On the properties of inhomogeneous charged systems
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We give a proof and an extension of equations previously derived by Wertheim and Lovett, Mou and Buff,
relating the gradient of the density to an integral of the external force over the pair correlation function; when
the system has boundaries it also involves a surface contribution. These equations are derived and used for
systems which may contain free charges, dipoles, and a rigid background (jellium). In particular, we derive an
equation for the density profile near a plane electrode and we show that the correlation function has to decay
no faster than |x | =¥ (N = space dimension) parallel to the electode.

l. INTRODUCTION

The structure of electrolyte solutions in the vicinity
of an electrode is an important unsolved problem which
continues to receive much attention.*® Sum rules, giv-
ing exact relations among correlation functions of such
systems near a wall, provide information which can and
should be used both for a qualitative understanding, and
as a guide in formulating and evaluating quantitative ap-
proximations for the electrolyte—electrode interface.
This has in fact been done recently by various authors,?
including ourselves, **° using a variety of such sum
rules. The present work is related to the analysis in
Ref. 5: we argued there, on the basis of sum rules,
that the correlation functions of an electrolyte near a
flat hard wall (with the same dielectric constant every-
where) cannot decay uniformly in all directions faster
than #™*. In this note that argument is further strength-
ened by using a generalization of the Wertheim?® and
Lovett, Mou, and Buff’ (WLMB) equation to systems
containing charges and dipoles. The WLMB equation
relates the gradient of the density to an integral of the
external forces over the pair correlation function; when
the system has boundaries it also involves a surface
term which is important for the applications to the in-
terface problem.

Our proof of the WLMB equation is based on the first
two equations of the BGY hierarchy which are assumed
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always to be satisfied in equilibrium. It is in fact sim-
pler than the original formal proofs which were based
on the Mayer cluster expansion® or on functional deriva-
tion techniques.” Our derivation does require some
clustering of the pair correlation functions; the equation
is in fact unlikely to be true otherwise.

Let us note that for a finite system described by the
canonical ensemble, the BGY equations are identities
and the derivation of the WLMB equation is trivial. It
is however irrelevant for real macroscopic systems
since the appropriate mathematical representation of
the latter is that of an infinite system obtained as the
thermodynamic limit of finite systems® and relations
based on integrating over the whole volume may not
survive the interchange of limits, e.g., the integral
of the Ursell function for a one component system with
short range interactions is zero in a finite system rep-
resented by the canonical ensemble but is equal to the
compressibility in the thermodynamic limit.? For sys-
tems with Coulomb forces, the taking of this thermody-
namic limit involves many subtle mathematical points
which are far from being all settled. Here we do not
enter into these problems but we simply assume that
the equilibrium states of the infinite system are de-
scribed by a set of correlation functions satisfying the
BGY hierarchy in which the integrals are well defined.
This last condition will always be satisfied when either
the forces or the truncated correlation functions are ab-
solutely integrable. For charged systems, of course,
only the latter can possibly be true.

The derivation of the WLMB equation is carried out
in Sec. II; this derivation is rigorous except for a for-
mal permutation of limit and integral. Section III is
devoted to a discussion of some consequence of this
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equation, particularly when it is combined with the gen-
eral screening sum rules for charged systems!’; we
consider in this section the problem of local inhomoge-
neities and the semi-infinite systems, first in the ab-
sence of a rigid background then for jellium. A proof
of the sum rules for systems containing dipoles is given
in Appendix A. In Appendix B we give a modified proof
of the zeroth order screening sum rule for semi-infinite
systems which requires weaker clustering along the
wall. For the systems considered in Sec. III, the for-
mal permutation is rigorously established in Appen-
dix C.

i1. DERIVATION OF THE WLMB EQUATION

We consider a mixture of m species of particles mov-
ing in a region D of the N dimensional space ®". The
particles of species a carry a charge e, and a dipole
moment of strength d, (for some species «, e,, or/and
d, can be zero, i.e., pure charge, pure dipole, or no
electric properties). We introduce the abbreviated nota-
tion ¢ = (¢, x, w), where x and w denote, respectively,
the position of the particle and the orientation of its di-
pole moment u,=d,w. We normalize the angular inte-
gration over dipole angles to 1, [dw=1 and set

qu:_[bdxfdw;

The correlation functions of the system at tempera-
ture T are assumed to satisfy the usual BGY equa-
tions!®!! which we write in the following form

kT V,0(q,) = Flq,)0(q,)

+qu Flq1,49) [plq1q) - 0(g) play)] , (2.1)
kT Viplg,q2) = [Flq,) +Flqy,95)) pla,g5)
+quF(ql,q) [o(g922) - p(g) P(q1g7)] - (2.2)

The two-body force has a short and long range part

F(qb CIz) =Fs(q1’ qa)+FL(‘I1, q2) =Fa1aa(x1 = Xg, Wy, "-’z)

(2.3)
where F® includes the local repulsion effects; we as-
sume that F® is antisymmetric under the exchange of
the particles and integrable over ». The results of the
paper will however remain valid in the presence of more

singular repulsions or hard cores.
The Coulomb and dipole part F is given by

FYgy,g9) = [eay+ (ko * V1)) [eq V) FClxy - x5
(2.3a)
where F°(x) is a twice differentiable function everywhere

which is the Coulomb force at large distances

ot (Hayt

FO(x) =1 l” || >R . (2. 3b)

We have mtroduced a cutoff in the definition of the Cou-
lomb force for the technical reasons only. Indeed in
the presence of dipoles the force Eq. (2.3) is not inte-
grable at the origin and the proofs are simplified if we
introduce the singular part of the Coulomb force as a
contribution to FS. For pure charge systems (no di-
poles) the introduction of the cutoff is not necessary and
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in any case the final WLMB equation will be independent
of the cutoff.

We assume here that the dielectric constant € is the
same inside and outside D and we set € =1. The case
of different dielectric media will be treated elsewhere.

The one-body force F(g,) represents the total average
force on the particle ¢; it can be written as
Flg)=F()+ [ dg[Fq1,q) - eq,ea FO(=2)]plg) . (2.9)
The external force F°(q,) includes the effect of some
fixed distribution of external charges C®{x) or dipoles
w¥(x) in®. In particular for jellium systems C*(x)
=pp for xe D with pg the uniform background density,
and F°®(g,) also includes the effect of some fixed distri~
bution of charges outside or on the boundaries of D, to-
gether with the system’s charges located at infinity
(polarization effect). In Eq. (2.4) we have subtracted
from the two-body force its dominant asymptotic part
aleaF (- x) in order that the integral be well defined
(see Appendix C); therefore F°(q,) is the external force
up to a constant. The explicit expression for F(g,) is
given below in Eq. (2.15).

We introduce the truncated (Ursell) functions defined
in the usual way

PT (0192 =plg192) —plg1) plas) ,
pT(q19245) = (219295 - Play) PT (a2435) — p(g2) P¥ (4145)
-plg3) plgrga) - (2.5)

The rate of decay of the truncated correlations can be
characterized by means of a parameter >N -1 such
that

|7 0" (g gy - v vy da) | S My <, (2.6)

with

r:sup|x,—x,’ 5,j=1,2,...,m, x€D
1%}

and we assume the additional integrability conditions

f'pr(41,qz)| dg, <> ,
(2.7)

fipr(ql,qz,qs)ldqldq%” .

Under the conditions in Eq. (2.7) all terms of the BGY
equations are well defined. Furthermore, we also as-
sume that the following electroneutrality sum rule is
satisfied for charged systems

eayPlay)+ [ dae, 0"(g1,0) =0 , (2.8)
i.e.,
queap(q|q1)=0 ,
where
plag) _ o lgg) .
plglq) = p(q)+6 -plg) = p() + 84, (2.9)

represents the excess density of particle a at x when a
particle of type o, is fixed at x;. The electroneutrality
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sum rule is always satisfied if 7> N in Eq. (2. 6)*% and
in special cases less stringent clustering conditions will
be sufficient. (See Appendixes A and B.)

Combining Eqs. (2.1) and (2. 2) and using the defini-
tion of the truncated three point correlation function
gives

BV, 0"(g1q5) =[Flay) + Fg149]0" (1142 , (2. 10a)
~Flg291) plgy) plgs) (2. 10b)
- fn dq F(qqy) play) 07 (aqs) > (2. 10c)
+f dq F(q:19) 0" (4:19:9) - (2. 104)
D

We integrate g, in Eq. (2.10) on a sequence of finite
volumes V such that V -D. Because of the antisymmetry
of F(g,9) and Eq. (2.7) we have

lim fv da, [ daFlg14) o7 a120)=0 - 2.11)

V=D

Therefore Eq. (2.10) gives

B[ dq,vip"(q195) = [ dq,[Flg,)+Flg192)]0" (q1q5)
D D ( )
2.12a

-i}fg% fv dq, F(q.49,) p(q,) plgs)

+fnd‘1[fv dqu(qql)p(ql)] PT(qu)} .

Since the left-hand side and the term in Eq. (2.12a) are
well defined under the integrability conditions in Eqgs.
(2.7) and (2.6), it is clear that the limit in Eq. (2. 12b)
exists. Using the electroneutrality sum rule we sub-
tract from F(g,q,) its dominant asymptotic part
€45€4 FC(—xy); using Eq. (2.4) we can rewrite Eq.
(2.12b) as

(2.12b)

lim fvdch [F(g241) ~ €40y FC (= 11)]0(ay) plg2)
+fD dqp’(qqa)fv dq, [Flgqy) —e e, F°(~x1)]p(g,)

=p@) [Fla) ~F*@))]+ [, da o™ gD [Fla) - F*(a)]

(2.12¢)
and we obtain from Eqs. (2.12a) and (2. 12c)

B"_/a-DdSIpT(qlqa)=F°(q2)p(qa)+qu1F°(q1)pT(qlq2)

—F(qa)p(qz)—qulF(qaql)pT(ql qs) . (2.13)

By Eq. (2.1) the last term in Eq. (2.13) is — 871 v,p(gp)
and hence we obtain the WLMB equation relating the
density gradient to the integral of pT on the boundary
surface 8D of the region o

le(q1)=BF"(q1)p(q1)+BfD dqF°(g)p" (qq,) —fmdSpT(qql),

(2.14)
where

L)dS:fmds(x)[dwzm: .
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A. Remarks

(1) The electroneutrality sum rule implies that
F®{(g,) in Eq. (2.14) can be defined up to a constant;
therefore F*®{(g,) in the WLMB equation can be taken as
the actual external force given explicitly by

Félg) =F*(g,) + (eu1+ By v,) E%(x,)

with

(2.15)

E*(x,) =E*"(x,) + f dx C* (%) [FC (%, - x) = F°(~x)]

-9, [ axfu () [F(x, - 2) - Fo(-0)]}

where F*(g,) denotes external forces which are not of

electrostatic nature and E°*, solution of V - E®**(x) =0
for x in D, represents the field due to charges outside
of D (together with the polarization effect).

(2) Let us note that the one-body force in Eq. (2.4)
in the BGY equation can be written equivalently as

Flqy) =F‘(ql)+quFs(q1,q)p(q)+ leqy+ (Hay* VDI E(xy) ,

where E(x;) is the total electric field solution of

Ve E(@ =k [Clx)=V- pu(x)], (2.16)
Ct)= [ do D eupaln )+ C*0) (2.17)
1) = [ do 3 popalr, )+ () , (2.18)
Ky is a constant (k; =2, K,=2m, Kkz=4m) . (2.19)

(3) At this stage our derivation of Eq. (2.14) is pure-
ly formal. In the next section we shall give sufficient
conditions under which the limit V-9 in Eq. (2.12¢)
can be permuted with the integral over D for several
cases of interest. It is precisely to justify this permuta-
tion that it is necessary to substract in Eq. (2.12c) the
dominant asymptotic part of the force.

(4) In the WLMB equation only the external force in
Eq. (2.15) appears; since it is independent of the cut-
off introduced in Eq. (2.3b) we can take F€ to be the
true Coulomb force.

(5) It is of interest to note that the WLMB equation
can also be written as

le(q1)=p(q1)[/3j;) qu°(q)p(q|q1)—fmdSp(qlq;)} )

(2.20)
whenever x, is in © with p(glg,) the excess density of
particle in Eq. (2.9).

(6) The integral on the boundary 8D of D does not ap-
pear in the original papers (Refs. 6 and 7) because the
authors have considered only the case where D=®" is
the whole space. As we shall see in the next section,
when D # ®" this boundary contribution is important for
applications.

(7) Introducing the direct correlation function
C(qy,92) =C(1, 2) defined as usual by the Ornstein—
Zernicke equation
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o7 (1,2) =p(1)C(1,2) p(2) + [ d3p%(1,3)C(3,2) p(2)

- [ 351,306,200, (2.21)

p(1,2)=p"(1,2) + 6(1,2) p(2) =p(112) p(2) ,

and using the symmetry of p* and C, we have in opera-
tor notation

1p=(1-pC)p and pCp=(1-pC)p" .
Let us write the WL MB equation as

(2.22)

v.p(2)=8 [ a3p(2, WP - [ BEFRI. (.29

In the case of skort range forces (e,=d, =0) we expect
that the operator p(1, 2) does not have the eigenvalues
zero; multiplying Eq. (2.23) by (1 —pC)(1, 2) and inte-
grating over 2 we obtain

v.0(g,) =BF*(q,) plgy) +f® dq plg,) Clg1,9) V. 0(q)

- fm ds plg,) Clg1,9)plq) , (2.24)

i.e.,
v, plgy) =BF°(qy) plgy) — fD dq plgy) p(q) V,Clgr,q) - (2.25)

Equation (2. 24) without the surface term was formally
obtained for ® =®" already in Refs. 6 and 7.

In the case of charged systems however the electro-
neutrality sum rules implies that p(1, 2) has the eigen-
value zero

quaeazﬁ(ql,Qz) =0
and it is not clear whether Egs. (2.24) and (2.25) are

still correct. If this is the case, introducing the usual
notation

Cuy €
Clg1,92)=-B I_x?jfl +C%(q1,92)

we obtain for purely charged system (N =3)

vy play) =B[F°(gy) +e, E(x))]plgy)
—fD dq plgy) p(@) V. C%(q1,9)

which differs by the surface contribution from the for-
mula used by Totsuji in'? but implies the Gouy—Chap-
man equation in the approximation C5 =0.

(8) Finally let us note that the WLMB equation is the
first member of the following hierarchy connecting the
n and (n+ 1) correlation functions:

S, 0lg  q)=8 EF“(q,)p(ql ceeqy,)
=1 =1
+8 [ dgP*(@)[olag; -~ 2,) ~p(@) plas """ q,)]

- fm ds[plgg, -+ q,) —ol@plg, - q,)] - (2.26)

These equations are obtained combining the nth and

(n+ 1)th member of the BGY hierarchy as we have com-
bined Egs. (2.1) and (2.2) to obtain Eq. (2. 14).

Ill. APPLICATIONS
A. Short range forces: e =d = 0 for all species

In this case, Eq. (2.7) implies that F(g,,q) 07 (gqs)
=F5(q,,q) pT(qqy) is jointly integrable in q,q; which
justifies Eq. (2.12c), whereas F*®{g) reduces trivially
to F¥(g).

It should be noted that if the force satisfies the slightly
stronger condition

[ax|x) |FS o) <o

then the WLMB can be rigorously established under the
clustering condition >N -1 in Eq. (2.6) without Eq.
(2.7). This extension is obtained by the same argument
as the one used in the Appendix of Ref. 13.

Let us remark that when D=®" and F®'(¢) =0, Eq.
(2.26) reduces to 3, V,plq; - + - g,) =0; we thus recover
a version of the Goldstone theorem discussed in Ref. 13,
namely that such clustering states are necessarily in-
variant under translation.

B. Local imhomogeneities in Coulomb systems (o, = 0)

We consider a charged system in the presence of a
localized distribution of charges and dipoles C%’(x),
1 ®(x). The system may have additional inhomogeneities
due to localized obstacles in &, such as fixed extended
hard ions, i.e., D consists of the outside of some finite
region.

Sufficient conditions for the validity of the WLMB
equation are:

(i) Equation (2.7);
(ii) Equation (2.6) with
n>N+1; (3.1)

(iii)

Clx) < Li(x)$——MIE as |x| ~=, €0. (3.2)

| x
(The proof is given in Appendix C.)

M
fxt€?’

Condition (iii) is the assumption that the state has
asymptotically homogeneous, isotropic, and neutral
densities and condition (ii) implies that the trucated
correlation functions have integrable first moments in
all directions

'/. d%’xll [0" (gq) | <= (3.3)

and that the electroneutrality sum rule Eq. (2.8) holds
{see Appendix A).

C. The semi-infinite system (p_ =0)

D is the half-plane {x=(u, 2); u=x',...,5"™Y),
z=«" > 0}. Planar electrodes located at z =0 (respec-
tively, z=+) carry uniform charge densities ¢ (re-
spectively, -o0) producing a constant electric field

J. Chem. Phys., Vol. 78, Part |, No. 6, 15 March 1983

Downloaded 18 Feb 2005 to 128.6.62.224. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



Blum, Gruber, Henderson, Lebowitz, and Martin: Inhomogeneous charged systems

Ky 0 along the z direction in D(k; =2, k,=27, ky=47u).
There areno additional external forces in D:

Cex)=0 p®(x)=0 FS'x)=0.

We investigate the properties of states which are trans-
lation invariant in the # direction and rotation invariant
around the z axis, i.e.,

Clx)=C(z), un(x)=[0,0,...,uz), E(x)=[0,0,...,E(2)].

Using this symmetry, the following conditions [sup-
plementing Egs. (2.7) and (2. 8)]

limC(2)=0 lim u(2)=p" , (3.4)

qu |2p7(g,q,)| <= (3.5)
are sufficient for the derivation of the WLMB equation
(see Appendix C).

Because of the uniform charge distribution on the
electrodes F'® is constant over D; taking into ac-
count the electrality sum rule Eq. (2.8) and the trans-
lation invariance in the # directions, the WLMB equation
reduces to the simple form

8
-82-1 pa1[(o’zl)’ W] = fduf dw Z pila [, 21), 35 0, W] .

(3.6)
Several interesting conclusions can be drawn from Eq.
(3.6).

1. The compressibility of the film absorbed at the
electrode

Evaluating the right-hand side of Eq. (3.6) at z,=0,
we obtaim a formula for the compressibility x of the film
absorbed at the electrode, X being defined as the deriva-
tive at contact of the singlet density.

2. A sum rule for the two point function

Integrating Eq. (3.6) on 2z, from z to © and summing
over charges or dipoles yields the densities

C(z):—[ d:elfdul'/‘dw'/‘dt.u1 “21; €ay Payalt1210y; 0w),
- (3.7
u(z)—u":—j: dzlfdulfdwfdwl

2, o @10 o121 013 00) ,

ajo

(3.8)

we get from Eq. (3.7) the integrated density profile
_ T
fo dzC(z)_-fdwza:fD dgyeq, 2107 (35 @, 0, @) . (3.9)

The total electric field determined by these densities
and subject to the boundary condition E(0) =y [0 - 1£(0)]
is

E(z,) =E(0) +KN[ f “azc(2) —u(z1)+p.(0)] . (3.10)
Combining Eqgs. (3.8), (3.9), and (3.10), we have:

E(O)‘Eb="Nfdw Z:/:; dqy(eqs, 2y +d, @) o7 (gy; @, 0, w)
(3.11)

3199

with E®=1im,.. E(z) the bulk electric field.

When perfect screening of the electrode occurs, i.e.,
E*=0, Eq. (3.11) together with Eq. (2.18) and the
boundary condition for E(0) give the following sum rule
for the two point function:

o=fdwz [da wf p, (0, w)

o [ dasfen 21+, 4D 67 @ 2,0, w)] : (3.12)

Introducing the excess particle density p(g,lg) when a
particle is at the wall, this sum rule takes the form

o=f dw Zf dgy(eq, 2y +dy, wf) plg,| 20w} p,(0, w) .
a

(3.13)
The physical interpretation of Eq. (3.13) is that the
total dipole moment of the excess density due to parti-
cles at the wall equals the surface charge of the plate.
An alternative derivation of Eq. (3.13) in the case where
there are no dipoles has been presented in Ref. 5.

3. Weak clustering along the wall

The WLMB equation and the sum rule Eq. (3.13) were
derived under the assumption of the electroneutrality
Eq. (2.8). Equation (2.8) was proven in Ref. 10 for
charged systems and arbitrary domains D under the
condition in Eq. (2.6) with n>N; this condition requires
an isotropic decay of the correlations in . However,
for the particular geometry of the half-space, one can
introduce a weaker condition allowing a slower decay
along the wall: p7(gy,... »d,) satisfies the condition of
Eq. (2.6) in any cone

D ={x|x-2=6>0}. (3.14)

The proof of Eq. (2.8) under the condition of Eq. (3.14)
with 7> N [in addition to the integrability of correlation
in Eq. (2.7) in®] can be found in the Appendix B.

Moreover, when the first moments of the correlations
are integrable in all directions in D, i.e.,

J:_qul"ﬁ‘ [0" (q12) | < ,
(3.15)
_[Dd(h‘x1| |PT((11¢12113)I <2,

and the condition in Eq. (3.14) holds withn>N+1, the
excess particle density carries no dipole moment [see
Eq. (A5) and Appendix B], i.e.,

fdfh(e,l zy+d,, @) plg|q) =0 . (3.16)

If one assumes that there is a decay perpendicular to
the electrode of the type z~%***), one sees that Eq.

(3. 14) holds withn>N+ 1, and thus Eqs. (2.8) and
(3.13) are true. Then Eq. (3.13) with o# 0 implies
that the dipole sum rule Eq. (3.16) is not verified, and
therefore, the correlations cannot have finite first mo-
ment in all directions. Since there are good decay
properties in the bulk, this implies weak clustering
along the electrode, namely, if o#0, pT {g1,4q5) has to
decay as or slower as ju,|™, |u,| —= for fixed z,

and q,.
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In fact a lu|™ behavior has been found in the 2-dim
jellium for a special value of the temperature by ex-
plicit calculations, and in the three dimensional one
and two component plasmas in a weak coupling approxi-
mation. 1% Although we cannot draw such conclusions
here when o =0, these model calculations show that the
weak decay occurs also when o=0.

Notice that with this l«|™ and z”%**¢ decay the
truncated functions are integrable on D and satisfy Eq.
(3.14) with n> N+ 1 which implies the validity of the
electroneutrality rule of Eq. (2.8).

D. Jellium systems (pg 0, d, =0)

We now treat the case where there is a fixed back-
ground of uniform charge density pg in®. ¥or sim-
plicity we set d, =0 for all @ and ;1 “’(x) =0 (no dipoles).
In this case, one does not need to cut-off the Coulomb
force at the origin, i.e., F¢{x)=x/ix}¥ everywhere.

1. Local inhomogeneities

We consider first local inhomogeneities as described
in Application B. Now C‘’(x) is of the form

CONx) =5 xp (1) +C() (3.17)

where xp(¥) =1, & D, Xp(x) =0 otherwise and C*’(x) is
some local additional charge distribution inD.

The conditions of application 2 are again sufficient for
the derivation of the WLMB equation {see Appendix C).
In this case, we write F®{g) of Eq. (2.15) in the form

dx, [FC(x —x,) = F%(~xy)],

F(q)=F°(q) +e py lim f
R-= JixI<R
X1€D
- (3.18)
where F®(g) represents the sum of all external forces
(including the system’s charges at infinity) with the ex-
ception of the background contribution which has been
singled out explicitly in Eq. (3.18)

This later contribution can then be written as

€. Pg {lim f dx(F°(x =x,) = F°(—x1)]
R = |III(R
—f dx,[F‘(x—xl)—Fc(—x,)]}=ea[pB -Ki’x—J(x)],
a1 N
(3.19)
where J(x) is simply the electric field produced by a

uniform charge density pg in the complementary region
&"'D (which is assumed to be finite here).

Inserting now Egs. (3.18) and (3.19) into Eq. (2.14),
we obtain the WLMB equation appropriate to this case

v, plg,) = lF*(q,) -ealJ(xl)] plg)+B L dq[I:"’(q)

—e, J0O1pT (gqy) — fm ds pTlgqy) . (3.20)

In Eq. (3.20) we have used the dipole sum rule of Eq.
(A5) which is true under our clustering condition Eq.
(2.6) with n> N+1 (see Appendix A).

We notice that when D =®"and F%(g)=0, Eq. (3.20)
reduces to V,plg,) =0, establishing the translation in-

variance of jellium systems under the same clustering
conditions as in Ref. 13.

2. The semi-infinite jellium

We take the same situation as in Application C with no
dipoles, one type of ions of charge e, and C'®(z) =pj,
z=0, F¥(y)=0.

The conditions of Application 3 are again sufficient for
the derivation of the WLMB equation (see Appendix C).
In this case:

L
F(e)(xl):F(d(zl)=eE(°)+€pglim J‘ dz fd"'tu
o]

L ww
x[F(u, 2z, -2) = F°(u, -2)]
(3.21)

Introducing Eq. (3.21) in Eq. (2.14) and using the elec-
troneutrality sum rule yields

d%l plzy) = fd”"‘u pTluz,, 0) + Ky B pg plzy) f dqez plq|q.).

(3.22)
Let us show that, as in the case of a several component
system, Eq, (3.22) implies a weak decay paraliel to the
electrode.

= ot
=eE'®+ ekyppz, .

If one assumes that p”(gq:) decays as z~** in the
bulk and has finite first moments in the # plane, the
last term of Eq. {3.22) vanishes by the dipole sum rule.
Repeating the arguments leading to Eq. (3.13) we will
get assuming E* =0

o=p(0) f dq ez p(g|0)=0
D
a contradiction when g+ 0! Therefore p”(gq;) cannot
have integrable moments in the u plane,

The dipole sum rule is however expected to hold
asymptotically in the bulk, i.e.,

lim L) dgez plglg,)=0 .

£y

(3.23)

If the above quantity vanishes as z;%*’ as z,~ <, we can
compute from Eq. (3.22) the charge density and the in-
tegrated profile, as in Egs. (3.7) and (3.19). This
leads to the sum rule

o= j dgez pT(q,0) +Ky Bpg J“ dz,ez, {f dgez pT(q,zl)] .
’ (3.29)
APPENDIX A
In this Appendix, we generalize the results of Ref. 10
to mixtures of ions and dipoles for general domains D.
1. Proposition

Let D be some domain in ®" extending to infinity at
least in one direction and assume that the charged par-
ticles have nonvanishing density in ©. Then if Eq. (2.6)
holds with n >N for n=2, 3, the charge sum rule Eq.
(2.8) is true. If Eq. (2.6) holds with n>N + 1 for n=2,
3, then the dipole sum rule Eq. (A5) is true.

2. Proof

We proceed exactly as in § B, C, D of Ref. 10, letting
jx;1 =~ in D and examining the asymptotic behavior
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of the terms in Eq. (2.13).

Let ¢, be a charged particle with nonvanishing density
plg,)# 0. The longest range part of the interaction is
the Coulomb term

(A1)

X=X 1
Flq1,02)= €a, 00, T, —x:I" e (le—xz I"") ’

€y, #0.

The only difference with a pure ionic gas is that the
force and the correlations depend now on the additional
dipole variables. But it follows from the hypothesis of
Eq. (2.86) that they satisfy all the conditions of the
Lemmas 1 and 2 of Ref. 10 with y=N -1 and I =0 uni-
formly with respect to the dipole variables, Since these
variables are integrated over a compact space, the re-
sult of these Lemmas remains true by dominated con-
vergence. One finds as in § B of Ref. 10 that

1
As in Ref. 10, one must average Eq. (2.10) on a local re-
gion around x, to take care of the gradient term in the
left-hand side on Eq. (2.10) and assume the nonvanish-
ing density (S,) of Ref. 10. In view of Eq. (Al) and the
fact that p(g,)#0, this implies the charge sum rule Eq.
(2.8).

We now use the charge sum rule to substract the
asymptotic behavior of the Coulomb force in Eqgs.
(2.10b) and (2.10c). We apply the Lemma 2 of Ref. 10
to find

plq,) fﬂlq[F(ql,q)-e‘,eal |:f| ]p(qlqa) 0(|x11, )

(A3)

plg,) qu Flg1,9) (g |qz) =

From Eq. (2.3), one gets the asymptotic behavior
i

X
Fl(ql’ ) eaeal W
dix,) ——yle, e x' +e -e Y+ oL
,x ' oy Vo alu'a “’al ' l ’

(A4)
with

djx)=6,, - Nx'x’ .

The first contribution in Eq. (A4) is the first term in
the Taylor expansion of the Coulomb force for large

Iz, |; the second one comes from the charge-dipole in-
teraction., The Lemma 1 of Ref. 10 with Eqs. (A3) and
(A4) and the fact that the matrix di(x) is invertible imply

qu(eai €ax +ea1“'a _ea“al)p(ql Qz) =0
giving the dipole sum rule

qu(eax +1q) plg|gs)=0 . (A5)
In the derivation of the dipole sum rule, one has to use
The Lemmas 1, 2 of Ref, 10 withy=N-1and I=1 to
control the Coulomb force, and with y=N and =0 to
control the charge-dipole force.

3201

3. Remarks

One can prove in the same way

qu(eaxwa)p(q gy, ..., @) =0,
when Eq. (2.6) holds with > N + 1 for n=2, 3,
k+2,

If the system consists in a mixture of pure charges
and pure dipoles, the condition 7> N +1 used for the
derivation of the dipole sum rule is not needed for the
dipole —dipole correlations.

APPENDIX B

In this Appendix, we show that the [ =0 (respectively, I=1)
sum rules are valid under conditions which are weaker
than in Ref. 10 for semi-infinite systems. For this we
prove that the Lemmas 1 and 2 of Ref. 10 with [=0
(respectively I =1) remain true when the truncated cor-
relations are integrable in the half-space, i.e., Eq.

(2. 7) and the condition of Eq. (3.14) holds with > N
[respectively , when the truncated functions have finite
first moments, i.e., Eqs. (3.15), and (3. 14) holds with
n>N+ 1].

We set D®= D|D? and write all integrals on D occur-
ring in the statements of Lemmas 1 and 2 as sums of
integrals on the disjoint domains D°® and D°®. We set
%,=An+y in Eq. (A2), where y is some fixed vector.
Both Lemmas apply in D* with y=N-1 and /=0 (re-
spectively, 7=1) for any & by hypothesis.

Moreover if x € D?, one has

b
|, —x|=[)\fz+y-x|2|>\ﬁ—x|—|y12\/1-5 ATy xlz—,yl.

Hence x € D° implies A/ |x, ~x|=0(1). One finds from

Eq. (2.3)
A1 F(qy,9)=0(1)

and, using the limited Taylor expansion

Ay [F(ql,q) -4, 8 I—;%N] =0(|x])

uniformly with respect to A=0, and uniformly with re-
spect to y in compact sets,

Since the truncated correlated functions are integrable
on D® (respectively, have finite first moment), one finds
that

AN-lfﬁo dq|Flqy, ) plq|gy)| = Ml_/:_-)6 dq |plqlay) |

X
A f,—,e dql[F(ql,q) = €42 W] plglay)

= sz;)o dq|x| |olglqy)]

tend to zero as §— 0 uniformly with respect to A and y in
compact sets,

The results of Lemmas 1 and 2 are obtained by first
taking the limit A -« and then §- 0.
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APPENDIX C

In order to demonstrate Eq. (2.12c), we show that

J, 4alFHa1, ) —eq,e0 F (=) pla)
=eq, | AlFle, =x) = F(=x)] C5(x)
v

_fdx(ual'V,)F"(xl-x)Cs(x)

\ 4

+eulfdx[us(x)'v,]F°(x1 -x)
\ 4

OB ATREE RO 1)
converges as V - D for a suitable sequence of volumes
V, and these terms are O(|x;|) (Application B)or O(|z,[)
(Application C) uniformly with respect to V. Then with
Eq. (3.3) or (3.5) the validity of Eq. (2.12¢c) follows by
dominated convergence,

In Eq. (C1), C¥(x)= [ dw 3, e, alx,w) and pS(x)
= [dw 4 ke Pelr, w) are the local system’s charge and
dipole density.

1. Application B

We show that C5(x) [F°(x, ~x) —F(-x)] is absolutely
integrable on D and the integral is O([x, 1),

Choose a= R, R given in Eq. (2.3b) and for fixed x,
divide ® into the sets ' ={x € ©'; Ix |> 2|x,} +a} and
D"={keD; IxI= 2|x,l+a}. Whenx € D, |x -x,|
>(ix | +a)/2 and |x; —x | >a, and one can estimate
F®(x; —x) = F°(~x) by a limited Taylor expansion

c c _|x-x  x
!F (x, —=x) = F( x)l % —% | I
Mlx,| 2M x|

= su =
o<9§1 ey —6x [V x 1"

This shows with Eq. (3.2) that [FC(x, —-x) =F°(-x)| is
integrable on ©' and

fﬁ x| CSW)[FC g —x) =FC(=x)|=0(|x,]) .

The corresponding integral over D'’ is also O(lx,|) by
the Lemma 4 of Ref. 16, p. 70.
With the same decomposition D=D'U D", we have

M 2M
V. FCx, -x)|= = c D’
|V, FC(x; —x) | PeTILarLE xeD’.

Hence

f dx | pSe)* 9, FC(x, —x)| =0(1)

D
and an application of the Lemma 4, % gives

[ 5@ 9, PG, =) [=00n (1, ) .

oy
In the same way, all terms in Eq. (C1) are integrable
on D and at least O(|x, ). This gives the results (2.12¢).
Moreover, since terms in Eq. (C1) involving gradients

are absolutely integrable, integrals and gradients can
be exchanged implying that Eq. (2.15) holds true.
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2. Application C

Let V, be a sequence of slabs {x; ue ®¥™, 0sz=<L};
set x, = (0, z,) and consider the z component of the force,
Notice that for z >R [R given in Eq. (2.3b)], one finds

N-1 _ =1 ¥4 _ K . ~ Ky
fd uFu,z)= fd” u W——zﬁ signz= —-.
(c2)
Moreover [d"*uFC°(u,z) is a continuous function of z,
and hence also bounded for 0= z=R,

Since for z >R+ 2,, lz; -z |>R, and z >R, the inte-
grand in Eq. (C3) vanishes in virtue of Eq. (C2) for L
large enough

f ax[FC(x; = x) =FS(=x)] €5 (%)
VL
Raz{
= f dz C5(2) fa’”'lu[Fc(u,zl -2)=F%u, -2)] .
° (€3)
The integrand of Eq. (C3) being uniformly bounded in 2z
and z,, it is clear that Eq. {C3) is O(z,) uniformly in L.

The terms in Eq. (C1) involving derivatives are
treated in the same way, and it can be checked that the
limit L - and derivatives can be exchanged everywhere,

3. Application D

(i) Local inhomogeneities. Let V={x; IxISR)be a
sequence of spheres, and write the first term of the
right-hand side of Eq. (C1) as [since C(x)= C5(x)+ p,]

eJ ax[FCx, —x) ~ F¢(=x)] Clx)
v

bt
R

~ €4 Pp f dx[FC(x, — x) = F(=x)] (c4)
Yr

with Eq. (3.2), the first integral is absolutely conver-
gent and the integral in O(lx,1) as in the Application 2,

The second term can be calculated explicitly with the

result
K
SWN}CI ]x1]<R

f dx (Lﬁﬁ iﬂ,> -

s —x | Ix 1 Ky pv X3
v 1 -2 >
R ?NR TAL lx,|>R
(Ccs)

showing that this integral is O(lx, 1) uniformly with re-
spect to V.. Thus Eq. {2.12c) holds true,

(ii) The arguments needed to control Eq, (2,12¢) in
the case of the semi-infinite jellium are the same as in
Application C.
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