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We derive a new systematic expansion of the electric field distribution at a test charge immersed
in an infinite two- or three-dimensional one-component plasma. The lowest-order truncation of this
expansion leads to a mean-field theory very similar to the adjustable-parameter exponential approxi-
mation (APEX). The next-order corrections to this mean-field theory are explicitly computed in
terms of the distribution functions of the plasma particles. All these approximations are compared
to the Monte Carlo results for a two-dimensional system at ['=2 and various test charges. The sys-
tematic approximations appear to be useful. Even the zeroth-order approximation is quite accurate
for large test charges or strongly coupled systems and the next order improves on it. Still, APEX is
found to be most reliable (as it is also in three dimensions) and remains accurate in the practical in-
teresting limit where the test charge vanishes, i.e., at a neutral atom.

I. INTRODUCTION

The spectral line shapes of a radiator (atom or ion) im-
mersed in a plasma provide useful information about the
system.! The line shapes are modified (broadened and
shifted) by the fluctuating electric field created by the
charges of the plasma. Under some assumptions,”® the
determination of this can be deduced from the computa-
tion of the electric field distribution at the radiator.

Various approximate theories? ' have been proposed
for computing the electric field distribution. These ap-
proximations generally consider the correlations between
the plasma particles as small perturbations and thus fail
in the strong-coupling regime. Recently, Iglesias et al.!!
have proposed the adjustable parameter exponential ap-
proximation (APEX) which appears to be very accurate
for strongly coupled plasmas. APEX involves inspired
guesses and/or ad hoc assumptions. The main motiva-
tion of the present work is to derive an approximation
very similar to APEX in a systematic way.

In this paper we derive a new systematic expansion of
the electric field distribution whose lowest-order trunca-
tion leads to a mean-field theory very similar to APEX.
Both approximations exactly give the second moment of
the field distribution and replace the Coulomb field creat-
ed by one plasma particle by a suitable screened mean
field. The corrections to the mean-field approximation
are related to the variations of the field fluctuations when
one plasma particle is kept fixed. The essential novelty of
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the present expansion is that part of the correlation effects
is treated “exactly” and included in the lowest-order term.
In particular, the mean field appearing in this term is
screened; this property is in agreement with the intuitive
ideas about screening effects in plasmas.

For simplicity in presentation, the present expansion is
explicitly written only for the case of a test charge im-
mersed in an infinite two- or three-dimensional one-
component plasma. Calculations are further restricted to
the two-dimensional system at a special value of the tem-
perature for which many exact results are available. That
provides an unambiguous test of the considered approxi-
mations. '

The paper is arranged as follows. In Sec. II we define
the models and describe the coupling-parameter integra-
tion method,'® which expresses the Fourier transform of
the field distribution in terms of a formal distribution
function. We also recall the general form of APEX and
extend it to the practical interesting case of a neutral point
(i.e., when the radiator is an atom). Starting from the for-
mal coupling-parameter expression, we derive the required
expansion in Sec. III. A drawback of the latter in two di-
mensions is briefly discussed. The truncation of this ex-
pansion provides a scheme of successive approximations.
The two approximations corresponding to the two first
terms of this expansion are explicitly computed. In Sec.
IV both approximations and APEX are applied to the
specific model described above and compared to the
Monte Carlo computations. Different magnitudes of the
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test charge are considered, as well as the neutral-point
case. The results are interpreted on the basis of very gen-
eral arguments. Our results are summarized in Sec. V.

II. COUPLING-PARAMETER
INTEGRATION METHOD AND APEX

A. Formulation of the problem

We consider a system of N moving charges e and one
fixed test charge ye (¥ >0) located at Tj, embedded in a
uniform neutralizing rigid background. The system is
contained in a box with volume A, at temperature T
(B=1/kgT). The total interaction potential V is

N N
V=‘;‘ E v(r,-j)+‘y 2 U(roj)+VB ’ 2.1)
= “~

[ !
where Vj includes all the interactions involving the back-
ground; Tj; =T;—T1;, and v(r) is the Coulomb interaction

potential between two charges ¢ at a distance 7,

S T B 4
vir)=—e‘In 7 (2.2)
in two dimensions (2D) and
o2
vir)=— (2.3)
r

in three dimensions (3D) [in (2.2) L is an irrelevant scale
length]. The density of plasma particles is p=N/A,
p=1/7a” in 2D and p=3/4ma® in 3D where « is the
mean interparticle distance. The coupling constant T’
characterizes the strength of electrostatic interactions,
I'=pBe? in 2D and I'=Be?/a in 3D. The system is as-
sumed to be overall neutral.

We compute the electric field distribution W (E) at the
test charge ye in the thermodynamic limit (TL), i.e., when
N and A go to infinity, with p being kept fixed. For nota-
tional convenience we will not explicitly specify in the
equations that the TL must be taken. Furthermore, we
assume that all the quantities appearing in the computa-
tions are well defined in this limit."> W (E) is defined by

J dty- - dTyexp(—BV)8(E;—E)

W (E)
[ dt,-- - dTyexp(—BV)

, (2.4

where Eo is the total electric field created by the charges e
and the background at T,

Eo= —“!-voV . (2.5)

ve
Instead of working directly on w(E), it is more con-
venient to introduce the Fourier transform of W(E)

A(K)= [ dEexp(ik-E)W(E) , (2.6)
which can be rewritten using (2.4) as
- dT, - - - dTwexp(—BV)explik -Ey)
AR f 1 ~nexp( —BV)exp o)
fdf’l -~ dtyexp(—BV)

(2.7
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In the TL, W(E) and 4 (k) become isotropic functions.
The distribution of the modulus of the electric field is

then
P(E)=2n(d -1)E*"'W(E), (2.8)

where d is the dimensionality. '

B. Coupling-parameter integration method

Using a coupling-parameter integration technique, one
of us!® has shown that 4 (k) can be formally expressed as

~ k
Atk)=cxp [if> [Far [ aregEloaE—pl |, @9)

where €,(T) is the electric field created at T, by a charge
e located at T, and p,(T) is the one-body density of the
plasma particles (with charge e) when the extra coupling

(2.10)
between the test charge and the plasma particles is added
to the interaction potential V. That is,
. [ dt,- - dfyexp[—BV (M)
puTr)=N
J dF, - dTyexp[ —BV(1)]

(2.11)

with

v =V— %ﬁ-ﬁo .

(2.12)
The crucial problem now lies in the computation of
pa(T1). Various approximations have been described else-
where.!®!! Here we only recall the most accurate one,
namely, APEX.

C. APEX
In APEX one makes the ad hoc assumption'!

palT1)=pol Texp[irk B 5(T))], (2.13)

where py(T7) is the one-body density of the plasma parti-
cles at T, for the system with interaction potential ¥ (0),
and €3(T}) is a modified Debye-Hiickel screened field

(T = —eaK (are Fo, (2.14)
in 2D and
E5(T) =21+ arg Jexp(—ary Fo, (2.15)

701

in 3D (K is the Bessel function defined in Ref. 13). The
parameter a is determined from the exact sum rule'!

vB-

We can think of this approximation'! as one in which
the plasma particles are replaced by independent quasipar-
ticles with density po( ¥y)eo(T))/ed () and screened fields
(2.14) in 2D and (2.15) in 3D. The distribution of the
Coulomb field due to the particles is then identical to the
Holtzmark distribution? of the screened field created by
the quasiparticles.

(2.16)
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A priori, APEX is defined only for y strictly positive,
(E%) becoming infinite when y=0. However, we can
take the limit ¥ —0 and apply this approximation to the
interesting case y =0 by proceeding as follows. Equation
(2.16) is equivalent to

Ak)— 1~ =P ;2 2.17)
dyB
when k—0. Thus «a is the solution of
[ anR e Ek s F I F =241 4)

dyB

By expanding the left-hand side (lhs} of (2.18) in Laurent’s
series with respect to 7, we show in Appendix A that «
goes to a finite value when -0, namely,

2 2BU ¢ (T)
—exp | — = —~C {2.19)
in 2D and
2 BUe(T)
— 2 T »(2.20)

in 3D. Ug(T") is the excess internal energy per particle
of the one-component plasma (OCP} (without any test
charge) and C is Euler’s constant (C~0.57722). Thus
APEX gives a finite expression for 4 (k) when y—0,

A ppex (k)

o k ~
=exp |ipk- [ d) [ dF @) {explirk-E3(T)]

-1, (2.21)
where we have replaced po(1) by its limit p when y—0.

III. NEW SYSTEMATIC EXPANSION
OF THE FIELD DISTRIBUTION

A. Systematic expansion
Equation (2.11) can be rewritten as
. (explirk-Eq))
Al =pol )~ 0L 3.1)
{expliAk-Ep))

where the statistical averages {f) and {f), of any func-

j

Folk)=ik- [dn [ dFigo(F))lpoTrlexplirk (Eg))—pl ,
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tion fOf _1?0, ?1, cees ?N are
(fY=—L— [dF, - dfyexp(—BV)f  (2)
QN(IO)
with
On(T)= [ dFy- - dTyexp(—BV) , (3.3)
and
(fY1=—— [dF, - dEyexp(—BV)f  (34)
On(To, T1)
with
On(FoT1)= [ dT;- - dTyexp(—BV) . (3.5)

In (f), the average is performed upon all the plasma par-
ticles, whereas in {f ), particle 1 is fixed. We stress that
these averages are done in the external potential of the
charge ye.

The statistical averages appearing in (3.1) can be re-
placed by their cumulant expansions

(explirk Eg)) =exp{ — LAY ((k-Ep)?)

_(é‘.ﬁ0>2]+ ey
and » .
{explirk -Eg) ) =exp{irk-(Eo)— +AH[ (K -Eg)?),
—<E‘Eo>%l+ !
(3.7

(3.6

(for symmetry reasons (E,)=0). Assuming the differ-
ences between the fluctuations ( ), and { ) to be small,
we then expand the exponentials in (3.1) involving such
differences in a power series with respect to A. That gives

px(?1)=po(?1)exp(i}\fc\'(Eo)l)
X (1= A% {(k-Ep)* ) — (k-Eo)}
HEE) 2 — (KB ]+ -+ ). (3.8)

Inserting (3.8) in (2.9) we obtain the following expansion
of A(k):

A(k)=exp[Folk)+F(k)+ -+ - ] (3.9)

- with

(3.10)

I A~ k A — A > A = A - A —>
Fy(k)=— 2k [ did? [ dTie(TpoFexp(ink (Eo) DI((KEol*) 1~ (K Bo)t+ (KBl — (KEo)],  (3.11)

etc.

In 3D all the functions F,(k) are well defined. In 2D
only the ones with # <2+yI" are finite, the other ones
being divergent as are the exact moments (E{) for
n>2-+yI. This is due to the fact that when a plasma
particle j approaches the test charge, the Boltzmann fac-

I

tor vanishes in 2D as const)(rglr instead of
const X exp( —'yBeZ/roj) in 3D. Thus, the expansion (3.9)
is really “systematic” only in 3D, in the sense that it pro-
vides a formal series representation of Ind (k) (the prob-
lem of the convergence of these series is far beyond the
scope of the present paper). In 2D there is a singular part
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in InA4 (k) which cannot be expressed in terms of the func-
tions F,(k); this singular part is not controlled by the ex-
pansion (3.9).

We turn now to the approximations based on the trun-
cation of (3.9). The general conditions under which these
approximations are accurate will be discussed at the end
of Sec. IV.

B. Mean-force-field approximation and its corrections

The simplest approximation based on the expansion
(3.9) is to keep only Fy(k). This lowest-order approxima-
tion has a form and a physical interpretation very similar
to APEX. However, the field induced by the quasiparti-
cles is now (E,), instead of €5 in APEX. (E,), can be
expressed in terms of the one-body density of the plasma
particles as follows. Using (2.5) in the definition of
(Ey),, we have :

1

(Bo) = ————————V On(ToT1) . (3.12)
o vBeQn(To,T1) oo
Writing
On(Fo, T1) =—]1\7QN(ro)po(r1) (3.13)

and noting that Qx(Tp) becomes independent of Tj in the
TL, we obtain

(Bg)y=—=—Foln )/ (3.14)

071 7Be oln[po(T1)/p] .

Introducing the familiar mean-force (MF) potential
Vme(ro)= —é—ln[po(?l)/p], (3.15)

we see that (Eq), is nothing but the mean-force field

Bagp(Fo) = —;I;VOVMF(rm) . (3.16)
Let us call this approximation the mean-force-field ap-
proximation (MFFA). We point out that MFFA, like
APEX, gives correctly the second moment (2.16) of the
field distribution. Indeed, as shown by Egs. (3.10) and
(3.11), the k? term of the small-k expansion of 4 (k) only
comes from Fy(k). By an explicit calculation using (3.14),
it can be easily checked that Fy(k) behaves as (2.17) when
k—0.

Keeping Fy(k) and F,(k) in (3.9), we get a new approx-
imation which we call the improved-mean-force-field ap-
proximation (IMFF). The fluctuation terms appearing in
F,(k) can be expressed in terms of the distribution func-
tions of the plasma particles, in the same way as we have

rewritten (Eq); as (3.14). After some algebra we find
<(£‘Eo)2)1—<’€’ﬁo %+<]IC\'E0>2—((£'_E’0)2>

1 *Vwr 1
yBe® 3xj,

(7‘01)

%
e [ dT,pE T, T) 5 (roz)
Yﬂezpo(?ﬂ f 2P0 LI2 ax;‘;z 02

(3.17
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where x is the component of T along k and p(2 (T, T,) is
the truncated two-body distribution function of the plas-
ma particles

P2 TA(T,, Ty) =pi (T1, T2) — pol T1)po( T2) - (3.18)

Unlike the MFFA, which involves only correlations be-
tween the test charge and one plasma particle, IMFF
takes into account three-body correlations involving the
test charge and two plasma particles. Of course IMFF
gives exactly the second moment of the field distribution
like MFFA.

IV. OCPIN 2D AT I'=2

We apply the MFFA, IMFF, and APEX to the OCP in
2D at I'=2 with a test charge which is an integer multi-
ple of the charges of the plasma. In this case all the dis-
tribution functions of the plasma particles can be comput-
ed analytically. The corresponding approximate field dis-
tributions then take a closed analytic form. These are
compared to the Monte Carlo results. We restrict our-
selves to the cases ¥ =1, 2, and 4. The limiting case y —0
(neutral point) is also considered.

A. Analytic computations

For simplicity of notation we place the test charge at
the origin and put Ty=0 in the following. By extending
the computations of Jancovici* (which correspond to the
case Y =1), it can be easily shown that for v, a nonzero in-
teger,

—1 r%p
polr)=p [1—exp(—r}) 2 4.1
and
PP TAF, Ty =
(T}, Ta) = —plexp(—ri —r3)
¥=1 (225 P |
X |exp(z1z5)— 3, —1—'2— (4.2)
p=0 P

Here the distances are in units of the mean interparticle
distance 7=t /a and z;=r;exp(if;), 0; being the angle
between T; and a given reference dlrectlon Choosing this
direction along k, we get from (3.14) and (4.1)

£ Bpp(F)) = —Z—R (r1)c0s0, (43
with
riexp(—r?)
R(rpy=— 7 (4.42)
1—exp(—r7)
for y=1,
3 2
: riexp(—r7)
R(r)=— o 5 (4.4b)
2[1—exp(—ri)—riexp(—ri)]
for y=2, and
rlexp(—r?)
R(r)=— s A (4.4¢0)

24[1—exp(—-r1)(1+r1+ r1+ rl)]
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for y=4. When r;—0, R (r;) behaves as

R(r1)~—;1— 4.5)

1
which means that Eyg(T;) reduces to the Coulomb field.
When r;— w0, R(r;) decays like a power times a Gauss-
ian which means that EMF(?I) is screened at large dis-
tances.

Using (4.1) and (4.2), the fluctuation term (3.17) is com-
puted as

2
—%[S(r1)+T(r1)cos201] (4.6)

1

riexp(—r?)

S( )= ’
& 24[1—exp(—r%)—r%exp(—r%)]

with

rlexp(—r?)

S(ry)=—1ZP
SE LTS p——e

exp(—r){ri[1+exp(—r?)]+2[exp(r})—11}
2[1—exp(—r)]J?

T(ry)=

(4.7a)

fory=1,

(4.7b)

r%exp(—~r%){r‘1*exp(——r%)+2r%[1+2exp(—r%)]+6[exp(—r%)——l]}

T(r))=

for y =2, and

_ r?exp(—r%)
960[ 1 —exp( —r})(1+ri+Lri+ 1,617

S(ry)

12[ 1 —exp(—r?)—riexp(—r})]?

(4.7¢)

r?exp( —r%)[exp( — )8 +8r8 360 +96r% +120)+24r? —120]

T(rl)—

for y =4. In the calculation we have first transformed the
integral over T, appearing in the right-hand side (rhs) of
(3.17) as

2
[ dep (E, 7 2% (1)
8x2
Jpt” L
=— fdrzv(rl,rz)a:(rz). 4.8)

Expanding the integrand in power series with respect to
J

1 © . k 2T
Fo(k)=—i fo drlgo(rl)fo dt fo d 0, explitR (rq)cosB,]cos0,

and

F=—= ["d “ar12 [ 40,08 (r1)+T(ry)c0s?, JexplitR 8, ]cosd
o ( )———277_ fo rlg()(rl)fO tt fo [S(r1)+T(r)cos*0,Jexp[itR (r,)cosO;]Jcosb, ,

with

go(r1)=po(r1)/p . (4.11)

The angular integrals involved in (4.9) and (4.10) lead to
the Bessel functions J,. Using functional relations be-
tween the J,’s, the integrals over the parameter ¢ are then

2880{1 —exp(—ri)[1+ri+2rf+2r81)2

f

exp(i6,) and exp(— i6,), the angular integral is then com-
puted by using the orthogonality properties of the func-
tions exp(in6,). The remaining radial integral then in-
volves a polynomial times a Gaussian and is easily per-
formed. Contrary to R(r;), S(ry) and T(r;) remain fi-
nite when r; goes to zero. At large distances S(r;) and
T (r;) have a similar behavior as R (r{) and decay like a
power times a Gaussian.

Henceforth, E is redefined as the field in units of e /a,
E=aqE /e, and k is also redefined as k=ke/a. Using
(4.3) and (4.6), Fy(k) and F,(k) are rewritten as

(4.9)

(4.10)

—

performed in terms of Bessel functions of the argument
kR (rl). We find

go(rl)
R(rl)[Jo(kR(rl))—l] (4.12)

Folk)=—2 fo“’ dr,

and
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w  golry) | kS(ry)
Fy= [ " dr, R"(rl') R(rl‘) [2J,(kR (r;))—KR (r1 W o(kR (r1))]
T(Rl) 2p2
+ 12y [o(kR (r D) =24 3kR (r )3 (kR (r)) =k *RHr)Mo(kR (ri )] | - (4.13)
1

The Fourier transforms of the field distributions corre-
sponding to MFFA and IMFF are then

Anrralk)=exp[Fy(k)]
and
Avrr(k)=exp[Fo(k)+F(k)],

where Fy(k) and F,(k) are respectively given by (4.12)
and (4.13).

We come now to APEX. For the case considered here,
AApgx(k) takes the form

4.14)

(4.15)

golry)

A spex(k)=exp 2f0 drlm

X [JolkaK (ar))—1] (4.16)

which is very similar to Ayppa(k) with —aK{ar;) in
place of R(r;) (a is redefined as a in units of 1/a).
Equation (2.18) determining the parameter a can be
rewritten after some integration by parts as

expla®/4)Bi( —a?/4)=—1 (4.17a)
for y=1,
(1+a?/4)exp(a®/4)Ei( —a?/4)=— % (4.17b)
for y=2, and
(14+3a%/4+3a*/32+a’/384)exp(a’® /4)Ei( —a?/4)
=-25/12—-a%/3—a*/96 (4.17c)

for ¥ =4, where Ei is the exponential integral function de-
fined in Ref. 13. By Newton’s method we find

1.320 for y=1 (4.18a)
1.214 for y=2 (4.18b)
1.086 for y=4. (4.18¢)

As shown in Sec. II, in the limiting case y—0 APEX
gives a finite expression (2.21) for A4 (k) which reads here

[JolkaK, (ar;))—1]
aK,(ary)

Apppx(k)=exp |2 fo“’ dr,

(4.19)

with a computed from (2.19) as a=1.499. When v —0,
the mean-force potential can be computed from the linear
response theory with the result

BVume(r))=—yEBi(—rH)+0(y?) .
Thus, the mean-force field given by (3.16) goes to a finite

(4.20)

I

expression in this limit, and we can replace go{r;) by 1 in
the computation of Fy(k). This gives

Awmrra(k)=exp ,2 fom dryriexp(r?)

X |Jo

kexp(—r%) } i

r

I

4.21)

Unlike Fy(k), F,(k) diverges when ¥ —0, in agreement
with the discussion of Sec. II. Therefore IMFF is not
applicable to the neutral-point case.

B. Numerical computations

The different integrals involved in the various approxi-
mations were numerically computed by the trapezoidal
rule. The various electric field distributions, given by

P(E)=E [~ dk kJo(kE)A(K) , (4.22)

are compared to the exact Monte Carlo results in Figs.
1—4. APEX is accurate for both low and intermediate
fields in the domain of studied ¥; in particular the height
and the position of the maximum of the field distribution
are well reproduced by APEX. MFFA becomes more and
more accurate as y increases. For instance, at ¥ =4, the
latter agrees quite well with the Monte Carlo results. For

15
y
[*9
1
=

I S NS

/ \\ .

/ ~ =

/ i~ .
y/ T

1 i | i

0 05 1 E 15 2

FIG. 1. Probability distribution P(E) of the modulus E of
the electric field at a test charge e and at I'=2; E is expressed
in units of e/a. Here, y =0 (neutral-point case}. Dashed line,
MFFA; solid line, APEX; dots, Monte Carlo. IMFF is not
applicable to the present case.
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FIG. 2. The same as Fig. 1 at y=1. Dashed-dotted line,
IMFF.

lower values of ¥, the maximum of Pygg, is too high and
shifted to low fields. Aty =1, MFFA is still a reasonable
approximation whereas its accuracy becomes rather poor
at ¥ =0, i.e,, for the neutral point. Except the case y =0
where it is not applicable, IMFF appears to be a good ap-
proximation and improves MFFA as expected. At y=2
or 4, IMFF differs slightly from MFFA and has an accu-
racy comparable to APEX. At y=1, IMFF improves
MPFFA more appreciably and is slightly less accurate than
APEX.

It appears from the numerical computations that for
large fields the approximate distributions become identi-
cal. The large field asymptotic behavior is related to the
singularities of A (k) at the origin. In Appendix B we
show that the small-k expansions of all the approximate
A(k) have the same singularity (with the same constant
factors), namely,

2
Ind (k)— 3 ¢,k ~constx k2+7T (4.23)
n=1
for ¥I" noneven integer and
Ind(k)— i cnk ¥ ~const X k*+"Tink 4.24)

n=1

P(E)
\

T
/.
A

0,5—/ A\

FIG. 3. The same as Fig. 2 at y =2.
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FIG. 4. The same as Fig. 2 at y=4. The curve correspond-
ing to IMFF almost coincides with the one corresponding to
APEX and has not been drawn for clarity of the picture.

for yI even integer, where the coefficients ¢, and the in-
teger p are defined in Appendix B. Furthermore, on the
basis of the systematic expansion (3.9), we give in this ap-
pendix plausible (but not completely rigorous) arguments
indicating that the small-k expansion of A, (k) has also
the singularity (4.23) or (4.24). Thus, the approximate
field distributions should become equivalent to the exact
one when E— . The exact behavior of P(E) for small
or intermediate E is, of course, much more difficuit to
describe.

C. General interpretation of the results

The improvement of MFFA when ¥ increases can be
“explained” by essentially two general arguments. The
first one is related to the singularity of the expansion (3.9)
in 2D. For large yI, this singularity arises in the high-
order terms and does not play an essential role. For small
T, the first corrections to MFFA diverge and it is not
surprising that MFFA is then in poor agreement with the
Monte Carlo results (in particular for the neutral point).
The second argument is related to the hard-core effect in-
duced by a large test charge. The Boltzmann factor
behaves as constXr}'r when r;—0; thus the plasma parti-
cles are strongly repelled by the test charge when yT is
large. The field distribution is shifted to low fields and
the dominant contributions come from far away particles,
namely, from large distances r; in (2.9). Since the differ-
ences between the fluctuation terms ( ), and ( ) are
small for these large distances, they can be neglected in
the computation of A4 (k) as assumed by MFFA. We are
not able to make this heuristic argument more rigorous,
namely, we cannot show that the terms neglected in
MFFA go to zero and become negligible compared to
Fo(k) when yI'— oo.

Compared to PyrpalE), the maximum of Ppypp(E) is
smaller and shifted to higher fields. This result should
not depend on I' and y as suggested by the following
qualitative argument. Looking at the expansion (3.8) of
pal(T1), we see that the density po(r;) involved in MFFA is
replaced by
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polr ) {1— A (KB ), — (k-Eg)}
+(E-Eo )2 — (L Epi)1}

in IMFE. The Coulomb field —eT;/r7 created by parti-
cle 1 plays the role of a constant in the statistical averages
( ), and thus does not contribute to the fluctuation

((//C\'Eo)z)l—(l’(\'ioﬁ .

Therefore, at T;=0, (4.26) is equal to the corresponding
fluctuation computed with the statistical averages ( ) and
a test charge (v +1)e, ie, to 1/{(y+ )T in our dimen-
sionless units. The difference between the fluctuations
{ Yy and { ) is then equal to —1/y(y+1)T at ¥;=0. By
continuity, for values of r; that are not too large, this
difference is negative and the A% term in (4.25) is positive.
Thus IMFF enhances the nearest-neighbor contributions
to the field distribution, and consequently Ppypr(E) is
shifted to higher fields compared to Pypra (E).

All the arguments described above hold also for 3D.
However, the limiting case yT'—0 requires the following
complementary remarks. In 3D, all the terms of (3.9) are
finite for ¥T" finite, but only Fy(k) remains finite when
y—0. Therefore, MFFA should again become a rather
crude approximation when ¥ —0, as in 2D. When I'-0
(y fixed), the 3D MFFA distribution goes to the Holtz-
mark distribution® corresponding to free particles. In the
same limit the 2D MFFA distribution involves divergent
terms, in agreement with the nonexistence of the field dis-
tribution of free particles in 2D. ’

(4.25)

(4.26)

V. SUMMARY AND CONCLUSION

We have derived a new systematic expansion for com-
puting the electric field distribution at a test charge (with
nonzero arbitrary magnitude) immersed in an infinite
OCP. The lowest-order truncation of this expansion leads
to a mean-field theory (MFFA) very similar to APEX.
Both approximations require only the knowledge of the
two-body correlations between the test charge and one
plasma particle. The approximation (IMFF) taking into
account the next corrections to MFFA requires much
more information; it involves three-body correlations be-
tween the test charge and two plasma particles.

The approximate theories, MFFA, IMFF, and APEX
have been applied to the 2D OCP at I'=2 for various test
charges. The practical computations corresponding to
this specific model and the qualitative arguments given in
Sec. IV strongly suggest that MFFA and IMFF have the
following characteristics. First, MFFA is very accurate
when yT is large, i.e., for large test charges or strongly
coupled plasmas. (We have checked in 3D and for y =1
that MFFA is in reasonable agreement with computer
simulations but, as in 2D, they are not as good as the
APEX results.) Then, IMFF slightly improves MFFA
and can be regarded as a small correction to MFFA as as-
sumed a priori. Furthermore, for intermediate values of
v and T, the whole MFFA distribution is shifted to small
fields compared to the exact one. Although MFFA is not
itself very accurate in this case, IMFF, which only takes
into account the next corrections to MFFA, is still a good
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approximation and crucially improves MFFA. Finally,
for small ¥ or y=0 (neutral point), MFFA becomes a
crude approximation and IMFF does not satisfactorily
improve the latter. In the neutral-point case, IMFF is not
even applicable since it involves divergent terms (our ex-
pansion is clearly not appropriate to this case).

Previous computations!! in 3D have already illustrated
the high accuracy of APEX for y=1, especially in the
strong-coupling regime. The present comparisons with
Monte Carlo data in 2D show that APEX remains accu-
rate when the test charge is not equal to the charge of the
plasma particles, especially in the practical interesting
case of the neutral point. This confirms APEX as a very
good approximation. For intermediate or small values of
v and T', APEX is better than MFFA and then appears to
be more reliable.

The systematic expansion (3.9) can be easily extended to
multicomponent systems, as well as MFFA and IMFF.
In this multicomponent case, MFFA will still include the
exact second moment of the field distribution and the

_screening effects, which appear from our study and previ-

ous computations'! as two essential physical ingredients.
IMFF should again improve MFFA but will be rather dif-
ficult to handle. The corresponding generalization for
APEX has been studied recently by Iglesias et al:'® the
generalized version of APEX is still very accurate.
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APPENDIX A

In this appendix we show that the adjustable parameter
a involved in APEX goes to a finite value when the test
charge vanishes. First we consider the 2D case. Setting
x =rg; /a and g (x)=pg(7,)/p, (2.18) becomes, after an in-
tegration by parts,

[ dx g olax)=—= (A1)

v
{the prime means 0/0x). Assuming that g(x) is analytic
with respect to y, we may write

g =exp[yTInx +7G,(0] |1+ S v6,0 |, (A2

n=2

where G,(x) are regular functions at the origin (x =0).
Assuming strong clustering properties of g(x),
G1(x)+Tlnx and G,(x) for n >2 decay faster than any
inverse power of x when x — w. Calling ¥(x) the term in
large parentheses in (A2), the lhs of (A1) can be rewritten
as

¥ f: dx

+ [T dx explyTInx +7G (0¥ (x)Kolax) . (A3)

exp[yT Inx +¥ G (x)]W(x)Kolax)

T 6
X

Let us assume a priori that a goes to a finite value a5> 0
when y—0. Since the integrals
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) 0°° dx G, (x)Kolax) (A4)

are finite, the second term of (A3) is of order y%. In the
first term of (A3), we can replace W(x) by 1 neglecting
terms of order ¥. Thus we have

f dx g'(x)Kylax)=y f dx +G (x)

Xexp[yT Inx +yG(x)]
XKolax)+0(y) . (A5)

httmg the integral f Owdx - -+ of the rhs of (A5) into

dx © 4+ f dx - - -, we see that flmdx .-+ is of or-
der v. In f dx - - - , we make the variable change u =x?
and obtain

T, G
f dx g'(x)Kolax)= f du —u—rW

xexp[T Inu +yG(u'’7)]

XKolauY)+0(y) . (A6)

When y—0, u /¥ 0 for any u <1, thus we can replace
in (A6) G, G}, and K by their small-argument expan-
sions

G1(u")=G(0)+G (0T -+ -,
G (uV") =G (0)+GyOuT+ -,
Kolau")=—In(eu /7 /2)—C + -

(A7)

exp( ox)

fdx

:fowd ‘I/;x) I_‘H’GI(X) exp

1
Breakmg up the integrals mvolved in the rhs of (1}13) into f 0 dx
®dx -+ are of order y and 2, respectively. In f 0 dx - -

by their Taylor expansion with respect to x. We find

_yr *
. +7G(x)—ax +fo dx
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(Cis Euler’s constant). That gives

J.7 dx g0k olax) =L 4 SLY
, dxg'(x oax_-yr—{— T

—C —In(a/2)4+0(y).

(A8)

The leading term of (A8) is just equal to the required
value (A1). The constant term of (A8) must then vanish;
that implies -

G,(0)

ap=2exp -C (A9)

(The a priori assumption about «; is justified.) Using the
linear response theory, it is easy to show that

G1(0)=—2BU,, (I},

where U,,(T") is the excess internal energy per particle of
the homogeneous OCP without any test charge.
In 3D, with the same notations as in 2D, (2.18) becomes

(A10)

® worexpl—ax) 1
fo dix g'(x) == = r (Al1)
The equivalent form of (A2) here is
g{x)=exp ~-7x£+yGl(x) 1+ 3 v"Gu(x) |,
n=2
(A12)

where the functions G,(x) have similar properties to those
introduced in the 2D case. Again, we assume a priori
that « goes to a finite >0 when y—0. Defining W(x)
as before, we get

Vix) (A13)
X

exp —%F—H/Gl(x)—ax

-, we see that the two integrals
, Wix ‘I/(x) Gl(lx) and @(x)=exp[yG(x)], are replaced

f dxg exg( ax) — yTW(0)p,(0) foldxexp(—ﬂ/;/x-—ax)

1 —_ _
+y T[W(0)@};(0) +¥'(0)@,(0)] fo dx 2P 7’52/" ax)

+ |7%(0)G; (0) <p,<o>+1/—w (0)@!(0) 4+ TW(0)g} (0) + I—\I/”(O) 1(0)

+W¥'(0)g,(0) +0(y), (A14)

1 - -
f dx exp(—yI'/x —ax)
Y x
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where we have used that all the derivatives WX(0) are of
order y2. All the integrals involved in (A14) can be ex-
tended to infinity since their multiplicative factors are at
least of order . The resulting integrals are related to
Bessel functions of the third kind'® as follows:

2a
= y_I‘KZ(ZV ayl'),

o expl—yIL/x —ax)
fo dx x3

=2Va/yTK,(2VayT),
(A15)

o exp{—yI'/x —ax)
fo dx x2

J, axSRILE =0 ok 0/

Using the small-argument expansions of the involved K,
and the small-y expansions of W(0), ¥'(0), ¥"(0), ¢,(0),
@1(0), @1(0), and G1(0), (A14) can be rewritten as

® vy EXp( —ax) _1 1 G(0)
fo dx g'(x) X 7T +—F +O(y Iny)
(A16)
[the 1/y and constant terms of (A16) only come from the
first integral of the rhs of (A14)]. As in 2D, the leading

term of (A16) is just equal to the required value (A11).
Thus, a goes to

a0=G1(0)/F )

where G(0) is given by (A10) [the a priori assumption on
ay is justified since U, (I") is strictly negative for any I].
In the weak-coupling limit (I"—0), we have in 2D

(A17)

G,(0) 1
where .7 represents vanishing terms, and in 3D
G,(0)
~—— ~ViT. (A19)

Using (A18) in (A9) and (A19) in (A17) we see that the
2D and 3D ay go to the Debye-Hiickel wave numbers
V2T and V3T, respectively, when I' —0.

APPENDIX B

In this appendix we show that the small-k expansions
of Ampra(k), Aappx(k), and Apypp(k) have the singular-
ities (4.23) and (4.24) in 2D. As before, we introduce the
dimensionless quantities x =rg, /a, g(x)=p(T,)/p, and
k=ke/a. For both MFFA and APEX we have

g(x) kG(x)

G(x)

Ind(k)=2 [ “dxx o —1

, (BD

where G (x) is a regular function at the origin [ G (0)=1]
and decays faster than any inverse power of x when
Xx— o0. The small-k expansion of (B1) is merely obtained
by expanding Jo[kG (x)/x] in Taylor’s series. Since g(x)
only vanishes as C, x"T when x—0, the coefficients of
k? diverges for any n >p, where p is equal to yIT' /2 if
¥ T is an even integer, and p is the entire part of 1 +yT /2
in the other case. Defining (for n <p)
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Cn= i("(;:)?! [ ax G(") ’ 1, (B2)
(B1) can be rewritten as
1nA(k)—§lc,,k2"=2fowdxxg((’;))pp ka(") ,
(B3)
where
D2=Joz)— & =1 o (B4)

Z
n=0 4”(?1 ’)2

In the integral of the rhs of (B3), we make the variable
ch:imge x =ku_and split the resulting integral into

odu--'+f du - - -, That gives
Ind(k)— 2 cnk
n=1
a2 ! g (ku) G(ku)
=2k o A Gy P |
POk glku) G(ku)
+2k% [ duud; o Dy | = (B5)
1
In f du -+, we can replace g(ku) by Cg(ku)"r and

G(kuo) by G(0)=1 since

1
[, duu'*1"D, (B6)

1
u

is finite. Thus the first term of the rhs of (BS) is of order
k**7T when k—0. In f du -+ -, we make the variable
change t =ku and we integrate term to term the series ex-
pansion of D,. The second term of the rhs of (B5) then
becomes
2

n=p+1 4"(”'

2n—1
G(t)

k2 [ drg () (B7)

Each integral involved in (B7) diverges when k—0. For
n >p 41, we have

2n —1
© G(1) ® -
fk dig(n) | == ~ gfk dr ¢1+70—2n
— Cg J2+yT~2n
(2n —2—9T) )
(B8)

For n=p+1, we must distinguish the two following
cases. For I even integer, we have

o G(t) ol t
A -1
fk dt g (1) p ~C, fk dtt~'=—Cglnk .

(B9)

For yI' noneven integer, we have the same behavior as
(B8) with n =p + 1. Since the series



2 (="
,,EH 4 n¥2n —2—yT) '’
0 (__l)ll

p>

g1 4n)*(2n —2—7T)

(B10)

for yT" even integer and for yI" noneven integer, respec-
tively, are convergent, (B7) behaves when k—O0 as
const X k2*"TInk for yT even integer and const X k2+7T
for the other case. Therefore, we find in the small-k limit

p
Ind(k)— 3 ¢,k ~constxk>*"TInk
n=1 (B11)
)
Ind(k)— 3 c,k?™~constx k*+7T

n=1
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for ¥y even integer and for yI" noneven integer, respec-
tively, for MFFA and APEX (the constants in the factor
of the singularities are identical for both approximations).

Since the difference between the fluctuations (3.17) is
finite at the origin, all the coefficients of k%" of the
small-k expansion of F,(k) are finite for n <p +1. The
singularities arising in this expansion have a higher order
than the ones appearing in (B11). Thus, Appr(k) has the
same lowest-order singularities as Awppalk) and

The previous argument can be easily extended to all the
functions F,(k) with n <24-yI". This circumstance sug-
gests that the lowest-order singularities of A, (k) are
also exactly given by (B11).
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