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Using the method of functional Taylor expansion developed previously, an extensive set of equa-
tions is obtained for the distribution functions and Ursell functions in a classical fluid. These include
in a systematic way many previously derived relations, e.g., Mayer-Montroll and Kirkwood-Salsburg
equations. By terminating the Taylor expansion after a finite number of terms and retaining the
remainder, we also obtain inequalities for the distribution functions and thermodynamic parameters
of the fluid. For the case of positive interparticle potentials, we recover the inequalities first found by
Lieb. For nonpositive potentials, new inequalities (some also obtained by Penrose) are derived. These
inequalities are applied to the case of a hard-sphere fluid in three dimensions where they are compared
with the results of machine computations and approximate theories. Different inequalities, not
obtainable from the above considerations, and some properties of the fugacity expansions, are also

derived.

1. INTRODUCTION

ECENTLY, several authors have derived a

number of exact results for classical equilib-
rium systems. Lieb' found a series of inequalities
for the thermodynamic parameters and distribution
functions when the pair potential ¢(r) > 0, and
indicated how these may be extended, partially at
least, to more general potentials. Independently of
this, Groeneveld,” Penrose,’ and Ruelle* obtained
rigorous bounds for the radius of convergence of the
Mayer series, in powers of the fugacity, for the pres-
sure and distribution functions. The latter two
authors used as their starting points the Mayer—
Montroll and the Kirkwood—Salsburg® sets of equa-
tions for the distribution functions. In the present
paper, we develop a wide class of new integral equa-
tions for the various correlation functions of interest
in fluids. One set of these equations is equivalent to
those obtained by Mayer® of which the Mayer—
Montroll and Kirkwood—Salsburg are special cases.
Another set of equations includes as a special case
two equations recently derived by Green.” The same
equations also yield in a very natural way the
inequalities found by Lieb' and Penrose as well
as some new inequalities.
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under Grant No. 62-64, the National Aeronautics and Space
Administration, Grant NSG 227-62, and the U. S. Atomic
Energy Commission under Contract AT(30-1)-1480.
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The technique used in this paper is an extension
of our previous work on the correlation functions
and thermodynamic parameters of nonuniform clas-
sical fluids.” We consider a system represented by
a grand canonical ensemble with a chemical poten-
tial p and reciprocal temperature 8. Each particle
is subject to an external potential U(r), so that the
system is characterized by a point function

y@®) = § In (2rm/Bh’) + Bu — BU(r)
=1Inz — U@,

(1.1)

where 2 is the fugacity. Any function of interest in
this ensemble ¢ may be expanded (formally at
least) in a functional Taylor series (with or without
remainder) in the deviation of v(r) from some
reference value v,(r). Any other function w(r) which
is uniquely related to ¥(r) can equally well serve to
characterize the system, and expansions can be made
in the deviation of w(r) from its corresponding
reference value wo(r). In particular, in I and II,®
we were concerned principally with expansions in
v(r) or in the density n(r).

Once we have decided on an appropriate “inde-
pendent variable” w(r) to expand in, it is convenient
to introduce a parameter « such that

wo(r) + alwr) — w()],
wo(D) + aAw(r).

The function to be expanded, ¢, which is a func-
tional of w(r), ¥[w(r)], may now be considered to be
simply a function of «, ¥(). The expansion is then

wlr, @) = (1.2)

8 J. L. Lebowitz and J. K. Percus, J. Math. Phys. 4, 116,
248 (1963) (hereafter referred to as I and II, respectively).
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8 simple Taylor series in «,

yomp- E1dv|
f (1 tdt“li"(a)d
= Ylwo] + f g(f(wg Aw(r,) dr,

f f 50’(1‘1) 6w(r2) Aw(r)Awlry) dr dry + - -

1 1 . 5“-11,&[(.0]
+2‘zfo f ‘ f(l ) e sl )
X Aw(ty) -+« Awlry) dry - - - dr, da, (1.3)

and the burden of the physics lies in suitable choice
of ¥, w, and w,.

II. DISTRIBUTION FUNCTIONS
Let us denote the N-body coordinate-space Boltz-
mann factor by ey(r,, --- , ry) = ey(r"). Thus,

ex(®) = exp [-8 Z #(r:)], 2.0

i<ig

for particles interacting via the pair potential ¢(r;;).
The grand partition function has the form®

= 1 A ul ¥{rs)
=I§)mfey(r)ge ",

and the ensemble weight factor of (2.2) determines
all expeetation values. Hence, if

Elv] 2.2)

FIS(YN) == ) <Z . Ft(Y:‘n Yiey ° ,Yn), {2‘3)
then )
a1
FYM) = El]™ N
N
X f Fiex®™) [T dr”.  (2.9)
1

Since the distribution functions n,(y", [y]) are de-
fined by

#a =3 [ Fene mdy, @8

it readily follows from (2.4) [on counting the terms
in (2.3)] that

n, ) = Ely

Heﬂy') Z i

X f evndly’, ) T[ 67 dr.
1

We also bave from (2.3) and (2.5) the alternative

T. L. Hill, Statistical Mechanics
Company, Inc, New York, 1956),

2.6

® See, for example,
{McGraw-Hill Boo!
p. 233.
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definition

(", Iv]) = ¢ oy, — 1) --- 8y, — 1),

2.7
precisely the distribution of s distinct particles.
It is often of value to introduce as well the dis-

tributions 7, in which® the arguments are allowed
to refer to identical particles:

Py

Tapkigseopii,

.(y", bv]) = ((2; oy, — 1) - - (Z &y, — 1))
2.8)
It is a simple matter to derive the relations
M (y) = m(y),
(Y1, ¥2) = 12(¥1, ¥2) T (3o — ¥2), -+ . (2.9)

Both sequences of distributions possess generating
functions. If A(y) is a suitably well-behaved test
function, then according to (2.8) and (2.2),

[ 200 [Doaay = 201 54

x [ee) [T (Creya’, @10

leading at once to the relation
Ely + N/E].

>3 ae, m
(2.11)

Since (2.11) is itself a functional power series in ),
we have by direct comparison with (1.3),

YER] |
") - BT

On the other hand, from (2.1) and (2.2), using a test
function denoted by Ae”™,

[ 76", o) TT 4070 ay
~ 21" 35 [ et ITe

) (160 dy =

A", ) = EW]™ (2.12)

X D AT AT @Y (2.13)
fxig s pii <N
Hence, if Ae” = 747 — ¢”,
2 1 . Lo
25 fn(y D IT 467" dy
= Ely + &vl/ER], (219
from which, noting that Ae” = ¢"(e*” — 1),
£ ] bed - - 4 582
n', b =2 [l —XE .15
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INTEGRAL EQUATIONS

Finally, we may similarly consider the Ursell'’
distributions ¥, and &, associated with n, and #,.
Indeed, they are most simply defined by relating
their generating functions.'' With the above nota-
tion, one defines

>5[ 560w Doy oy

- 32 [ a6, b A6 @y

In E[y + A\] — In E[v], (2.16)
>4 f 5.0, b IT 407 dy
=1In ? ;—1; f (', Ir) H Ae" 7 dy'
= In Ely 4+ Ay] — In E[y]. 2.17)
By expansion, the relations
5:(y) = m(y),
Fo¥1, ¥o) = (1, Vo) — ma(F)m(ya),  (2.18)

Fa(Y1, Y20 ¥a) = Na(T1, Y2r ¥3) — 7T, F)u(Fa)
= 13(Y2, Y)u(¥1) — 12(¥s, Y1) ()
+ 2n,(y)mu (v (ys), -

are obtained, and precisely the same relations hold
between the &, and 7#.. As a consequence of (2.16)
and (2.17), we now have

. 8" In Efy]
5.0 D = ,
&Y(YI) e 5’7(%) (2.19)
. - T o &' In Efy] .
5.0y, bv]) = IlIe PRT NPT 2!

The characteristic property of the Ursell distri-
butions is that they vanish whenever their argu-
ments decompose into two independent sets. To see
this, suppose that the total volume @ is divided into
two volumes Q = Q, + Q, such that

ﬁ/a+b(y1; cet YAy Ya+11 b Ya+b)
= ﬁa(y11 o Ya)ﬁb(Ya+l, e yb);
when y,, +-- ¥, are in @), Youy, +*- ¥» in @, (and

similarly under permutations of #,,,). Then since

[4.67@) - 2 dr) -+ argy = 2 (7)

10 See, for example, J. O. Hirschfelder, C. F. Curtiss, and

B. Bird, Molecular Theory of Gases and Liquids (John
Wlley & Sons, Inc., New York 1954), p. 137.

i See, for example J. L. Lebowitz and J. K. Percus,
Phys. Rev. 122, 1675 (1961).
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X [ A5G - Mg drte) - Ay

X fﬁ's—-a(Ya+ly o 7Y¢)

X AFer) AT Ay -+ Ay, (2.20)
it follows that

n &fy + N ~ In 2] = o ¥4

X [ AN - MG dn(y) -+ dny)

+1n T3 [ a6

XAG) -+ AT drg) - dra(y) (2.21)

has no component %,(y’) in which some particles
are in Q, and the others in ©,. The same of course
holds for 7,(y*).

II. BASIC INTEGRAL EQUATIONS

If one holds s particles fixed, the k-particle dis-
tribution becomes a conditional (k¢ -+ s)-particle
distribution. In a classical grand ensemble, particles
may be fixed by placing their force fields at fixed
points. Thus, the higher-order distributions are re-
lated to lower-order distributions with external po-
tentials, a relation upon which many developments
in classical statistical mechanics are predicated.

To be explicit, and somewhat pedantic, we have
from (2.6),

H e (v4)

1 rirs ensd(t” en+,(r'y’")
X mee"(‘”) ILevo et ae,

(", [vD

3.D)

but for two-body forces,

en+(f"Y) /ex(@™) = e,(y") exp [~B 2 ¢(r:, 7).

Hence,

n(y°, [v]) = e.(3") H e’ ""EI:'V -8 ‘1/: ¢y:] / Ely],

(3.2)
where

¢5() = o(r, 3).

By virtue of (2.15), Eq. (3.2) yields the functional
differential equation

5,5[7]/567@‘) -

= e.(Y’)E[v -8 z: ¢yx:l; (3.3)

which is our literal starting point. If (3.3) is dif-
ferentiated % times, it generalizes to

66‘7 (¥e)
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6I¢+ GE[’Y]

— €kt (y‘xk)
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5kE[’Y -8 12 ¢Y:’]

ST L. geYE 5 ) [ sv(0) T e(x) g x-BX ey | s v@0-FY sxyp ) 3.4)
where we have made use of the relation or employing
e.y) exp [—8 20 ¢(¥;, X)) = €,.1(y'%)/en(x"). §'G, (x"y"|c)/ e - g7
Equation (3.4), in fact, when written as = G XY, ¥ (3.9)

s (XY, Iy _ ( [: _ ])

i e L R quy, , (3.5)
is precisely the conditional distribution relation
alluded to above.

We now wish to relate distributions of different
orders for the same system. This requires elimina-
tion of the external potential which enters into such
as (3.5) and may be accomplished by turning on the
external potential in a series expansion of the form
(1.3). To this end, we set

0
e*/(rl ) 2

eV = z{l + a(exp[—ﬁ:z ¢(y,~,r):| - 1)}

= z{1 + of(y"; 1)}
""" =z exp [—5 12 o(y:, r)],

f(¥°; 1) being a generalized Mayer f function, and
follow the corresponding transition of a quantity
we shall refer to as G, ,(a):

Go (1'Y’[0) = E(0)z ("),
G,y ]e) = 85 (@) / seT T L.

k
= E(a) IlIe—‘r(r_ila)nk(rk|a)’

G, @Y1 = EQ)“ s 1Y )el) /o 1Y)

Here Z(a) denotes E[y( |a)], ete.
Direct application of (1.3) now yields

@4n=zif_;ﬁuﬁ_

i=0]! 667(:,) 667(ri) =0

(3.6)

v (rxlte)
de ,

(3.7

x I kf(y's 2] dr

1 — a)f ‘“G,, X))
+ ff £! 8 exp [y(r|e)] - & exp (. le)]

4+1

X IT fy'; 2] ™' der,

2 See, e.g., J. K. Percus, Phys. Rev. Letters 8, 462 (1962).

(3.8

and the definition of G,.,,

4

=X —1' f M (X'T') IHI1 1y*; 1) dr’

nk+s(x y )ek(x )

e, (X'Y)2" —
41 (1—a a)t Ele) L
T f a =01l
i+1
{f H [f(y r)6_7(hla)]nmln(xkr‘“' )drﬁl} do
Nt + Ril (3.10)

If this series converges, so that the remainder term
R{" vanishes when ¢ goes to infinity, then for any
choice of & > 0, we get a set of recursive equations
for the distributions n the original system without
external potential, as s is varied. Similarly, for any
choice of s > 1 (the choice s = 0 leads to an identity),
we obtain a set of equations for different %. In par-
ticular, the choice ¥ = 0 recovers the Mayer—
Montroll equations, while s = 1 gives the Kirkwood—
Salsburg equations. Equation (3.10), with { = o,
is equivalent to Eq. (54") of Mayer.’

A different but equivalent set of integral equations
may be obtained by instead expanding G,,,(0) about
its value at @ = 1 [corresponding to settinga =1 — &
in (3.6) and expanding about 6 = 0]. This procedure
leads to the equations

znk(x) = Z;)( 1)] fnk+,+i(xkyari) ITIf(ya;rs)

=1

X e ;(XT) fers oo i (Xy'T) dr’
zk+l+s+1( 1‘)!+1 f £+1 .
+ r—:(O) II_I f(y ) I',-)

xf Gropor (X1 “[a)—da . @311
It should be noted that the left-hand side of (3.11)
contains, in contrast to (3.10), z raised to a posi-
tive power. Eq. (3.11) is formally the inverse or
“solution’ of (3.10).

The fugacity (z) expansion® implicit in (3.10) may
be avoided if we consider instead the expansion of
the function
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3
— He“"‘“"")ﬁk(rkla)
3
8" In E(e)

- 661(1‘1]11) ..

G'k' ,(a)

. 667(rk|a). (312)

Fork = 0, G,,.(a)

ko [;f;(f;?)]

>5[ 5.6 Hf(y r) de +sz 1 - o

= In E(a), we find

i=0 7!
141

> f Guvn e 5'le) 115755 ' da,

while for & > 1,

(3.13)

) e,(7")eu(x")
€st k(ysxk)

= E l f Fers(X'T) ﬁ fy'; ) dr’
2t f (1 — a)‘ f Gk+:+1 .(xk Hly ]0‘)

4+1

X H fy°; 1) dr' da.

F,,.&y

(3.14)

Here F,,.(x*; y°) is the Ursell function for k particles
when s particles are fixed, and corresponds to re-
placing the densities n;(x") appearing in &, by the
conditional densities 7;.,(X’y")/n.(y"). Thus,

Fiux;y) = na(xy)/mi(y), (3.15)

For(xix2; y) = na(xix.y)/n.(y)
— nu(X,7)N(X2Y) /- nl(Y)2 .

Equation (3.14) may now be used to develop a
virial expansion in the density for the Ursell func-
tions in a manner similar to the fugacity expansion
obtainable from (3.10).> Unfortunately, however,
the left-hand side of (3.14) is not linear in the
F's—see, e.g., (3.15)—and this will lead to quite
complicated recurrence relations for the coefficients
in the density expansion. For completeness, we indi-
cate how the relation between &, and F,,; may be
obtained. If, for a test function g(x), we set

gk = f gk(xk) IkI g(X,-) dxk/k!,
mo= [ m) 1T otx) dx*/kt,
lk (3.16)
ﬁk/l(Y) = fﬁk/x(ka) III g(x:) dx"/k!,

nin@) = [ nea@y) TT o) dx'/(tn ),
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then from the generating function relation (2.17),
we have

@

lZka=ln<1+ ]in,,>

= In [1 + (f g(x) 6/ dg(x) dx>

]
=In [1 + ( f g ¢/ 69)_1- f gy (y) inm(y) dy],

so that

Sa=m|1+([ o) [ one

x e (5 P dy |, @m)

which can be expanded out. Equation (3.13) and
the first of Eqs. (3.14), without a remainder term,
were also obtained, using a different method, by
Green.”

IV. INEQUALITIES FOR POSITIVE POTENTIAL

We have already indicated that (3.10) may be
used, when £ — o, to obtain series expansions of the
distribution functions in powers of z. The purpose
of this section is to obtain rigorous inequalities on
the distribution functions, valid for all values of 2,
by securing upper and lower bounds on the remainder
term R:“ in (3.10). We repeat for convenience

s (X7 s (x")

— [€2] +R(()
ek_H‘(xlcys)zs k,s

(4.1)

It is simplest to consider first the case of positive
potential, ¢(y, r} > 0, so that —1 < f(y*; r) < 0.
This was first studied by a very different method
by Lieb," who obtained the bounds given in Eq.
(4.10). In this case, since 7,,,.; is always non-
negative, the remamder R{° has the sign (—1)‘*".
Thus, R{) > 0 for £ odd, R”’ < 0 for £ even, and
we have at once the result

¢ odd

nkﬂ(xky-')ek(xk) Z{N(l) s) ¢ oven

. (X'7)e < } , (4.2

with eventual steady decrease in the interval
hemmed in by successive bounds, if the series N
converges as { — , but rigorous bounds under all
circumstances.

A stronger inequality for the same value of £ is
obtained by noting that G, .(a) is a monotonically
decreasing function of «, for ¢ > 0, since

0 ("Y' |e)/00 = 2 [ 1773 9)Cras W&y o) e
<0 for <0, (4.3
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Thus, 0 < Gn..(l) £ Guale) £ G, .0). Using
G,..(1) as a lower bound in the remainder, (4.2)
is then strengthened to

(l) E l) _ 1
l+ 117
£+1 £+1

X —————e"*‘“(“m T ae £

Cx+ l+.+1(x ¢ even

k {+1

R eren1(XTY)

On the other hand, using @.,..(0) as an upper bound
succeeds only in converting the inequality for ¢
into the original one for £ 4+ 1. Still stronger in-
equalities can be obtained by noting that G(e) is
convex, since successive derivatives with respect to
a alternate in sign.

By setting ¢*"'” in (3.6) equal to 2z, we have
implicitly removed any external potential from the
interior of our system. Thus, if ¢(y, 1) = ¢(y — r)
and we adopt periodic boundary conditions, the
system will be uniform and the constant density
p = ny(r) one of its thermodynamic parameters.
We, henceforth, restrict our attention to uniform
systems (although this restriction is for most of our
purposes inessential). We now proceed to obtain
actual bounds upon the distributions and not merely
relations between them. As a prototype, (4.2) may
be truncated at £ = 0 to yield

. nk(yk)
ek (yk) 1]

N+ s (xkya)
€res (xkyt) —_

(4.5)

and, in particular,

nfe, < 7't < 2. (4.5)

The last form of the inequality was obtained orig-
inally by Groeneveld.?

Successively finer inequalities now involve trun-
cating at higher £ and eliminating all distributions
but one. The process may, however, be carried out
in numerous ways. Consider first the Kirkwood—

Salsburg sequence s = 1, k = 0,1, 2, --- . We
have from (4.4),
g <14z f f® "—22(21)3““’ ar<i, (4.6a)

gz 1+zf§f(r)dr+‘§—!ff(r1—Y)f(l'z—Y)

« (2131'2Y) ei((rrlrr;) drode, > 1+ p [ @) dr, (4.60)
E<i+z[Liwdr

+ 33, f fo — Pf. —y) =5 "Z(I‘r“’) dr, dr,

J. L. LEBOWITZ AND J. K. PERCUS

+2 [ %S dndn <1+, [ f0 dr

+ 2 [ 1o = ot - 92D g, @60
nz(f}') frET < B
2 - 2
+ 2 f fe—1y @%11):2(:3) dr < p/z, (4.73)
e L T
+ % [ fo — P —y) n“(x:irZY) ;?:;1;23) dr, dr,
>L4 e [ je - p 2=, (4.7)
&@_13221) LlEm—P -] nz(x;xz)
2 - 2
(X X,TY) €5(XiXo1)
+ 2 [ g — y) EE SEEAL
< (X, 72)/2°. (4.8)

We can now also obtain bounds on p/z, n,/2%
ete., which do not contain any distribution func-
tions but only p and z and explicitly known quanti-
ties. Perhaps the simplest consistent (but not neces-
sarily “best”’) manner of doing this is to consider
only the second (weaker) inequalities in Eqgs. (4.6)-
(4.8). Then we utilize (4.7a) to eliminate 7, from
(4.6¢), (4.7b), and (4.8c). This yields (4.9c), (4.15b),
and (4.16), ... ete., —the key to the maintenance
of the inequality in each case being that f < 0.
We thus find

p <z

bzt o [ f@dr, (49a,1)

pSz-l-p{sz(r)dr

22

+ 5 f e Ofy)fe - y) dr dY} (4.9¢)

This process was carried out in detail by Penrose,'®
and leads to a general set of inequalities, Lieb’s
inequalities are of the form

p:}z+pzaz

=l

{ evi
4 odfln}’ (4.10)

which, as long as 2 f a;z' < 1, can be written as

13 0. Penrose, J. Math. Phys. 4, 1488 (1963) (previous
paper).
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4/ £

The coefficients a; in (4.10) and (4.12) may be
found in terms of the more customary quantities
b, occurring in the fugacity expansions of pressure
and density,

(4.11)

Bp = Z b,
! (4.12)
p = Z kbkz".
1

Since the ¢; do not depend™ upon ¢, one need only
take the £ = o« limit of (4.11) and equate coeffi-
cients:

z/(l - ;i aiz’) = i kb". (4.13)

Making use of a well-known formula'* for the power
series representing the quotient of two power series,
one finds

a; = (~1)""
2b, 1 0 e 0
3b, 2b, 1 -+ 0
X 3b, %, (4.14)
1
G+ Dbisa b (G — Dbia 2b,

The same process which led to (4.9), leads di-
rectly to the analogous sequence

nz(XY)/zz < (P/z)e-ﬁ“x—y’ ’
ne(X, y) s P [e—ﬁ¢(x—y)

(4.15a)

z z
+ 2 f e — y) dr], «o, (4.15b)

n4(X,y, Xo,
'L(J;s—z_y}s Pea(xxy Xo, Y), ttt

(4.16)
In general, one derives, in this fashion, inequalities
of the form™

n <l sy wi L even
n(x") > pZ ,'Zo a, (X2 £ odd’ (4.17)
and the a, ; can again be obtained by letting £ — o,
then equating (4.17) to the usual fugacity expansion
of m,:

1 Gee, for example, I. S. Gradstein and I. M. Riezhic,

Collection of Formulas (Four Continent Publishing Company,
Inc., New York, 1962).
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m(x") = p2*”’ E ak.f(xk)zi =2 an,i(xk)zig

0 o
or (4.18)

S @ = X [ 3G+ Db

A somewhat simpler set of inequalities, which
however are not always as strong as (4.11) and
(4.17), is available from the Mayer-Montroll equa-
tions, i.e., & = 1 in (4.1). For this purpose, we

iterate as before, but also eliminate p = n,(r) in
terms of z and f. This yields directly™®

W<l v ; £ even
ni(x") Z}z ;n,,,,-(x")z ¢ odd’ E>1. (4.19)

In particular, for £ = 1, since p = [ (p/2) dz we
have both

<l &, ¢ oodd,

p Z} ; jbiz ¢ even
and (4.20)

<L&, 0 ¢ odd.

Bp Z} ; b 4 even

V. INEQUALITIES FOR GENERAL POTENTIAL

When the pair potential ¢(r) is not everywhere
positive (or zero) we must obtain bounds for both
the produet of the f’s and n(e) in the remainder in
(4.1). Separating the potential into a positive and
negative part:

¢(1) = ¢.(1) + ¢-),

(5.1)
¢ 2> O, - _<_ 0; ¢ ¢, =0,
we can thereby obtain also for f
00 = £.0% 1 — -0, (5.2)

where f. 2 0, f- 2 0, f.f- = 0. Correspondingly,
in the factor [ ] fin (3.10), we may collect separately
the positive and negative terms:

II1.6%0 ~ 1G5 ]
= F.(y'; r*"") = F_(y'; 1),

with F, > 0, F_ > 0.
To estimate the quantity ne,...(x'r*"' | a) E(a)
in the remainder of (4.1), we recall [Eq. (3.2)] that

Zv] H"—”mn:(x'. %))

(5.3

= e‘(x')E[v -8 :Z ¢x,-]- (5.4
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Now in the present instance, { = k£ 4 ¢ + 1, and
in the integrand of Ely — 8 > ¢.,] we have (with
0<a<

. N
IlIe-r(rilw = H(l + of(¥°; 1)

<2 H a+1.0%n) (5.5)

N 3
= 2" exp [—B Z} Zl ¢-(y: — rj)]-
It has been shown by Penrose’® that when the
particles have hard cores and ¢(r) falls off suffi-
ciently rapidly as r — =, then in the domain of
nonvanishing Boltzmann factor,
N=12 -,

i oy — 1) > —29, (5.6)

i=1
where &' is some constant. The same argument
shows that

i ¢-(y — 1) > —29'. (5.7)

=1

It follows then from (5.4) that

2l T1 6™ =n (&', br)

< Elln 2l 'n(x', [In2)e™*,  (5.8)
or
w(a) k i+1
(: ) He—v(xz'la) He—‘y(rila)nk+‘+l(xkrt+lIa)
;’-’4(0) 1 1
S z—k-l—leZﬂu‘P’nk".l+1(xkrl+l) (58’)

and, hence (performing the « integration), that the
remainder term of (4.1) is bounded from both sides:

) S} 285 %" fnkuu(xkl'tﬂ) F+(y3r‘+l)} 41
Rk,a 2 :i: e ({ + 1)! F_(ysrt+l) dr )
(5.9

F. being used for the upper bound, F_ for the lower.

Equations (4.1) and (5.9) may be treated by suc-
cessive elimination in the fashion of (4.6)—(4.9) to
obtain somewhat more complicated bounds on the
distribution functions.’® In the special case k¥ = 0,
s = 1, one has directly

oz <1+ 0 [ 1.0 dr,
(5.10)

oz 21— o [ f00) dr.
For positive potentials, where ® = 0, f, = 0,

f- = —f, (5.9) implies the previous (4.2).
It is to be noted that, by the same reasoning used

J. L. LEBOWITZ AND J. XK. PERCUS

to derive (5.8), one may obtain

k5
s Chta X 2 afd’
k&gxk)y ) n,(y )62 .

B
S zk+aek+a(xkys)62(k+a)ﬂ .

sl (2 < 2

(5.11)

The last inequality was first obtained by Groene-
veld.? As a special case, one has the simple

p < 2%, (5.12)

VL. APPLICATION TO HARD SPHERES

In this section, we shall evaluate explicitly our
rigorous inequalities on the thermodynamic param-
eters and radial distribution funetion for a gas of
hard spheres of diameter a, and compare them with
machine computations and approximate theories.

Consider first the bounds (4.11) and (4.20) for
the function p(z). For hard spheres of diameter g,
the first five virial coefficients are known:

C = 3B,
E = 0.115 B*

3
B = Ira”,

D = 0.2869 B°,

6.1)

(E is only known to within 159), thus yielding the
corresponding irreducible cluster integrals

. — — _15pn2
61 2B1 ﬁ2 T6- ’ (6-2)
B: = —0.3825 B®, B = —0.144 B*,
and connected cluster integrals, in units of B,
by, = —1, bs = 1.689, 6.3)
b, = —3.555, b, = 8.467.

We note parenthetically the relation of (6.3) to
rigorous upper bounds which have been derived®:
lb3| S 2) [b4| S —1_3§'y [b5[ S §32'

To determine the coefficients a;, we employ (4.14)
in the form

1— D a7 = 1/(1 + > b,,z""), (6.4)
1 2
and find that,
a; = —2,

as = _‘1.950,

a; = 1.063,
a, = 4:.617.

(6.5)

We, therefore, have the following upper bounds
p®(2) and lower bounds p;,(2) on p [from (4.12)
and (4.20)]:

pV@ =2 7@ =g,
2P = 2/(1 + 2z — 1.0632%),

p® (@) =2z — 2 + 5.0632, (6.6)
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p® @) =2/(1 + 22 — 1.0632° + 1.9502° — 4.6172%),
p V() = 2 — 2 + 5.0632° — 14.222" + 42.3357°,
py(2) = 2/(1 + 22),
py®@ = 2/(1 + 22 — 1.0632° + 1.950¢°),
py(@ =2 — 22° + 5.063° — 14.2227",

p(@ =2z — 22,

6.7

The fractional expressions are valid until the de-
nominators change sign.

The lowest upper bound of (6.6) and greatest
lower bound of (6.7) are plotted in Fig. 1, for the
range 0 < z < 3. They bracket p to within 19, for
z < 025 (p < 0.17), to within 259, for z < 1.0
(p < 0.5), and thereafter diverge rapidly (close
packing occurs at p ~ 3 in these units). We may
use the bounds of (6.6) and (6.7) to test approximate
equations of state. The approximation for hard
spheres obtained on the basis of thermodynamic
arguments by Reiss, Frisch, and Lebowitz,'® and by
Wertheim'® and Thiele'® from the exact solution
of the Percus-Yevick'® approximate integral equa-
tion for the radial distribution funetion,

B, = pll + 1o + (i0)?)/(1 — 1p)°,  (6.8)
is in very good agreement with machine computa-
tions'” of the pressure over the whole range of “fluid”

densities, p < 1.6. From (6.8), the fugacity z is
obtained by means of

nz=Tn,+ [ 22=2de (0
0 dp p
or
p { i 13 (1 5/1 2}
Z=1_%peXp (1_%‘0)3[7_7 4P)+§<ZP)],

(6.10)

which, when plotted on the same graph as the
bounds, fits snugly in the center for z < 1.

For the radial distribution function g(r, 2) =
na(r, 2)/p°, we find from Eqgs. (4.17)~(4.18)

Pg(r) < zaz_o(”') = 2Ny, = ze—lstp(r)

> 2as.,0(r) + a, ()

(z + 2, o(r) + 2y, ()
= e+ (g — 27,

pg(r) < 20, o(r) + 2°a5.1(1) + 20, 5(1)

=e "+ (g, — 2027 + (3bs — 49, + g2,

15 H, Reiss, H. Frisch, and J. Lebowitz, J. Chem. Phys.
31, 369 (1959).

16 M. Wertheim, Phys. Rev. Letters 10, 321 (1963);
E. Thiele, J. Chem. Phys. 38, 1959 (1963); J. K. Percus and
G. J. Yevick, Phys. Rev. 100, 1 (1958).

17 B. J. Alder and T. A. Wainwright, J. Chem. Phys. 33,
1439 (1960).

1

pg(r)

(6.11)
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sk .
il ///
/’// /
02 P z- (’ 4
] s //I
’_/4_’__’.-_._.
0 35 250 375 500 65 750 675 ) 3 3

Fugacity, z

Fic. 1. Bounds on the density. Dotted lines are least
upper bound and greatest lower bound for p(z) obtained
from (6.6) and (6.7); solid line is p(2) given by R-F-L and
P-Y, Eq. (6.10).

where we have used (4.18) and the relation

gr) = O+ gip + 0" + -] (6.12)
On the other hand, we have from (4.19)
pgr) < (2/p)enas,ofr),
pg(r) > (2/p)(ens,olr) + 2'n21(r),  (6.13)

which may be completed to p-independent inequali-
ties for pg(r) by application of (4.20). For a hard-
sphere gas, the values of g, and n, , for k = 0, 1, 2
are known from the work of Nijboer and Van Hove.'®
In Fig. 2, we have plotted the lowest upper bound
and greatest lower bound of (6.11) [(6.12) turns
out to be inferior in each case] forz = andz = 1
and the value of pg(r) obtained by Wertheim, for
z=1%r <2

One can also look, e.g., at (4.6) from the view-
point of integral inequalities on pg(r). Thus, from
the first and third equations of (4.6) (dropping the
last term in the latter), one has

1< 24 [ 10 pgtr) dr,

1<24s f fr) dr (6.14)
1

+ 32 [ 160100 - 1) di dr,

or in the case of hard spheres,
f pg)e® dr < £ — 1,
Irl<a P
L |
: f] g —r)dndny  (6.15)
> $ra’ + 1 - 1
2 p

18 B. R. A. Nijboer and L. Van Hove, Phys. Rev. 85, 777
(1952).
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¥1a. 2. Bounds on pg(r). Dotted lines represent upper and
lower bounds of pg(r) for z = } and z = §. Solid lines represent
solution of the P-Y equation for the same values of zforr < 2.
Straight dot-dash lines represent values of p for z = §, %
from (6.10), and are thus the asymptotic values of pg(r)
forz =1, &

VII. OTHER INEQUALITIES

In this section we desecribe briefly some other
bounds on the thermodynamic functions which are
not obtainable directly from the general develop-
ment given above. First, it is known that, for all
physically reasonable potentials, p(z) and p(z) are
nondecreasing functions of z.'° When ¢(r) > 0,
it was also shown by Groeneveld that p(z, + z,) <
p(2:) + p(2.). We shall now show further that when
the forces between the particles are purely repulsive,
¢'(r) < 0, then p(2)/z is a monotonically decreasing
function of z [since ¢(r) goes to zero as r — o,
¢'(r) < 0 implies ¢ > 0]. Recalling that p =
38p/d In 2, we have, on taking the derivative of 8p/z,

(@/d2)Bp/z) = (1/2°)[p — Bp]

1
23 [ 8 Omte) ar.
The last equality follows from the virial theorem

1 .. Van Hove, Physica 15, 951 (1949); D. Ruelle, Helv.
Phys. Acta 36, 183 (1963).

Il

(7.1
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and applies to all potentials. For purely repulsive
forces, however, d(8p/z)/dz is clearly negative.

For more general forces, but with potentials such
that (5.6) and the sequel are valid, we may instead
obtain bounds on the pressure. Since { can always
be decomposed into a difference of functions de-
creasing monotonically to zero, we write

fo) = @) — 10,

d .-
Sr=zo,

(7.2)

d ..
a;fzo,

Er)er) <o

We then find from the virial theorem and (5.11) that

(7.3)

B = o+ 5 [ SO Om) dr
<e+ é f *r %);-nz(r) dr

1 e d_f:]
Sp[1+6ze frdrdr.

Hence
p<oll—iw™ [pFoal|, @9
b 2

where { {7(r) dr < 0. Eliminating z or p from (7.4)
by virtue of (5.10) thus yields

_1_ e ) dr
= ”[1 21— 0 [1.0) dr] @5

1 — 2% [ ') dr

< .
ST T L dr @
For repulsive forces, (7.5) reduces to
Bp < o1 = bl /(L = 21bs| 9). (7.7)

Lower bounds on p may be obtained in a similar
fashion.

Bounds of the form (7.5)-(7.7), unfortunately,
become useless at high density. Nonetheless, the
monotonicity of p(¢) alone helps establish some
bounds on p(z). We have

606 = Bp(ed) + | 2de > 8p(e) + p(ed) In (/o)

(7.8)
Bp(@) < Bp(es) + p@) In (2/20),

Now for potentials with a hard core, p(z) has an
upper bound p., the close-packing density. An upper
bound to p(z) is then given by

Bp@) < Bplze) — p.In2o + p. Ing,

2> 2.

2> 2. (7.9
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We see from (7.9) that 8p(z) — p, In 2z is a decreasing
function of z and that lim,.. (Bp(z)/ln 2) = p..
This suggests that we write the relation between
p and 2z in the form

z = BBp)d™*:. (7.10)

Then B(8p) starts out as 8p, increases monotonically
with p, and satisfies the equation

(d/dp) In Bp) = 1/p(p) — 1/p. 2 0.  (7.11)

One may obtain a power series expansion for B(8p)
from inversion of the series Z b,z'. In the special
case of a one-dimensional gas of hard rods, one has
B(Bp) = Bp-

Finally, we shall mention one other type of
inequality, which compares two systems with dif-
ferent potentials. Let the potential ¢(r; ) have

the form
¢(r; o) = {m
aulr)

Then the canonical partition function for N particles
in & volume V becomes
)\N
N
N
- % ];IN(V) (e"*”“z‘”""‘”)’ a’
where X is a constant and Qy(V) the complement

of the excluded volume. It follows now from Sch-
wartz’s inequality that

r<a
r>a

(7.12)

ZN(a) f e-ﬂazi>i“(ﬂl) drN
QN (V)

(7.13)

Zn(@)Zn(—a) > (zt:: [ dr")2 = Zy(0?, (7.19)

where Zx(0) is simply the partition function for
hard spheres. Since the free energy per particle is
given by

.1 v,
Fipia) = — lim 22078 745
NZ;:p
it follows from (7.14) that
Fi(p; @) + Fi(p; —a) < 2Fi(p;0).  (7.16)

The relation (7.16) may be written in terms of
the pressure

2 F(p; @) _ _9F\(v; @)
dp o !

plp; @) = (7.17)

where v = p~" is the volume per particle, and becomes

[ [ﬂp(v'; &) + Bp@’; —a) — _] v

IN THEORY OF FLUIDS

<2 [ap@'; 0) - ,}] a.

It is interesting to note that when u(r) represents a
very long-range weak potential, such as the type
considered by Kac, Uhlenbeck, and Hemmer,*®

15056

(7.18)

u) = —vutm),  [u@dr=1, (@19
where v = 1, 2, 3 is the dimensionality of the space,

then in the limit y — 0

Bp(e; @) = Bplp; 0) + ap’, (7.20)

for a < 0, while for & > 0, (7.20) has to be supple-
mented by the Maxwell rule for the two-phase region.
Thus (7.18) becomes an equality for volume v out-
side the two-phase region.

ACKNOWLEDGMENTS

We would like to thank Dr. E. Lieb, Dr. G. Stell,
and especially Dr. O. Penrose for many very valuable
discussions and comments. We should also like to
thank J. Steadman for computing the graphs.

APPENDIX A. FUGACITY EXPANSION OF THE
URSELL FUNCTION

We may use the methods developed in this paper
to obtain directly the fugacity expansion, with or
without a remainder, of the Ursell function F,(r*; 2).
We consider a “turning-on process” which takes
exp v(y | @) from an initial value zero to a final
value z, to wit,

y(yla)

e = wz. (A1)

Thus expanding F,(r*, ]) [ e"™'® at @ = 1
about its reference value at o = 0, we obtain with
the help of (2.19)

[4 i
_(l'_i) Zo%f U,+,-(r'x") dx'
¢
+f ’;'z( I)lfl?fl f Foren(r'x™; ) dx", (A2)
where

U5 = lim 243D

z—0

(A3)

is the kth Mayer cluster function.?

When £ — «, (A2) yields the fugacity series
for F,. When s = 1, (A2) reduces to (4.13b). It was
shown by Groeneveld® that for a positive potential,
¢(r) > 0, the U, alternate in sign, (—1)* U, > 0.
Thus, the coefficients in the fugacity expansion of
the Ursell functions alternate in sign when ¢ > 0.

20 M. Kae, G. E. Uhlenbeck, and P. C. Hemmer, J. Math.
Phys. 4, 216 (1963
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However, unlike the case of the expansion of
¥, = n, or the n, in general, stopping the series after
a finite number of terms does not yield an upper or
lower bound on &, for s > 1, i.e., the remainder
term in (A2) alternates in sign only for s = 1.

We may however still obtain bounds on the re-
mainder term in (A2) by decomposing F,, ., into its
positive and negative parts, which are products of

J. L. LEBOWITZ AND J. K. PERCUS

n’s, and using the bounds on the n’s obtained in this
paper. Unfortunately, the bounds thus derived do not
have the property of approaching zero when the s
particles in F, are separated into groups which are
far removed from each other. This is not surprising
since these bounds hold also when the system is
split into two phases, in which case the Ursell func-
tions do not approach zero asymptotically.
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Solution of Linear Integral Equations Using Padé Approximants
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It is shown that the exaect solution of a nonhomogeneous linear integral equation with a kernel
K of rank n is given by forming the Padé approximant P(n, n) from the first 2n terms of the perturba-
tion series solution. It follows that for a compact kernel K, the solution is lim,_,, P(n, n); this gives
meaning to a large class of perturbation series when the perturbation is large. The possible extension
of this result to wider classes of equations is discussed.

I. INTRODUCTION

HE method of Padé approximants has been

applied with considerable sucecess to the solu-
tion of a variety of problems'™ in which a divergent
or an apparently divergent series requires inter-
pretation. Gammel* has suggested the use of this
technique to solve a strong coupling problem in
quantum field theory—the ecalculation of the mag-
netic moments of the nucleons from the perturba-
tion series. This suggestion has led the author to
study the realm of validity of the Padé method in
perturbation theory, in particular in potential theory,
and then to broaden the scope of the theory to a
general study of linear integral equations.

Given a series

o

§ = Z A'm,,

r=0

1.y

where m, are complex in general, the Padé ap-
proximant

* On leave of absence from the School of Mathematics,
Trinity College, Dublin, Ireland.

1 G. A. Baker and J. L. Gammel, J. Math. Anal. and
Appls. 2, 21 (1961).

2 (3. A. Baker, Phys. Rev, 124, 768 (1961).
(19; 20) Lovelace and D. Masson, Nuove Cimento 26, 472

¢ J. L. Gammel (private communication).

(1.2)

Pla, §) = (Z::,) k”a,,)(i )\“bq)“1

a=0

is defined by the identity in A,

(5)(5m)

a=0 r=0

= Z Na, + O, (1.3)

=0

Thus a, and b, are given by

min (r,8)
qu,_q = @, (r::-. 0,11 e ,G!), (1'4)
q=0
and
min (r,8)
bm,., =0
g=0
r=a+1,-,a-+ 8. (1.5)

In general we can choose, say, b, = I, and (1.4)
then defines b, --+ , bz uniquely; from (1.3), a,
and hence P(ea, §) are defined uniquely. Further,
it is clear that the formal expansion of (1.2) as a
power series in A will agree with (1.1) to O(\**#).

II. THE SOLUTION OF INTEGRAL EQUATIONS
WITH KERNELS OF FINITE RANK

We shall first study the nonhomogeneous linear
integral equation
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