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Abstract. We prove that the expansion in powers of the temperature T of the
correlation functions and the free energy of the plane rotator model on a
d-dimensional lattice is asymptotic to all orders in T. The leading term in the
expansion is the spin wave approximation and the higher powers are obtained
by the usual perturbation series. We also prove the inverse power decay of the
pair correlation at low temperatures for d=3.

1. Introduction

We investigate the low temperature properties of the classical plane rotator model
described by the Hamiltonian:

~PH= Y cosg=6), del-mrl, M
LX)
p is the inverse temperature T and {i,j> are nearest neighbor pairs of sites on the
d-dimensional simple cubic lattice Z°

It has been known for a long time that the SO(2) symmetry of this model is
only broken in d=3 where there is a spontaneous magnetization at low
temperatures [8, 13]. These results provide a qualitative justification of the spin
wave picture. In this paper we prove that in any dimension d, the free energy and
the correlations have a low temperature expansion about the spin wave approxi-
mation valid to all orders in 7. In particular we show how to get higher order
correction in T to the spontaneous magnetization (d = 3). The zeroth order value
for the spontaneous magnetization was obtained in [13].
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The formal expansion in T is obtained [6, 117 by making a change of variables,

;= ﬁ¢;, and then expanding the cosine into a power series so that up to a
constant,

1 1
~fH=~3 Y @~ ¢) + 57T ¥ @)+, diel-nl/B.nl/B].
AP RO 4
We see that there are two perturbations of the massless gaussian field (the spin
wave approximation): The first one is the power series in T for — fH and the other

one is the restriction of ¢’ to the interval |q§§]§n\/§, re. the Gibbs factor
exp{ —fH] has to be multiplied by a product of the characteristic functions

wilsn ]/E). The first perturbation, at least when the series is truncated at a given
order, can be treated using methods developed in [ 3] (Part [ of this series). The aim
of this paper is to get rid of the second one (and of the truncation of the power
series). This is done using infrared bounds [ 13]. We prove that the contribution of
this second perturbation is exponentially small in T (when T—0) and therefore
does not appear in the power series expansion. In two dimensions the formal
perturbation theory is not defined for functions like the spontaneous magneti-
zation which vanishes. However we can compute asymptotics for all nonvanishing
correlations.

As in [ 3], our method does not give directly any results about the decay of the
correlations nor about analyticity in T for T+0. However, using ideas from [4]
and an improvement of the results in [25] we show, for instance, that the two point
function {sin¢,sin¢,> behaves exactly like |x|™* for d=3 whenever there is a
spontaneous magnetization.

The outline of the paper is as follows: In Sect. II we describe the model and
some of its known properties that are used later. In Sect. I11 we state and prove the
main result. In Sect. IV we give an alternative proof of a part of the theorem. In
Sect. V we study the decay of the two point correlation function.

. Definition of the Model

Let H , be the Hamiltonian defined in (1) with periodic boundary conditions on a
parallelepiped A CZ9 centered on the origin. We also consider the Hamiltonian:

BH, ,=BH,—h Y cosg,. 2)

icd

A probability measure on [ —n, 7]'4! is defined (j4]=number of sites in A4) by:

duA,h=ZZ,iexp{B > COS(¢i—¢j)+hZcos¢i}. 3)

KLjrc4 icA
We shall consider the correlations functions:
cosme) , ,=fcosmedp, (), 4)
where m¢ =Y m(i)p,, and m:Z*-Z is a function of compact support, and the
pressure P(T)l defined by:
P(T)= /anld |A]" logZ 4 e -
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It is easy to show that P(T) exists. Using the Lee-Yang theorem [20, 9], we can
also show that the thermodynamic limit of the correlation functions exists for
h40, and that the state obtained is clustering [ 12, 18, 23]. The “ + " state is defined

by: £i%1 {cosmey, = {cosmep) , .

The limit exists by Ginibre’s inequalities. By symmetry, {sinm¢p) , =0.
In d=2, the uniqueness of the translation invariant equilibrium state [2]
implies:
{cosmep) . = /}LIIZId {eosm) 4 - =0.
In d=3, it has been proven [13] that {cos¢), =m(f)>0 for § large. This is a
consequence of the infrared bounds which we now recall.

Notation. We let )
6,=(0?,0})=(cos¢,sing,)e R*.

As in [3], the unit vectors along the coordinate axis are denoted by e, a=1, ...,d.
Given a function f: Z?—R? of compact support, we write

Vif =50 — fli+e)=rf)i,
)y dE;’ a(g)= Y 9(0)- ;.

Lattice sites will sometimes also be denoted by x, y or z.

Infrared Bounds [13]
IR 1. Let g*: Z*->R?, a=1, ...,d be functions of compact support. Then

<expo(§l Vag“)>A Se[S 0|25,

When feR?issuch that ) f(i)=0, then g*(i)= — A~ *V?f is well defined. Applying
IR 1 to this particular ¢g*(i) we get [13]:
Cexpa(f)) 4 p=exp[(f. (=471 )/24].

Using the fact that { ), is ergodic, IR 1 has the following consequence:
IR 2 [13]. For d=3, let ,=0,—{0,);, then

Cexpd(g)y, expl(g,(—4)"'g)/25]
for any g of compact support.
From IR 2, one obtains the bound,

[m(B)1> =cos >’ 21— 1(d)T, 5
where
Id)y=2n)~* § d“’k[Z(l—coské)J‘1
EAES &

As we shall see later, the r.h.s. of (5) are the first terms in the asymptotic expansion
of m*
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II. The Main Result

Theorem 1. For any d, the perturbation expansion in T for the “excess free energy”
QM) =P(T)—dp—%1InT and the correlation functions {cosm¢) , is asymptotic to
all orders in T.

1. Strategy of the Proof

The proof will be divided into two parts; we shall first prove the result for Q(T)
and for correlation functions of the type

a) <{cosm¢)>, with Zm(i)smzo,

and then for correlation functions of the type
b) <(cosmepy, with m=+0.

In some way, Parts a) and b) correspond to the cases {(V,¢)*> and {¢2> of [3].
For technical reasons, we are not able to generalize the proof given in [ 3] for {(¢2>
to Case b). Using however the existence of an asymptotic expansion for
{(cos(po—,)>, and the decay of the truncated two point function,
{cosp,cosg. >, —{cosdyrd<clx| ™!, d=3, which we get from IR bounds (4, 25],
we are able to generate an asymptotic expansion for {(cos¢) . Using reflection
positivity, we generalize our argument to any {cosme¢), with m=+0. For d<3,
Part b) is trivial since by the Dobrushin-Schlosman theorem [8], {cosm¢), =0
for m=+0.

To keep matters simple, we shall first consider in a} d 23 and then indicate the
changes required for d=2. In Sect. 4 we sketch an alternative proof of a) which
should also work for non nearest neighbor interactions. This proof uses cor-
relation inequalities.

2. Asymptotic Expansion for {cosm¢p)y with m=0,d=3

Before giving the proof, we shall derive two technical lemmas from the infrared
bound IR 2. Those are the key ingredients which will be used to deal with the
second perturbation of the free massless Gaussian field described in the in-

troduction, namely x(l¢,| <7 }/B).
We introduce the periodic function a(¢) : R—[ —7, ], s.t. a(p+2nn)= ¢, ne N.

Lemma 1. For d=3 there exists positive constants ¢,,c, independent of T and h,
such that

Cexp(}/Bla@)/e, ), Sy <.
Proaf. We first prove {exp(2 V[?az(¢)/n2)> < o0, IR2 with g=(— ]/ﬁéio, 0) implies
Cexp[— |/ Bleosd— {cos¢),) ], Sexp[Coo/2] ¢} ©

with C;;=(—4)" !(i,j) the covariance of the Gaussian measure corresponding to
the spin wave approximation. Taking the square root of (5) we obtain,

(cos ), 21— TI(T) )



Lattice Systems with a Continuous Symmetry. 11 549

with &(T)—1 when T—0. The inequalities (6), (7) imply:
Cexp(/BLA~1/2L(d) TH(T) —cos p1)y, S ¢,
1 —cos¢p=2/n?p? for e[ —m, 7], so that
exp2)/BaX(¢)/n?)y, = ¢y exp[1/21(d) )/ THTY] £ 5. ®)

We now use again IR 2 with é(g)= V[—fsin ¢. Let us first remark that for any
k<m 3¢>0 such that [x|Scfsinx| for [x| <k. This implies

exp(}/Blxl/c)Sexp[ |/ sinx]+exp[ — |/Bsinx] for |x|<k. ©)
Defining 1,(¢) by (F(¢)>,=[ F($)d,($),

n ki

/2
1 exp(/Bidlicldyu(@)= | exp()/Bilferdu(s)
+ { exp(}/Bil/c)u ).

l¢i>mn/2
To estimate the first integral we use (9):

2

/2
S oo (/Bdin(@)= | (exp |/Bsingrexp— /B sin $)din(¢)

< | (exp |/ Fsin g+ exp— /T sin $)duy9)

kid

=<c, uniformly in T by IR 2.
To estimate the second integral, we use the Chebyshev’s inequalities and (8):

| exp()/Blgl/c)du(d) < (exp |/ Br/c)um{ ligi = /2

lpl>n/2
<{exp Wn/c) exp(—2 Vgnz/ﬂzél)
=exp[— |/B(1/2—n/c)] ¢,

uniformly in T for ¢>27.
Remark. Setting ]/qu-——q&’ Lemma 1 implies:
fexp(i¢'l/c)dp(¢') <const
when dy’ is the measure obtained by the change of variables. But,

lp'"/c"=nlexp(|¢l/c)

hence,
{1¢'I"dp(¢) S constnle”, (10)

where the const is T independent.

Lemma 2. For d=3, (8(¢p £ m)y, <c, exp[—c,BY*], where ¢, and c, are positive
constants independent of T and 6 is considered as a periodic d-function.
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Proof. The proof will be based on Lemma 1 and the DLR equations [7,17]. If u is
the equilibrium measure corresponding to the “+” state, the DLR equations
[7, 17] read:

(o(p—m)) ., Zjd#(¢1 D2 )F (D) - s,
where

F(p, ...,)= [j d¢ exp (ﬂ é:dl cos (¢p— @))}“ 1

2d
ap=mexn (. cosig—4))do.
i=1
and {¢;}?¢, are the nearest neighbors of ¢. Let

A={p, ... d, b, <a, s l@a<al,

(a=m/32 for instance) and let us estimate the integral

£F(¢1 O O T C N .3

by finding a bound for sup|F(¢, ... P, )l:
A

T

{

4

a 2d -1
<|J exp(# . foost9/2- ) o520 a4

<L[2aexp2Bc]?,

F(¢1 ~~~¢2d):

exp [ 3. Loos(9— ) —cos(x— 9,16 |

where ¢’ =2d cos(3a/2) cos(a/2). To prove the result, we still have to estimate
j Floy ...d,0duep, ... ¢2d)§ﬂ(AC)S}:pF(¢1 ¢2d)'
4c c

By Chebyshev and Lemma 1,
WAy <constexp[—cpl?], (c>0).

Hence

L —1
PP, 920 | | dexp(—20p1co5(/2)

< [ | déexp(—2dp|sin (¢/2)I)l_

-1/
<constf.
Proof of Case a) for d=3. We now prove that the expansion for {cosVg¢>, is

asymptotic up to second order. The proof can be easily generalized to all orders
and to all correlation functions with m=0.
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Making the change of variables ¢;= ]/BqSi,

{cos Veq_')>A i
(3%

| TTdecos()/TVs¢ )exp[ﬁ S (cos )/ TVEp—1)+h Y cos fﬂ
= — VP ied ied
f [Tdp.explp ¥ (cos )/ TVip—1)+h Y, cos ]ﬁqﬁi]
— /B ied ied, & ied

N.B. We shall generally not indicate explicitly whether we are using the original
angle variable ¢ or the scaled ¢ as this should be clear from the context.

We now expand cos(ﬁngﬁ) up to second order

cos(ﬁV(ﬁ(ﬁ):l—T(ng(b)z +T2(Viqf)) —T3(V62) cosa,

where o is fixed by Taylor’s theorem. Clearly we have to expand {(Vi¢)*)> up to
order 1 and {(F¢¢)*> up to order 0. The third term

T3 T 6 3
S K59)° cos )| = 7 (V)™ Sconst T
because of Lemma 1 (see Remark).
As noted in the introduction there are two perturbations of the massless

Gaussian lattice field: a power series in T for

Bos (/) TVip)+4(Vip)* —

and a characteristic function X(I¢i|<n[/ﬁ). The perturbation h ) cos ﬁ¢ is
irrelevant because h will be set equal to zero. ied

As in [3] the expansion for {(V¢$)*> and {(V¢p)*)> will be generated by a
regularized form of the integration by parts (I.P.) formula that we now recall: if F
is a function of the Gaussian variables ¢, I=1,...,n

S‘POF({@}?: Dy, = ZA Cgi d¢ F({,}]- )duo
+m? Z COE jd)iF({qsl}?:i)d#OA’ (13)

ieA
where du, , is the Gaussian measure of the massless field with periodic boundary
conditions in a box A, and C§;™ is the covariance of the massive Gaussian field
with periodic boundary conditions in the box A.
As in [3] m will be T-dependent. Let us apply (13) to {(Vid)*)>. After
regrouping some terms, see [ 3, Eq. (9)], we obtain

VE)® 4 = VEVECHT — BY VEVECE ™ VspL — |/ Tsin [/ TVip+ T(VED)> 4 1
i,&
—VTh Y vsCEm<Vedsin /T 4,
icd

+ Zmz VeCH:™Vedd D an

+ Y VeCamVedLo(d+m |/ B+ 8=/ B 4 h- (14)
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Taking ’llirré /}im in (14) we obtain the same equation in the limiting state { >

except that the term proportional to h has disappeared, because [Vl , is
uniformly bounded (see Remark after Lemma 1), thus

V9> =V§VsClo—B Y. VeViCy, -(Vepl— )/ Tsin |/ TVi ¢+ T(Vih)1)
29
+ 2 mVSCELVodd
+ D VSCHLVspLo(+n )/ B)+3(¢p—n |/ B> (15)

This equation is similar to Eq. (10) of [3] except for the presence of the last term of
the r.h.s. This term is the contribution to the expansion of the characteristic
functions y(|¢,] §nl/ﬁ). We shall use Lemmas 1 and 2 to prove that it is
exponentially small in T (as T—-0).

Choosing m=m(T)=exp[ —(In T)#], the first term on the r.s. of (15) gives the
0-th order of the expansion since

WEVECn — VEVECTHS °| < constm
(see [3, Appendix B]). The mass terms
m? Y VSCoVshg:» Sconstm®m™ (V5]

because Y [VECmi<Cm™!, see [3, Appendix A]J.

By Lemma 1 [{V§p¢,>] <const uniformly in T. So the mass term is bounded by
constm. By our choice of m it is exponentially small with T. The 4-th term of the
r.hs. of (15) is bounded by

constm ™ <VEpd(p+ ]/ B
but
Vepd(p+ n]/B)> <c,exp(~c,f'*) by Lemma 2.
Therefore this term is still exponentially small in T (as T—0). Applying Taylor’s
theorem to sin(ﬁ( Vi) and using Y [VEVECH| <constlnm, see [3, Appendix AJ,

the second term (the temperature term) is bounded by CTlnm|{V¢p(Vi¢)*>| and
hence by const T'lnm.

In general when we apply the integration by parts formula there appear 4
terms as in (15), the last two are exponentially small and they disappear {from the
expansion. The second term called, the temperature term or Il-term is small
compared to the first term called the I-term.

To get the first order of the expansion of {(Vg$)*>, we have to apply LP. once
more to the [I-term in (15). This yields after having applied Taylor’s theorem to the
sin:

1= £y remscrcrse i
L

+ % Y VEVECELVEd T (Vi) cosa)y .
L&
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The second term above is bounded by const 72 Inm and is small compared to T.

We now apply LP. to (V¢(Vi¢)*> and then we apply repeatedly LP. to the
I-term produced by the preceding LP. until we have a purely Gaussian expectation
value. By what we have explained before all the remainder terms are small with
respect to the purely Gaussian expectation value. We apply the same procedure to
{(VEp)*> to get the 0-th order. So

(cosVspy, =1~ §<(V5¢)2>2— % ;((Véw)z(ﬂ%)“%‘

+ 7 TSI +0(T),

where { ¢ is the expectation value in the massive Gaussian field. This yields
(eosV5dy . =1—T[Cgo—Ch 13 T*[Cho— C5. 1> +0(T2 %)
As already proved in [3, Appendix B], if
{eosVEpy =1+a,(m(T)T+a,m(T)T*+O(T**%)
then

la(m(T))— a0 sm(T)=e 41"
SO

eosVggy . =1—T[Cpo—Cy,] _%Tz[coo - C()e]2 +0(T>79).

1
But Cyq—Cy,.= 5 So finally,

(eosVspy, =1—T/2d— 3T?/84% +O(T?+9).
3. Asymptotic Expansion of {cosm¢) with Y m(i)=0 in d=2

In two dimensions there is no breakdown of the SO(2) symmetry so the measure
du{¢) is not concentrated around ¢ =0 and we do not expect Lemmas 1 and 2 to
be true. We shall however prove similar results for the difference variables (¢, — ¢,)
even when [x— y|~exp[fY*]. In d=2, { ) will denote }15130< YA h=o-

Lemma 3. For d=2 let x,ye Z* and |x— y|=O(expB'/*) then
Cexp(B*¥la(p, — ¢ )i/n)ySc< oo,
where c is T independent.
Proof. From IR 1, we have,
Cexp[ +f*(cos ¢, —cos )]) Zexp[f~2(Coo—C, )]
sexple, f7 2 Inix—yl1c,, 17

where ¢, and ¢, are positive, T-independent constants, and we have used |{x — y|
=O(exp /%), Similarly,

Cexp(£ 1 *(sing, —sind,))) sc;. (18)



554 J. Bricmont, J.-R. Fontaine, J. L. Lebowitz, E. H. Lieb, and T. Spencer

The bounds (17) and (18) imply
Cexp{£2p"*sin[(§,+ ,)/2) sin[(p.—¢,)/21}
+exp{+28"*cos[(¢, +¢,)/2]sin[(¢,~ )21} Sc,,

which clearly gives:

Cexp[B"Isin(, —¢,)/2[]> Sey. (19)
The lemma then follows by noting that |a(¢)|/m <sin /2.
Remark. When |x— y|=0(1), we obviously have

(expp'la(p,— ¢ > sc <o (20)
(¢ is T independent).
Lemma 4. For d=2, let {x— x,|=cexp[B**]. Then
(e — b x> Scexp(—cy ),

where ¢, and c, are positive, T-independent, constants.

Proof. The proof is similar to the one of Lemma 2 given Lemma 1. By the D.L.R.
equations [7, 171, if u is the equilibrium measure corresponding to { ) then:

<5(¢x0_¢x"n)>:§dﬂ(¢p "'>¢2d7w1> "'9w2d)F(¢19 "'>¢2d9w1> --'>w2d)>

where
F= |(600,,~ .= mexp B 3. [005(9, ) +cos(6,— 91| b0

-.[jdqsxodqsx exp <B 3 [00s(g,— b +cos(h,~ w»]ﬂ , 1)

where {¢,}72, and {y,}7¢,, are respectively the nearest neighbor variables to ¢,
and ¢,.

Let A= {<f>i>w,-|l¢i—wil<a, w,—yyl<a, lo,—dyl<aand i,j=1,...,2d}. (a 1s
for instance 7/32.)
Our proof is in 2 steps.
1) Estimate of | Fdu.
A

jdu(gbp“wd)zdy Py, --->W2d)F§SgpF(¢p -~~:¢2d7W1> --~:W2d)~
A

Using the double angle formula, the numerator of (21) is bounded by
expl[2f cos(n/2—a/2)]. The denominator D of (21) obeys:

Dz § d¢, exp <ﬂZcos(¢0— qbi)) . | d¢exp (Z cos(qu—wi)),
[Pxe— Fio) <a i [ox — wil<a i

where iye{l,...,2d}. Vi, |¢,—¢,l<a because ¢, ¢, €4 and therefore
[y — il <2a. So

D =a? exp(f2d2cos2a) = a* exp[2d].
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Finally
sup F<a™ 2exp(—2p(d—cos(n/2—a/2))La” 2 exp(—cp). (22)
A
2) Estimate of | Fdu.
AC

JC Fdu<|F|,u(A°).

By Chebyshev inequality and Lemma 3, u(A°) Sexp(—f'*a/n). To estimate |F|
we note that

'F':{f exp (ﬁ;[cos(quo-¢,->+cos(¢x0+n—wi)]) d¢>xo}
-[j exp (ﬂ;[cos (o — ;) +cOS (@—w»])d%d@r

=sup [eXp (Blcos (¢, ~ dy) +cos (¢, +m—)])

X0

-(J" exp <,Bzi:[cos (¢, — b)) +cOs (%—w»]) dqsx)*} S.

li

By compactness, 3¢, e[ —n, 7] such that
S=exp (ﬁ LLcos (., )+ cos (§, 7 wi)]>
-(f exp (ﬁ L Lcos (g, = $)+cos (9 - wi)J) dd)x)" '
= {j exp<2ﬁ 2sin [($e= b2+ /2=y sin b= d)2— n/zj) d¢x} o

<[ I ew(=2flg.)da,) " <constf.
[l <p~1
where the const is T-independent.

Given Lemmas 4 and 5, we shall perform the expansion in a way which is
similar to the case d=2 of [3]. We still need an additional lemma:

Lemma §. Let F(¢,, ..., ¢y) be a periodic function of ¢, ..., ¢y with period 2n and
such that

Flgo+e, ...dop+c)=F(dg, ... 0. (23)
Then

1 1
WfF(‘lso ‘7'¢N)d¢0 ~-d¢1v: @TC)TTjF(O’qb1 '-~¢N)d¢1 ---d¢N~
Proof.
1
+ %IF(d)o ~--¢N)d¢o "'d¢N:§d¢0[jF(¢0:(/)1 +¢0 ---¢N+¢o)d¢1 '--dﬁbN]

by periodicity. The result then follows from (23). As a direct consequence of
Lemma 5 we have:



556 J. Bricmont, J.-R. Fontaine, J. L. Lebowitz, E. H. Lieb, and T. Spencer
Corollary 1. If > m(i)=0, then
i

{cosmep) ; o =<cosmep)’; ,_,

where the { )’ state is the state {  with the restriction that ¢, =0. The point x,
can be chosen arbitrarily.

Proof of Case a) for d=2. We expand around a massive Gaussian field with mass
m(T)=e~ D" in a finite periodic cubical box A,C A with sides R(T)=exp [f/*].
In expanding {cosm¢)’ defined in Corollary 1 we shall choose x, just outside of
A, but within A with d(x,, 4,)=2. By Lemmas 4 and 5, Vx CA,, the “spin” at the
point x in our system in A will be with high probability in the same direction as the
one at x,. Writing H ,=H¢§_+ H', with

HS,=3 3 (=9 +m*(D) ¥ 97 +% T (6~ 99°,

{ijyC Ag ieAg i€eddo
Hi=d ¥ @9+ 3 m9)-miD T 4
—%_;A(¢i—¢;>2+<;Aﬂ(cosW¢ D)1+ 2 (6~ 9) )

where 7 and i are nearest neighbor in 4, with periodic boundary conditions.

To expand {cosVip) =<{cos V5p)', we make as before the change of variable
¢ = ﬁ¢. We have to perform an expansion for {(Vé$)*)'. Let us first consider
the zeroth order of ((V¢¢)*)’ by doing an integration by parts with respect to H ﬁo.
This yields for A1Z2,

(Ved)®y =VeveCig™ (a)
+ Y VEVECoe ™ Tsp(—BY Tsin Y TVip+Vig)y  (B)
zeglo

Y VECH (Y Tsin |/ T(d,— )Y (©)
li—i] fffliqu\Ao

+ T VECemTsdld— b)Y (d)

+m§i_2 VoCop Vs’ (©)

+ 3 VoCormTedLo(d,+m)+8(d, —m1Y . ) (24)

Before considering each term in (24), let us express Lemmas 3 and 4 in the state
{ > using Lemma 5. They are

Cexp (B *a(d,— d, ))> =exp (B*a(@)))' Sc=0, Vied,, (252)
Vie Ao (8(¢;— ¢, +m)> ={5(¢p; £ 1)) Zcyexp(—c,fH%Y),  Vied,. (25b)

Using now Appendices A and B in [3] we show that the r.s. of (24) has the
following properties: (a) is the zeroth order term, (b) is estimated as in the case
d =13 using (20), (c}~f) are negligible, with our choice of m(T) and R(T) to all orders
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in T, e.g.
©)=mp Y, [V5Cof " <const R(T)exp (—m(TIR(T)),

iedAg

() <constm™ texp(—c,B1Y).

To finish casea we still have to prove the result for the “free energy”

d 1 . . .
o(T)=P(T)— T Eln T. This follows from the existence of an asymptotic expan-

sion for {cos V§¢)> and the formula

T d
QA(T)“QA(Q): § - Az <COS V¢)>A(ﬂ)

2d

when we take in both sides a—0.
4) Asymptotic Expansion for {cosm¢) with Y m(i)+0, d>3

The method used here is somewhat indirect and counsists of two steps:

— find a sequence of functions depending on {V:¢} whose expectations values
approximate {cosm¢), or a product of such expectations; this is basically a
clustering property of the state; for example, {cos(¢,—¢,)> converges to
{cos ¢py»? as |x]— o0 (see below).

- Define a new function of the temperature, by letting x depend on f§ above
such that the deviation from the desired function, for example {cos(¢,—¢,)>
—{cos ¢y>?, is of order T" and perform an asymptotic expression for this new
function up to order n.

We first carry out this proof for the magnetization, (a) and (b) below, and then
show that reflection positivity allows us to make an inductive argument for all
other functions {cos m¢), with m=0, (c) below.

(a) We write

{cos P p? ={cos (P — d,)> ~({cos (¢o — ¢, — {cos ¢ )?). (26)

Using reflecting positivity, and the infrared bounds one shows [4] that
0=<{cos(p,—¢,)>—<cospy>* <Ix|"'In|x|. Using correlation inequalities one
may improve this to a x| ~! bound [257. (See also Sect. V for further discussion.) If
we want an asymptotic expansion up to order n we choose |x| to be of order g""!
so that the second term in (26) is negligible and we have only to do the expansion
of {cos (¢, —¢,)> which now depends on f§ not only because of the measure, but
also via x.

(b) As before we expand cos ﬁ(qﬁo —¢,) into a power series and generate the
expansion of the terms in this series, e.g. {(¢,— $,)**> T, by integration by parts,
but with the rule that {(¢p,— ¢,)**> is expanded until order 2k(n+ 1/2)+n-+ 1. One
estimates the remainder as before: when (¢p,—¢,) is integrated by parts it
produces C,,—C,, {(or V:iC,,—V:C,) which one estimates by |x||[V¢C,,| (or
Ix||VEVEC,,). So at the end the remainder is multiplied by |x|?*= ¥ * 1) The terms
which were exponentially small are not affected by this factor. The only terms we
have to worry about are the temperature terms. Since {(¢,— ¢ )**> is expanded
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until order 2k(n+1/2)+n+ 1, these temperature terms have a factor

T2k(n+ 1/2)Tan+ I‘BZk(n-!- 1): Tn+ 1

and we are in the same situation as before: T"*(ln m)?""* /%) is negligible with
respect to T

All that is left to consider now are the Gaussian terms produced in the LP.
which depend on f via x. [t is easy to see that each of these terms can be written as
a sum of Gaussian expectation involving only ¢, or only ¢, (and the latter do not
depend on x by translation invariance) and of terms mixing ¢, and ¢, as for

example
Z Vf: C0x1
xq

G

XiXj X1 XX

VaviC,, ViC 27)
)

(i

or products of such terms.

For the terms involving only ¢, or ¢,, we use the estimates of Appendix B in
[3] to show that the difference between these terms and those with a massless
covariance is of order exp (~{In T)?). We now show that terms like (27) are small
compared to T":

Call the term (27) F(x) and G(x)=xF(x). Then

L Fipdp, 8)

1

- T d
sup [X|[F(x) < | 1G(p)dp= | Y

-7 -—ni=1

Now, by explicit computation F(p) is of the form
[1(expip,— 1) (Z(l —cos p,) +mz(T)>‘(” D, owith Y n,=21.
e E

(28) is therefore bounded by lnm(T)~(In T)? which implies that

IF()| < Ix]™H(In T)? = T""(In T)*

which is small compared to T"

This finishes the proof for the spontaneous magnetization. Its expansion (or
rather the square of it) will be given in terms of these graphs mentioned above
which involve only ¢, or only ¢, (with the massless covariance).

() Now we give the general inductive argument which allows us to prove the
asymptotic expansion for all correlation functions {cos m¢», m=Y m(i)=0. This

uses heavily the known decay in |x|™! of (cos¢,cos ¢, >—{cosp,»* and of
{sin g sin ¢o> [4,25] and also Theorem 3 of [4] which gives a kind of “domi-
nation by the two point function” based on reflection positivity.

1. By symmetry we have only to consider m=0. We start with the case m=1,
and write

cosmep) =[{cos (m¢ — ) —({cos(mp—¢,)>
—{cos mp<cos Pg»)1/<{cos dpo
noting that by translation invariance {cos ¢, =<cos ¢ ).

We already have the asymptotic expansion for {(cos¢,» [it starts with
{14+ 0(T)] and can therefore be inverted); {cos(m¢p—¢,.)> is a function of the
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differences and can be treated as {cos(¢,— ¢,)> above. So, all we have to show is
that cos(m¢ — ¢ ) — {cosmep){cos¢,> is of order T" for |x| increasing like some
power of 8 (actually here we take |x|=$>"). We write cos(m¢ — ¢,) =cosme cos ¢,
+sinm¢ sing_; and suppose for simplicity that x is along the e, axis, that i; <0
whenever m(i) #0. Using reflection positivity with respect to the plane perpendicu-
lar to the e, axis at zero, x—X, then gives

|<Sinm¢ Sin ¢x>| g ¢ <Sin¢x Sin ¢£>1/2 ’
where ¢, depends only on m. (This is similar to Theorem 3 in [4].) Since the r.s.
decays like [x| ™! [25], we get, with |x|{~ ",
[Ksinmg sing | <c,T".

Similarly we write,

{cosmep cos ¢, > —{cosmd P {cospyy =<cosmp(cos ¢, —{cospy>)>
= ¢, {(cos ¢ — {cos o )cos pz —{cos o »))

=c,({cos ¢ cosp > —{cosPy>?)?.

2. For general m, let us assume that we have done the proof of the expansion for
m=kandlet m=k+1and n=*k. Let n, denote n translated by an amount x in the
positive e, direction, and y a point in the positive e, direction. m is assumed to be
such that i; <0, i, <0 if m(i) 0. We shall prove that {cos(m¢—n.dp—¢,)) is close
to {cosme){cosnepy{cos¢,,y with an error of order T" if x| and |y| are of order
B?". Then, since we know the expansion of {cosng), {(cosd,> by our recursive
hypothesis, and can invert them, we obtain the expansion of {cosm¢) by the same
arguments as above.
To prove the cluster property, we write

cos(mep —n ¢~ )=cos(m¢p— ¢ )cosn ¢ +sin(mp—¢ )sinn .
Now, by reflection positivity,

Ksin(me — ) sinn, ¢ < ¢, ((sinn, ¢ sinndd) 2.
To bound (sinn_¢sinngp) we use the fact that, by reflection positivity,

{cosn pcosn @y —(cosndy? =1/2{(cosnp —{cosn ¢))(cosn.p —{cosn.p>)>
is positive and therefore

{sinn @ sinngdy <{cos(n ¢ —n.d)y —{cosng)*.

In the right hand side of this inequality, the first term can be expanded in powers of
T because it is a function of the differences and the second by assumption because
n=k. But the coefficients in this expansion cancel up to order n except for an error
of order T*"In T if |x|~ B*".

We apply the same argument to control the difference between
(cos(me— ¢ cosn,¢y and {cos(mp—¢,)><{cosn,¢> and then between
{cos(mp—¢,)> and {cosmep){cos,>.
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IV. An Alternative Proof of Part a) of Theorem 1

In this section, we carry out a proof of Part a) of the Theorem which does not use
the infrared bounds. It proceeds in three steps:
1. 1t follows from Ginibre’s inequalities [ 14] that for any

A, A CZ, (cosm)S <<{cosmp) < {cosme) ], (30)

where ( »9. is the Gibbs measure with free b.c. (i.e. no coupling with 4) on A,
and ¢ >} is the Gibbs measure with 0 boundary condition (¢, =0Vie A%). We
carry out the expansion of the right and left side of (30), where we let A4 and A’
depend on the temperature in such a way, [e.g |A|,|A’|~exp(L/B)] that the
coefficients of the asymptotic expansion of both sides of (30) are the same, giving
the expansion of {cosme).

2. We show (Proposition 2) that, if |A],|A"| grow like exp(]/ﬁ) then the left and
right hand side of (30) are exponentially close as f—oo to the corresponding
expectation values conditioned on the event: |¢,—¢|<n, n>0 for all nearest
neighbor pairs (i), with {ij>nA+0 or {ij>CA".

3. We show that, for # <z/2, these conditioned expectation values are equal to
the ones where we let all ¢, run from — o to + oo (Proposition 2 and Corollary 2).
Once this is done, we integrate by parts with respect to a massive Gaussian as
before.

We define ¢ >}, and { >3, as the expectation value { >} or { >4 con-
ditioned on the event that for all n.n. pairs, [¢p,— ¢ | <nmod2r, that is

d#;,n:(ZA,n)—leXp(“,BHA,+) H X(’¢i_¢j|§7lm0d2n)'nd(/’i
(i, jYnA%0 ied

with ¢, =0 if j¢ A and similarly for du§ ,.
Then we have:

Proposition 1. There exists constants ¢, ¢, such that, for all §, A, n and for y= + or 0
[{cosmep )y —<cosmep )y | S c,[[ 4] exp(—c, fn*)] explc,lAl exp(—c, fn?)) .

Proof. The proof is the same for + or 0; we write

Ccosmpy = Y {cosmep, P(X)

=Ccosmepy | ¢ PX =0)+ ) (cosmp)} (PX)

X+

Ccosmpy i, + Y. ({cosmpyy —{cosmp>}; JP(X),

where the sum over X runs over all subsets of {{ij>nA+0} (or {{ij>CA} for free
¢). { >, x is the expectation value conditioned on the event that |¢,— @l

>;1m0d27r for (ijyeX and |$, — ¢ | <y mod 2z for {ij)¢X ; P(X) is the probablhty
of that event. Since y <1 we estimate

P(X)§< [1 x(l¢i—¢jl<ﬂm0d2ﬂ)>

{ijreX

sexp(—c, X))
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by the contour estimates of [17. Therefore

[{cosme)j —<cosm) | 2 3 exp(—c fn’iX])

X+

S2[(1 +exp(—c fn?)*4 4 —1]
Zc,(jAjexp(— c1ﬂ’72)) exp(c,iAfexp(— 01[3’72)) .

In the second step we use the fact that the sum runs over all subsets of
{{ij>nA+0} whose number is less than 2d|A|. In the last step we use

(1+x)"—1=exp(nlog(l+x))—1
Zexp(nx)— 1 <nxexp(nx), (x>0).
Proposition 2. Let A be a hypercube in Z* and let ke Z° be, either in A, or nearest
neighbor to some point in A. B{{¢,}, ¢,), where {¢p,} is the set {$;};. 4 is any periodic

function (in LN[ —nr,n]'Y)) of period 2m in each of its variables. Then for any
n<mn/2 and any ¢, e[ —m, 7],

L= [ Bshd) Tl d9i—jSnmod2n [1dd,

(ijycAutl} zi/’lc
= ( BUed.00 11 Aid-ojsn [Ta0=R, G1)

iFk
Proof. In L we write

xllep; — ¢J| <ymod2n)= Z X(|¢i_ ¢j+ 27mij| =n)

njeZ

and expand the product over {(ijy. We always write the subscripts ij in lexicag-
raphic order corresponding to a directed bond. This gives

L=Y [ BU¢do0 T alb—o+2mg<nllde,. (2
n{,r;iej}Z -z {jyCAuiky icA

In R we write for each integral

+ o0 2am+n
-0 meZ 2am—n

After changing variables ¢,—¢,;—2nm, (which leaves B unchanged because of
periodicity) we get:

R=Y [ BUghd) - 1 #di—b+2nm—my<n[lde;  (33)

n{lr,"é}z -x ifyC Autig icd
(m, =0in the above expression). All we have to show in order to prove the equality
of (32) and (33) is that each set {n;;} for which the integral does not vanish is such
that n;; can be written as n;;=m,—m; for all oriented pairs (ij>. Given such a set
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{n;;} we define for all m, n, i, j, n;;=n,,. Since we may take m, =0 and since for any
je there exists always a path (ki)), ...,(i,j) of n.n. connecting k and j we may
define —m;=ny; +n,,; + ... +n, ;. Then, of course n,;=m;—m; but the trouble
might be that two different paths may lead to two different definitions of m;. This
does not occur however if for each closed loop on the lattice )’ n;;=0.
loop
For this to hold it is enough that ) n, ;=0 for each elementary square with 4
Sq.
n.n. pairs in the lattice. But ) (¢;—¢;)=0 and we may write
Sq.

Z 1y

Sq.

21

;(275”1';"‘@51“'(]51)

<Y Ran+d— i <4n<2n
Sq.

by our condition on # and the fact that the integral in (32) vanishes unless
|27n;;+ ¢, — ¢ ;| <n. Since {Znijl is a positive integer strictly less than one, it is zero.

We apply now Proposition 2 to the measures u, ,. Let A be a cube in VAS
A=[—L, LY 1=(L,0,...,0), k=(L+1,0,...,0), A'=Au{k}. We define two mea-
sures on RIMI;

A =(Z)7" [1 exp(Beos(d,—~drld—1=n)

{ijyca
expfeos i £n) [ 4. (34)
duP =z T1 explBeosii—9))
ijyc4
16— d) <) T exp(Booss i =[] de. (35)

where in Z9, Z(2 the integration runs from — oo to + 0.

Corollary 2. For n<m/2 and any m with (suppm)C A and with m= m(i)=0,

CcosmeG, = <cosmep>}, (36)
(cosmep) ;  ={cosmpHP). (37)

Proof. For the free b.c. we first remark that, since we integrate in the numerator
and the denominator of the Lh.s. of (36) functions which are invariant under
rotations of all the spins in A’, we may as well set ¢, =0 since that integration is
redundant. Then we apply Proposition 2 to the N. and D. with ¢, =0 being the
spin fixed outside A and

B=exp<,8< Y cos(¢i~¢j)>+ﬁcos¢k)

{ijca

in the D. and the same thing multiplied by cosm¢ in the N,
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For the +b.c. we apply also the identity (31) to the N. and D. including in B a
factor

[T T1 exp(Bcospixe]<nmod2n) (38)
LTy

(which is periodic). We have to do this because Proposition 2 only allows one spins
fixed outside of A (at site k). But now we have a periodic characteristic function
which is left. In order to get (37) (no periodic y in p?) we write

1t =nmod2n)= Z xp; —2mn, <n)

meZ

and expand the product over i in (36) both in the N. and D. We shall see that only
the term where all n,=0 contributes and this will prove (37). Let us go around 04
starting from [ and let j be the first point where n;=0. Then there is a j'e 04 (just
before j) with [j—j'|=1, n; =0. Since {jj') CA, [¢;— ¢ ;| <n and since n; =0, |¢ | =1
(for the integrand not be zero). So ¢ /=2y and 2xain,{<2an;— ¢ |+]d | =3 <2n
and so n;=0.

Now it is easy to check that the measures (34) and (35) are log concave
perturbation of Gaussian ones: for |¢,—¢ | <n/2 one can find a t>0 such that
cos(¢, — ¢ )+ t(¢;— ¢,)* is concave [5].

Now we generate the asymptotic expansion of {cosme ), {cosm¢p»? by
integrating by parts as before. We let the radius of the box 4, R(T):exp(ﬂ),
which grows sufficiently fast to show that the boundary terms are negligible
[m(T)R(T)~exp—(logT)* exp(]/ﬁ)—»oo as T—0]. Since our measures are log
concave perturbations of Gaussian ones, we can control the (V¢")*", ¢’ = VE(;S and
the 6 functions &(|V¢|=1n) by the Brascamp-Lieb inequalities [ 5]. We also control
the expectation values appearing in the mass term with these inequalities, because
(p*HY, i=1,2 is bounded by the corresponding Gaussian expectation which is

finite for d=3 and diverge like logA ~ VE for d=2 [for d=1 one would have to
choose R(T)=exp(~3/2(In T)?*)] (see [3]).

Remark. 1. Since we do not use reflection positivity, the above proof works, in
principle, for ferromagnetic finite range interactions instead of nearest-neighbor
ones. One would have to check the Gaussian estimates of Appendices A and B of
[3] for non-nearest-neighbor Gaussian measures. The proof however only works
for {cosm¢) with m=0.

2. One could, with this method, perform directly the expansion for {cosm¢)
with ) m,+0 and, in particular show that {cos¢,» #0 for T small enough if one
could prove one of the following statements, which are presumably true:

L. The difference {{cosme) ,—{cosme) , | between the correlation functions
and the one conditioned on |¢; — ¢ | <7 for all pairs {i,j) is exponentially small as
f— oo uniformly in A.

2. The expectation value {cosm¢)?’ converge sufficiently fast to their infinite
volume limit, A convergence of order (loglA])~ ! would suffice to prove the phase
transition.

3.The limit of {(cosm¢p, as h|0 is fast enough; again (logh)™! would be
enough to prove the phase transition.
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Any of these statements would provide a proof of phase transition for three or
more dimensional rotator models without using reflection positivity.

V. On the Decay of the Two-Point Function

We show here that whenever there is a spontaneous magnetization, the transverse
two-point function of the plane rotator, {sin¢,sin¢,», behaves exactly like
B x|7“"2 for large |x|. This is what the Gaussian (spin-wave) approximation
would predict. The upper bound was proven in [25]. We prove here the lower
bound, which improves Goldstone theorem type of result (e.g. [19]) showing that
Y (sin, sin, »* diverges. The proof relies on the infrared bound, the Mermin-

Wagner argument and the correlation inequalities of [22, 24, 157.

Theorem. For any d >3, there exists constants ¢,,c¢, such that for all xe Z*

=2
a) Bl%% <(sin,sing,> < E%

i

b) W <<{cos¢p,cosd, > —

¢y
= Bl

where m=1{cos > is the spontaneous magnetization and |x|= Z [x,].
1

Proof. The upper bounds are proven in [25]. b) Follows from a), the Dunlop-
Newman inequality {9] and the inequality {cos¢,cos¢, >—m*<{sin¢g,sing, >
proven in [10, 16]. Let us prove a) for d=3 (the general case is similar). By the
infrared bounds and the Mermin-Wagner argument, (see e.g. [21]) S(p), the
Fourier transform of {(sin¢,sin¢, > satisfies the bounds,

/=2 ’

Bz <SP ge

Therefore, if f,(x) is the characteristic function of a cube A< Z3 centered at the
origin of volume L*:

R S Z (sing,sing, > fi(x) () Scip?L°

<one has only to show that j p 2 fAp) PP p~ L, see e.g. [4])

By positivity of {sing, smcp > and translation invariance, we have:

3
(5) Y (singgsing S ¥ (sing, sing,>fi (0,0

2 xel1/24
SpLe (40)
and

) Y. (singgsing, >z Z (sing, sing ) f1(x) ;)

xed
gc;’ﬁ i, (41)

where kA is a cube of size (kL)® centered at the origin.
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Now we use the fact that, by correlation inequalities [22, 24, 157 (sin¢ sin¢ >
reaches its maximum for x inside A at the corners of 4 and its maximum outside A

for x along the axis |x|= + 1. (The minimum property is used in [25] for the

upper bound.) To get the lower bound, let

X = (—s— +1,0, ...,0).
Then
(singosing,>
2 (kL) — (L)) sz (singosing,)
x¢A
=((kL)*—(L)*)~ 1( ZM {singysing,) — ZA (sing, sin ¢x>)

 GkD?  2°¢iL?
B B

using inequalities (40) and (41). This proves the lower bound when x is along a
coordinate axis, if we choose k such that ¢3k*>2%¢; +1 and ¢, =2(k*—1)" ..

When x is not along a coordinate axis we use the result of [157 which says that
d

for given [x|= ) Ix |, (sing,sin¢,> reaches its maximum along the coordinate
e=1

axis. This is proven in [ 157 for Ising models, but the same inequalities hold for the

plane rotator model : one has to use the fact that the state { > can be obtained as a

limit of Gibbs states in A, for any increasing sequence 4,172 [2, 23], so that we

can use all the inequalities of [22, 24, 157 at once.

Z((kL)* = (L))"
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