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degeneracy would occur when possible. The question
then arises whether the coupling of vibrational and
electronic motion is large enough to produce a statically
distorted geometry. The lack of refocusing in NiF; and
CoF,, where °II and *® electronic states are expected,
is interpreted to imply the absence of a polar com-
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ponent in either species at 1300°K. While it is of course
not possible on the basis of the present qualitative
deflection experiments to discuss in detail Renner-
Teller splittings of vibronic degeneracies, these experi-
ments do show that no large static distortions occur in
the thermally accessible states of NiF, and CoFa.
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We have generalized the methods developed recently by Groeneveld and Penrose for a one-component
system to obtain a lower bound on the domain of convergence of the Mayer fugacity expansion of the pres-

sure,

p= Ebzl,' .

s lwnzﬂlai

where 2, is the fugacity of the oth component, =1, +, w, This series is convergent for

5 | 5| <[exp(14+28/kT) BT,

where

B={max(a, 8) }/[ expl— (T) pap(r) J—1 |dr

and where the interaction potential ¢.s(#) of a pair of particles of Species « and g satisfies

) ¢a|'aj(‘ Xy X5 l) _>_—s<I)
1<j<s
for all &, z, and s. [For a positive interparticle potential, ¢.s(r) >0, #=0.] Consequently the system remains
in a single phase in this region. We have also generalized the inequalities of Lieb, Penrose, Lebowitz, and
Percus to this case. For positive potentials upper (lower) bounds are gotten for the pressure and the dis-
tribution functions by expanding in a Taylor series up to terms of even (odd) total order in the fugacities.

1. INTRODUCTION

ECENTLY, several authors obtained some mathe-
matically rigorous and physically interesting
results for one component fluids. We refer first to the
results of Groeneveld!, Penrose?, and Ruelle? who ob-
tained lower bounds on the radius of convergence of
the Mayer fugacity expansion for the pressure and the
distribution functions. This enabled them to establish
a lower bound on the fugacity at which a phase transi-
tion may occur. A lower bound on the radius of con-
vergence of the virial expansion was also obtained by
Lebowitz and Penrose.* Independently of this, Lieb®
established (for certain types of intermolecular poten-
tial) rigorous upper and lower bounds for the pressure
and density (as functions of the fugacity). These
inequalities were elucidated and extended by Penrose®
and Lebowitz and Percus.” It is the purpose of this note
* Supported by the U.S. Air Force Office of Scientific Research
Grant No. 508-64 and NSG—-227-62.
1 On leave of absence from The Hebrew University, Jerusalem.
17, Groeneveld, Phys. Letters 3, 50 (1962).
2 Q. Penrose, J. Math. Phys. 4, 1312 (1963).
3D. Ruelle, Ann. Phys. (N.Y.) 25, 109 (1963).
;1 ](.DL. Lebowitz and O. Penrose, J. Math. Phys. (to be pub-
lished).
5 E. Lieb, J. Math. Phys. 4, 671 (1963).
6 0. Penrose, J. Math, Phys. 4, 1488 (1963).

7]. L. Lebowitz and J. K. Percus, J. Math. Phys. 4, 1495
(1963).

to generalize the above results to mixtures. The con-
vergence of the fugacity expansion is considered in
Sec. IT and the inequalities in Sec. III.

II. CONVERGENCE OF THE FUGACITY EXPANSION

Consider an open system of @ molecular species at the
respective fugacities z,(e=1, 2, + +, w) whose molecules
interact in pairs with potentials ¢e;;(| ¥;—1; |) between
every two molecules of species ¢; and o; which are at
positions r;, r; in space. Suppose also the existence of
an external potential #,,(r;) acting on each molecule
of species o; at r;. Using a notation due to Penrose, we
write (a3, Ti) =%, @i, (Tiy T;) = (%5, 75) and u,,(r;) =
u(=;). Using this and also denoting

coyev) = ] exp[—Be(ri, %) ] (2.1)

i<jCN

GN(‘L'N) =€N (11, .
%; exp[ —pBu(z;) ]= exp[y(=:) ], (2.2)

one can express the grand partition function for the
system in the concise form

m=3 ) [ [T explnted Ten(em)ds?, (23
N=0 =1

where [dv stands for the multiple“‘summation” Y, [dr,
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and more generally

f.../d,zvsf.--/dn---dw

.....

veedr,,.  (2.4)
A similarly simple expression is obtained for the dis-
tribution function of % specified molecules of Species «;
at Position x;(i=1, +++, k). Writing (a;, X;) =¥; we
have for the distribution function

(&) =m(&, o0 &) = (E)*l@(zv !>—11=Il exp[v(&)]

N
X [+ [TL exply(ei) Jowrar (8, Y. (2:5)
=1

In the above notation the grand partition function and
the molecular distributions 7 (£*) are functionals of the
two functions v(¥) and ¢(% n) and the functional
dependence on vy and ¢ is of the same form as in the
one-component case. Hence all the equations derived
by Lebowitz and Percus® for the functionals Z[y] and
(8%, [v]) in the single component case are also valid
in the multicomponent case, when their notation is
given the above interpretation. In particular, consider
the functional Taylor expansion of the functionals
log =[v] and #x(&, [v]) around the “point” e"=0.
The Taylor expansion of any functional F[e] is de-
fined as the Taylor expansion of the function F(8) =
F[6e] at 8=1 around the origin §=0. Then

FLel=F() =30 [+ [Fo)

X eXp[’y(cl)]- -« exply (=) Jdr1- « - dry,

where the coefficients F®®(0) do not contain the func-
tion v. It should be noted that in every term of order /
in this expansion there is implicit a summation over all
species for each of the / molecules. Thus a term of order
lis actually a summation over all partial orders fy, « -, Z,
which add up to the total order I=hL+---+4/,. The
appropriate Taylor expansions for the functionals
log Z[v] and 7 (&, [v]) become power series in the z
in the absence of an external field. We have then
exp[y(e) ]=2 and the power series are of the form

(2.6

BP=V"1logx

= Dt [ eon [ggyen ez Uslry, == o) wi)dree - ody (2.7
El;(m/ /z 2 Us(e Ydage - +dui (2.7)

Zay® * "%

n,(8,02])
=>.0 1)—1/. . ./zﬂ. o2 By (8w, oo, 7)) drre - oy,
(2.8)
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where V is volume of the container to which the system
is confined and the U’s and the F’s have the same
functional dependence on ¢(=1, %3) as the analogous
coefficients in the one-component system have on
@(ry, Iy). More precisely U;(zy, «++, =) is the cluster
function® of the 7 molecules of the given species; also,
Fi(&, %y, +++, ;) is the sum of cluster functions of the
I+ s molecules of the given species, each of the clusters
containing some of the s molecules.
Writing now

/. . '_/.Ul(‘h, oo g)drye s dri=ully, o+, k) (2.9)
an

d
/“'/Fl(i";el, cee,m)drye s odr=Fi (8550, « -0, L)

(2.10)
one obtains the power series®

ll-.- lm
BP(z0)= X 22l o eey L)
I

ite Dleeclo!

= Zzlll- cezgbeby, g, (2.11)

T(Esy.l:zj) _ Z zplte .Zwle(is; Ly <=-, lw)

Zay* * *%a, _ll...lm lll"'lw!
= Xahe e egalean 1 (€). (212)
The by,...;, are the multicomponent analogs of the

cluster integrals b; and similarly the ay,.. . (&) corre-
spond to the coefficients @,.;(r®) in the one-component
fugacity expansion of the distribution function #,(r®).
u(ly, -++,l,) reduces to u(l), (I=h+-+--+L) of the
one-component case if the functions ¢,,; are all identi-
cal, and similarly for the F’s. Hence if there exist re-
currence relations for upper or lower bounds of the
#(l)’s or F(I)’s in the one-component case which are
valid when any one of the potentials ¢,,; are used in
the u(I)’s [F(1)’s], then these bounds are also bounds
of the u(ly, »++,1.)’s, [F(l)’s]. This is so in the case of
the bounds found by Groeneveld!' and Penrose? for the
#(l)’s and F(l)’s:

Penrose found the following upper bounds to the
coefficients &;=u(}) /l! in the one-component case,

| 16;| < exp[2(1—2)p@][IB(V) =Y/, (2.13)
where ® is a constant satisfying

—®<(1/s) 2 o(%; X))

i<j<s
for every s and x;, (=1, -+, s) and
BV) = max [| f(| =y )| dy
{f(|x=y|)= exp[—Be(| x—y ) ]-1},
where V is the volume of the container.

8 W. G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276
(1945).
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The above bounds become valid also for the
u(ly, «++, 1) if we require

—¢< E ﬁaﬁvj(xt': XJ')

1<j<s
for every s, X;, and ¢; and

B(V)= max|fua(| -3 )] dy
(xie.8)

{ fas(| x=¥ |) = exp[—Beas(| x—y ) ]—1].
It follows that
wlly o+, ) <Ci= exp[2(I—2)P2B(V) !
and that the power series for BP is majorized

BP= Z (e e ez,2) /(I le el Du(ly, oo o) L)
.. de
KE(C/ (m |+ (2L (2.14)

The latter series will necessarily converge in the range
2ol 4o+ | 2| < liminf(21/C) W
=[B(V) exp(14+28®) . (2.15)

The same result holds also for the series (2.12) for the
distribution functions.

An argument used by Penrose in the one-component
case may now be readily generalized to show that the
thermodynamic pressure,

Po(zl, "';Zw)= hmP(zl’ cee By V) (2.16)
Voo
will be an analytic function of its arguments for
| 4t |2 | <Bexp(1426%), (2.17)
where
B= limB(V),
V>0
and will be given by
PO(ZI, cee Zw) = Zzlll. . .Zwlmboh .... L (218)
where
By, 1= limby, 4 (V). (2.19)

V-

Hence in the domain of fugacities defined in (2.17) the
system will be in a homogeneous gaseous phase, no
phase transition of any kind having been able to occur.

For positive potentials, ¢(r;, 7;) >0, ®=0 and B is
given by

B= max{—ff,,,g(r)dr}. (2.20)

(.8)
The integral in the parenthesis is just twice the second
virial coefficient for a monatomic gas whose particles
interact with a potential gqg(7).
III. INEQUALITIES
General inequalities for molecular distribution func-
tions #,(&) in multicomponent systems can be ob-

tained, as mentioned above, by reinterpreting all
general equations and inequalities for the functionals
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ne(E%, [v]) in the single-component case. Following
Lebowitz and Percus® we write

s (8, 0%, [y /ms (v, [y D) =me (8, [y—B82en;])- (3.1)

as the expression for the conditional distribution func-
tion of the set of molecules (£¥) when the set (n*) of
molecules is given. Here the sets are defined by

) =&, -, &), (&) = (o, X3)
(“8) = (“1) Y ‘I'ls), (“i) = (Biy yt)

and ¢,,; denotes the function (of a variable ©) ¢(n;, 7).
Furthermore, generally for every set (n*) we have

na(n®) = (ELy—B %o, J/ZLv D) IT exply(n,) Jeu ()

(3.2)

(3.3)
and also
Elv—B2 eniJe(n)
3E[v]
= . (34
seplr I -sexplrm]
Defining now the functional
oz
Gl [e7]) = kA (35)

8 exp[y (&) ]-+ -8 exp[y(&n) ]

and making use of (3.4) and (3.3), we can write (3.1)
in the form

(B, ) -0 ()
TT exply ) J-cera (2, )

_ 1L explv (%) ]
=lv]
We write now a Taylor expansion, with remainder, for

the functional Gy (¥, [expf 'y—{i‘z,-go,,j}]) around the
“point” e7; We define for a fixed 8 the function

exply(%/8) ]= exp[y(z) J+6A exp[y (%) ]
= exp[y(v) J(1+0{exp[— B2 ¢y, (v) ]—1})
and the functional
G (&, {exp[v(| 0)1}) =G (& | 6).
We have then

G (&, [exp{y—B2¢m;} 1) =Gi(¥ ] 1)
inafl 8iG, (8, [v])
R 2L B Promriwit werpemovpy
XA exp[y(%1) ]+« - A exp[y (%) Jd=?

+( !)—I/Ide(l—e)l

Gy (Eky [exp{')’_ﬁz%”n,‘} ]) . (3-6)

(3.7)

. Gy (] 6)]
X/ /5 exply (e[ 6)]-- -8 exp[y (%41 | 6) ]

XA exply(m) ]+« - A exply (vp1) Jdw't (3.8)
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Inserting (3.8) into (3.6) we get the Lebowitz-Percus
equation [Eq. (3.10), Ref. 5]

s () e ()
urs (&, w) [T exply(m)]

= Nk,s(l)+Rk,s(l) (Eky na) ’ (3'9)

where Ni,. (&%, n*) contains the Taylor expansion up
to the Ith term and R, . (¥, n®) is the remainder. They
are given by

Nk,a(l) (gk, ns)

! J
=237 -+ e, o) [T e, s0dss - (3.10)

=0

R0 @) =) [ an(1-0) [+ [T
0 i=1

X exply(&) —v(ts| )11 exply(s) —v(x:1)]

2(0)

xE—@nHHI(zk, | g) iI=Ilf(n=, ;) dett, (3.11)
where
f(w, %) = exp[—v(z) Jaer= exp[—B2 ¢n;(x)]-1.
J (3.12)

In the case of positive potentials for all types of
pairs, i.e., @oio;(| Ti—1;|) 20 for all o and 1, f(n%, %) is
negative for all = and one gets as in the single com-
ponent case, a bound on the remainder

(—1) Ry D (¥ w2) 0. (3.13)

Furthermore, here also
dGn(£16) /d0<0 and G (8" | 1) <G, (E"]6) for 0<9<L1
so that a stronger bound on the remainder is obtained

by replacing Gx1(8) by Grya(l) in the expression for
remainder (3.11):

o e 1ty
(=1 Rk,s()z(l—l—l) !H exp[y (n;) ]

X / e f st (€5 00, w14, [y ])

ey (&, 71H) ﬁf(n’, ) dett.(3.14)

eryarrra (EF, 0%, 21F1)

X

Finally explicit inequalities are now obtained by re-
inserting into the formulas the definitions of the
symbols £, n, =, [dz. In the case of no external poten-
tial and assuming that the single particle distribution
function is equal to the macroscopic particle density
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one has from (3.9), (3.10), and (3.13);
ps/2<1 (s=1,k=0,1=0), (3.15)
B+ T [l o=t Dir (5= 1,2=0,1=1),
8 '
(3.16)
as(Xa, ¥5)
—_— <, s=1,k=1,1=0), (3.17
eut Xy )26~ ( ), (317)
naﬁ(xm) YB)
_—'—Zpu-l_ Hag Xa, T o Y — T, )drtr
s (5. Vo) ; ( Vo] Yo—1o |
(s=1,k=1,1=1), etc. (3.18)

From (3.15) and (3.16), bounds can be obtained on
the p’s in terms of the 2’s and vice versa:

ZB+ZﬂZZaff6«dl‘«_<_PsSZﬁ (3.19)
ps<25< g/ (14 D opofsedts)
(Provided the denominator is positive) (3.20)

The inequalities (3.15) and (3.16) can also be con-
sidered as bounds on each pg in terms of zz and the
other p’s:

o1+ T [ )/ (15 [ frsts) <psn. - (320)

A whole set of inequalities—Lieb’s inequalities*—in
terms of the p’s and 2’s can be obtained from the above
set for the singlet distribution #,(n) (with k=0, s=1,
I=1,2,3, -++) by elimination of the higher molecular
distribution functions by successive substitutions from
the appropriate inequalities (with k=1, 2, -++) For
example, one has (with £=0, s=1, [=2)

%S 1+ Zpaffvﬁdra

+(2 !)_Ifonvwz(rﬂ; 10, for6fospdTayd 0, (3.22)
7102

and (3.17) can be used to eliminate the pair distribu-
tion from the right hand side of (3.22) to give

§§S1+ > ff.,,sdr,

1
+§ anzaszﬂnfﬁvzeamz(rwn roz)drndrn' (323)

o1z

The general inequalities are of the form
(=D (=1

X {zatDope 2,

L4 vit+.. Fregl

Qyy. ..v‘,,("m)zll’1 b Zwvw}

(3.24)

with coefficients a,,...,,©@® independent of I. These
general inequalities can be derived by closely following
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Penrose’s method* of examining the properties (alter-
nating sign) of the remainders in the power expansions
of the distribution functions. The coefficients a,,...,, %
can now be found in terms of the coefficients of the
fugacity expansions of the p’s, by going over to the
limit /= in (3.24), substituting the expansions for
the p’s and equating coefficients. By a similar process
of elimination, inequalities can be obtained for p, in
terms of the z’s alone, where now the coefficients in the
inequalities are simply the coefficients of the fugacity
expansion. We have
2

(—1)Hp, < (—1) 11 L2 -2,%, (3.25)
VIt.. o Frast.

Vabvl. . .vmzly1 i
Also, since

(3.26)

(where the integration is along any path in the w-
dimensional space [z, **, %, ]), we have

(—DHp< (= 3

vt Frel

byp g e oare. (3.27)

In the case of more general potentials, the inequalities
in the one-component case can again be extended to
the multicomponent case by requiring the existence of
a bound (hard-core assumption)

]

—CPIS Z@mi(l X—r; I) (3-28)
=1

for every o, o, and s and all positions X, r;, for which
the Boltzman factor e,41(X, Iy, «+ +, I;) does not vanish.
We have then always

Ely—BD en, 1< ELy] exp(spd’)

=1

ELr—B X on,Je s (8, [y—B8 2 en,]) <mu(¥, [7])

Xexp(sBP") E[v]- [ext (£, n*) /ex(E) es(n') ] (3.30)

and applying these inequalities to (3.1) and (3.3) we
have

(3.29)

P4 (€4, ) e (n)

<z
eeys (85, 00) T e (EF)

and in particular,

exp(spP’), (3.31)

Pa/2a < €xp(BP’). (3.32)

Also, the method*® used to split the remainder Ry %
in (3.9) into a positive and negative term by splitting
the function f(r) = exp[ —B¢(r) ]—1 into a difference
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of two nonnegative functions f*(r) and f~(r) is inde-
pendent of the type of variable (r) and hence applies
also in the multicomponent case. By defining

ft(n, =) = max{0; f(n, %) };

f~(n, %)= min{0; f(n, =)} (3.33)
we have (with k=0, s=1,/=1)
g-‘?g 1+ exp(88") X, [ fostd e, (3.34)
8 v

’—221— exp(B%') oo [ foidts, etc.  (3.35)

IV. DISCUSSION

We have shown in this paper the existence of a
domain of fugacities

2.2<[B(V) exp(1+2p%) 1 (4.1)
in which the Mayer fugacity series for the pressure and
distribution functions of a mixture converge. It follows
from this that the system will remain in a homogeneous
gaseous phase even when V— o for the range of z.’s
satisfying the condition

> 2.< Um[B(V) exp(1+288)

V>
=[Bexp(1+28®) T

Equation (4.2) may be combined with the inequalities
derived in Sec. IIT to obtain a lower bound on the
densities at which a phase transition may occur. Thus
combining (3.35) with (4.2) yields for this domain of
densities

> Lpa/(1— exp(26®) 2-p, [ fardr.)]

(4.2)

<[Bexp(14+28d) 1. (4.3)
For the case of positive potentials (4.3) becomes
2 Loa/ (14223204 p) 1< B. (4.4)

It should be noted here that all our results for infinite
systems require the existence of the limit in (4.2). They
do not thus apply to plasmas or ionic mixtures even if
the short-range part of the potential is correctly taken
into account. This is not surprising since, as is well
known, the densities are not analytic in the fugacities
at 2,=0 in the limit V—c.
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