrushin, R.L.: Gibbs State Describing Phase Coexistence for Three Dimensional Ising Model.
Theor. Probab. and Appl. N4, 619-639 (1972)

[DP]  Dobrushin, R.L. and Pecherski, E.A.: Uniqueness Conditions for Finitely Dependent Random Fields.
In: Colloquia mathematica Societatis Janos Bol2aj, Random Fieldsl, J.Fritz, J.L.Lebowitz and
D.Szasz, eds., Amsterdam, New York: North-Holland Pub., 1981, pp. 223-262

[DZ] Dobrushin, R.L. and Zahradnik, M.: Phase Diagrams for Continuous Spin Models. Extension
of Pirogov-Sinai Theory. In: Mathematical Problems of Statistical Mechanics and Dynamics.
R.L.Dobrushin ed., Dordrecht, Boston: Kluwer Academic Publishers, 1986, pp. 1-123

[HKZ] Holicky, P., Kotecky R. and Zahradnik, M.: Rigid Interfaces for Lattice Models at Low Temperatures.
J. Stat. Phys50, 755-812 (1988)

[LM] Lebowitz, J.L. and Mazel, A.E.: A Remark on the Low Temperature Behavior of the SOS Interface
in Halfspace. J. Stat. Phy84, 379-391 (1996)

[LML] Lebowitz, J.L. nd Martin-Lof, A.: On the uniqueness of the equilibrium state for Ising spin systems.
Commun. Math. Phy5, 276-282 (1971)

[M1] Martirosyan, D.G.: Uniqueness of Gibbs States in Lattice Models with One Ground State. Theor.
and Math. Phys63, N1, 511-518 (1985)

[M2] Martirosyan, D.G.: Theorems Concerning the Boundary Layers in the Classical Ising Models. Soviet
J. Contemp. Math. AnaR2, N3, 59-83 (1987)

[P] Park, Y.M.: Extension of Pirogov-Sinai Theory of Phase Transitions to Infinite Range Interactions .
Cluster Expansion and Il. Phase Diagram. Commun. Math. Rliy#s187-218 and 219-241 (1988)

[PS] Pirogov, S.A. and Sinai, Ya.G.: Phase Diagrams of Classical Lattice Systems. Theor. and Math. Phys.
25, 358-369, 1185-1192 (1975)



Uniqueness of Gibbs States 321

[Se]  Seiler, E.: Gauge Theories as a Problem of Constructive Quantum Field Theory and Statistical Me-
chanics. Lect. Notes in Physick;9, Berlin: Springer-Verlag (1982)
[Si] Sinai, Ya.G.: Theory of Phase Transitions, Budapest: Academia Kiado and London: Pergamon Press,

1982
[SI] Slawny, J.: Low-Temperature Properties of Classical Lattice Systems: Phase Transitions and Phase

Diagrams. In: Phase Transitions and Critical PhenontelpaC. Domb and J.L. Lebowitz, eds.,

Oxford: Pergamon Press, 1987, pp. 128—-205
[Sh]  Shlosman, S.B.: Uniqueness and Half-Space Nonuniqueness of Gibbs States in Czech Models. Theor.

and Math. Phys66, 284—293, 430—444 (1986)
[Z] Zahradnik, M.: An Alternate Version of Pirogov-Sinai Theory. Commun. Math. P8§s559-581

(1984)

Communicated by Ya. G. Sinai



