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Abstract. Equivalence (allowing for convex combinations) of microcanonical,
canonical and grandcanonical ensembles for states of classical systems is
established under very mild assumptions on the limiting state. We introduce
the notion of conditional equilibrium (C.E.), a property of states of infinite
systems which characterizes convex combinations of limits of microcanonical
ensembles. It is shown that C.E. states are, under quite general conditions,
mixtures of Gibbs states.

1. Introduction

Systems of infinite spatial extent [1-3] offer mathematically convenient idealiz-
ations of macroscopic equilibrium systems. The statistical mechanical theory of
such systems may be obtained either by considering the thermodynamic (infinite
volume) limit of finite systems described by appropriate Gibbs ensembles (e.g.,
micro-canonical, canonical, grand-canonical, pressure) or by considering equilib-
rium states of infinite systems directly. While the first route is the more physical,
the latter is mathematically more direct and can often provide useful insights into
the phenomena for which the large size (on a molecular scale) of macroscopic
systems plays an essential role, e.g., phase-transitions. In addition the formal
theory of infinite systems may offer useful mathematical tools for the study of local
phenomena in macroscopic systems. Various results valid in the thermodynamic
limit can be formulated as simple properties of the infinite system. It is for these
reasons that the infinite system point of view is often adopted.

In the infinite system formalism, equilibrium macroscopic systems are com-
monly represented by Gibbs states, or measures, on the space of locally finite
configurations [2, 3]. These are defined by the DLR equations {2, 3} which are
satisfied by the limits of finite volume grand-canonical ensembles. One may also
define “conditional equilibrium” states (C.E.) by similar equations which are

*  Supported in part by NSF Grant No. MCS 75-21684 AQ02
**  Supported in part by NSF Grant No. MPS 72-04534
*** Supported in part by NSF Grant No. Phy 77-22302

0010-3616/78/0062/0279/$04.80



280 M. Aizenman et al.

satisfied by the limits of the corresponding canonical and micro-canonical finite
volume ensembles. The question naturally arises as to the relationship between
C.E. and Gibbs states; it was a fundamental belief of the founders of statistical
mechanics that in the thermodynamic limit the various ensembles yield the same
results.

The equivalence of different ensembles in this limit can be readily verified as far
as thermodynamic properties are concerned [1]. The problem becomes more
difficult however when equivalence between correlation functions, 1.e., measures, is
desired. One difficulty arises from the fact that the existence of a unique limit of the
correlations is only assured, in general, at low values of the fugacity {and also at
high temperatures for some class of systems [ 1]). Indeed for low fugacities a proof
of the equivalence of canonical and grand-canonical correlation functions was
given by Bogoluibov in 1946 [4].

It may however by expected that even in the absence of a unique limit state, as
would happen at phase transitions where several phases can coexist, there should
still be an equivalence between the “sets” of states corresponding to limits of
different ensembiles or the different characterizations of infinite volume states. This
indeed was proven by Thompson [5] for lattice systems; cf. also Georgii [6] and
Martin-Lof [7]. For continuous systems Georgil [8] proved the equivalence of
canonical Gibbs states and Gibbs states under certain assumptions. It is the
purpose of this paper to prove the equivalence between Gibbs states and a general
class of C.E. states, of which limits of canonical and microcanonical ensembles are
special cases, for classical systems with realistic Hamiltonians.

Our interest in this problem grew out of our work on the stability of stationary
(time invariant) measures of infinite classical systems [97]. 1t was shown there,
following the work of Haag et al. [10] on quantum states, that under certain
conditions stable stationary states satisfy a classical KMS condition. That
condition was shown by Gallavotti and Verboven [11], under restrictive con-
ditions equivalent to low fugacities, to imply that these states are Gibbs states.
Later the KMS condition was shown [12] to be equivalent to canonical states
which, by Georgii’s result, shows its equivalence to Gibbs states quite generally.
While we do not know of any dynamical condition which leads to the more
general class of C.E. states considered here, they do seem to be natural
generalizations of Gibbs states. Similar questions have been independently
considered by Preston [13] who obtained partial results in this direction.

The general formalism and notation are introduced in Parts a) and b) of
Section 2. In 2¢) we introduce the C.E. states and discuss their connection with
limits of microcanonical ensembles (Theorem 2.1 and Remark 2.2). The main
problem, stated in 2d), is the relation of C.E. states to Gibbs states. This problem
may be simply described in terms of an entropy function which is introduced in
Section 3. We study the C.E. states by first decomposing them to extremal C.E.
states which are the subject of Section 4. The equivalence of the C.E. to DLR condi-
tion is obtained there (Theorems 4.2 and 4.3) under certain regularity assumptions.
While one is usually willing to assume some regularity of states of interest, the regu-
larity of the extremal components of a given state is already a strong statement, as
shown by Example 4.1. The discussion in Section 4 is quite general, applying both
to continuous and to lattice systems and to states which are C.E. with respect to
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collections of extensive variables. In Section 5 we restrict our attention to
continuous systems whose Hamiltonians contain kinetic terms. It is shown, using a
criterion (L.emma 5.1) derived from the results of Section 4, that a C.E. state is,
under very mild additional assumptions, a combination of Gibbs states (Theorem
5.1). In Section 6 we apply the method and results of Section 4 to obtain quite
general results about canonical states.

2. Setup and Statement of the Problem

a) Phase Space

Let I'=IRx & be the one particle phase space (position space x space of the other
degrees of freedom) of a classical system of particles, equipped with the measure v,.

Example 1.1. Five cases of interest are:

1) =R, describing the momentum degrees of freedom, dv, =d%qd’p.

2) Z={1,...,n}, for n types of particles, dv, =dq x counting measure.

N T=RIx{1,..,n}.

4 X={1,..,n},dv,= Y d(d?q— i) x counting measure, describing a system on

iez4

a lattice.

S)Z =R, dv,= ) &(dq— i) x ds describing a lattice of continuous spins.

iezd

We assume that & is a complete separable metric space.

Let A refer to bounded open subsets of R%. We shall also denote, with a slight
abuse of notation, A xZC T by A. We write A°=RN\A (or IN'\A).

Definition 2.1. A configuration, w, is the equivalence class, under permutations, of
a (possibly finite) sequence {w;} with w,el'Vj.

We write w;=(q,,p), w;=(q,0;), w;={q,p,0,;) for cases 1), 2), and 3) of
Example 1.1, respectively.

The set theoretic notation may be extended to deal with such equivalence
classes (keeping track of multiplicities of coincident particles: w;=w; for i=}).
Thus we will write o= {w,}.

For configurations w, @, and VCI' we write

W =wwud
wy =NV
N(w)=card-w

and

N(w)=N(wy).
Def'inition 2.2. Q, the phase space of an infinite system, is the set of locally finite
configurations. These are the configurations w for which N{w,)<co for all

bounded ACR?
Observables are represented by functions on Q.

Definition 2.3. An extensive quantity is a function X(-|-) on QpxQ where
Qp={we QN(w) < oo}, which satisfies

X(¢nlw)=X(nlw)+X(¢nw).
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If X is an extensive quantity we let X J(w)=X(w 4|o 4.).
In X(¢jw), @ should be thought of as defining boundary conditions.
Examples of extensive quantities arc:

1) X(&lw)=N(¢)
2) For Z=R4x {1,..,n} or ={1,....,n}, N(¢lo)=card Enfa=i}.
3) The energy, for a pair potential v,
E(¢lw)=32m)~'p} +1 3 (g q; )+Z v(q, ),
i i¥j
where £={(q; p)} and w={(g; p))}.
4) Sum functlons For any function f on @, we define an extensive quantity

I m= Y 1)

yelwnp
ynEF O

We write 2 {(w)=2 (w]0). (Strictly speaking, the functions in the last two examples
are defined only on the subset of Q,xQ for which the sums are absolutely
convergent.)

b) States

The space Q admits a natural topology which is generated by the set of functions
{2,()feC(I™) for some neZ supp [={y€;ly =0} for some bounded 4}

This topology is compatible with a metric with respect to which Q is complete and
separable (i.e., a “Polish space”).

Definition 2.4. 1) We denote by # the corresponding Borel g-algebra on Q.
2) For any measurable VI let

Q) ={wylwe 2}

Let 4, be the g-algebra on @ which is the inverse image of #nQ,, under the map-
ping

Q-0Q,

W Wy

We identify Q, with U Asymm Points in €, will be denoted by #, .

N=0

3) F =%, and F = ﬂ F ,=(monotone) hm F,. By ATR? we mean that A
AR

increases along a sequence of subsets whose union is I'. The sequence does not
change throughout this discussion.

4) Let X={X®}"_ be a finite collection of extensive quantities. We denote by

G, the g-algebra generated by F, and X, and set G, ﬂ G,= hm G, The

AR
dependence of G, on X is supressed in this notation, but w111 be clear from the

context.

In other words, F , represents all the information about w,., for weQ, and G,
represents this and the additional information about the “total value” of the
extensive quantities X(w).
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Definition 2.5. A state (1) is a probability measure on (Q, %).

The fact that Q is a Polish space guarantees ([14]) the existence of regular
conditional probabilities with respect to any o-subalgebra of #. The regular
conditional probabilities with respect to F ,, u(-|F )(w), will also be denoted by
w(-lo) (and will be regarded as probability measures on Q). u (- |w)=p(-{w ()
gives the conditional distribution of the configuration in A given w 4.

For any A let us denote by v, the Liouville measure (which assigns mass 1 to
the set N=0):

VA:N@O (v,)¥/Nton Q,,

The v, have the convenient factorization property
Vaoa,=V4, XV, for Aynd,=0 (2.1
if we identify Q, . with Q, xQ .

Definition 2.6. 1 is a regular state if, VA and p-a.e.o pi (- |@)<€v 4(-) (1, 1s absolutely
continuous with respect to v,). (p-a.e. @ reads “u-almost every «.”)

A special role is played by Gibbs states which we define in a slightly
generalized way.

Def'inition 2.7. A state p is a Gibbs state with respect to X if X(&|o .} is well defined
for v ,(dé)u(dw)-a.e. (£, w) and if, for some {/,} =icR"”

1 (dElw) =exp (= 4- X(Slw 4))v 4(dE)/Norm

for every A.

¢) Conditional Equilibrium

Definition 2.8. For we Q the microcanonical ensemble with respect to the extensive
quantities X is the probability measure on £, given by the weak limit

M ,(+|w)=1im (Norm) M I[|X({|w 1) — X J(w)]| <e]v ((dE).

e—0

Here I(c) is the characteristic function of the set on which the condition ¢ is
satisfied and 0 1s assumed to be such that the limit exists.
We are now in a position to introduce the main object of our study.

Definition 2.9. A state p is a conditional equilibrium (C.E.) state with respect to X if
the conditional probabilities with respect to G, are the microcanonical ensembles ;

HOlG ) =M ,(-jo) for p-ae.o.

The criterion for a regular state to be a C.E. state may be equivalently
formulated as follows.

Def'inition 2.9. Let 4 be a regular state such that X(¢|w,.) is well defined for
v (dOuldw)-ae. (&, w). uis a C.E. state if for every A

paldelw) =g AX(Elow 4o), w)v ((dE) (2.2)
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for some Borel measurable function g:R" x Q—IR, ie, if the density of p,(d&lw)
with respect to v ,(d&) is given, for p-a.e. w, by a function which depends on & only
through X(¢jw ,.).

Remark 2.1. For simplicity, let us consider potential energies, V, resulting from
finite range pair interactions given by continuous functions with values in Ru {0}
(one side compactification of R). As remarked by Lanford [157], Hamiltonians (H)
which in addition include the kinetic energy, 2. ,,, are regular enough for the
microcanonical ensembles with respect to X={H,N} to be well defined. The
expectation value of a continuous function h(g, p)=Hh({) is given by

§ (&M (d&|w) =Norm) ™! [ d'qp~" 2 | 6!(dk)h(g, pk), (2.3)

where [=N [(w)d, p*=max {02m[H (w)—V(glw)]} and o'(-) is the uniform
probability distribution on the unit sphere in IR%. The cases [ <2 should be treated
separately.

The same applies, with a trivial modification, to systems with hard cores (which
are not automatically included in the above class because of the continuity
requirements on V).

Gibbs states are the limits of grand-canonical ensembles. The conditional
equilibrium states and microcanonical ensembles are similarly related:

Theorem 2.1. Let a sequence of microcanonical ensembles as in Remark [ converge

weakly to a regular state . Then u is a conditional-equilibrium state ( with respect to
{H,N}).

Proof. By the consistency of microcanonical ensembles it is enough to show that

VA'IAD A" for which u(|G Nw)=M ,(-lw), for p-aew. We shall prove this
equality for any A such that

fﬂ(dw)NﬁA(W) =0,
where 04 is the boundary of A. The existence of such 4> A’ follows from the local
finiteness of Q (and thus does not depend upon the regularity of u).

Let f(e,n,w) be a continuous function on RxZxQ and let he C(Q,), the
bounded continuous functions on Q,. f(H (@), N J(w),w )h{ew) is continuous

unless N, ,(w)==0. This occurs on a closed set of zero measure (by our choice of A).
Therefore

[ udw) f(H (), N f(o), 0 4o)h(w)
= hm [ M, (dolw,) f(H j(w), N (), o )h(w).

For n large enough 4,04 and we may use the consistency of micro-canonical
ensembles to obtain

= lim [ M, (doolo,)f(H (o), N (@), o ) | M (doloh(@).
It may be easily seen from the expression in Remark 1 that the above integral over
d yields a function which is continuous in @ except on {wiN, ,(w)=+0}u{wlp,=0
for some (g, p;)ew}. This too is a closed set of zero measure, since u is regular,
which implies that the integrals converge to

§ ilde) f(H 4), N (), 040) | M (d{o)h(@).



Thermodynamic Limit 285

Since functions of the form of f generate G and C(Q,) generates %4, we may
conclude that

(i Nw)=M ,(-lw) for p-aew. [J

Remark 2.2. Conversely, any C.E. state is a convex integral of limits of micro-
canonical ensembles {see Eq. (4.1) and P.1-P.4 in Section 4a].

d) The Problem

Comparing Definition 2.7 with Definition 2.9 one sees that a Gibbs state is also a
conditional equilibrium state for the same extensive quantities. Our purpose is to
prove that for infinite systems the converse is also true. In view of Theorem 1, this
result will also prove, under the appropriate assumptions, the equivalence of
microcanonical and grand-canonical ensembles in the thermodynamic limit. It
should be emphasized that we do not discuss the convergence of microcanonical
ensembles but rather prove results about states which would result from converg-
ing schemes of this type.

As a technical point, let us remark that the defining property (2.4) is preserved
under convex combination of states. Consequently, one may not expect to prove
that conditional-equilibrium states are Gibbs states but, at most, that they are
convex combinations of such states.

Finally, a word about the terminology. There is a temptation to call
conditional-equilibrium states simply microcanonical states. Similar terminology
has in fact been used by several authors ({6, 8, 137) for similarly defined canonical
states (discussed in Section 6). We do not follow this terminology in order to avoid
certain confusion. Microcanonical states are generally familiar for finite systems.
They are characterized by two properties: i) the total value of certain extensive
variables is sharply defined and ii) the “equidistribution” on the corresponding
“shell” (which we termed—conditional equilibrium). In the thermodynamical limit
which we consider only the local properties of the state retain directly their sense
and, in particular, the first property becomes meaningless. Since a very pro-
nounced aspect of microcanonical states of finite systems is thus lost, we choose
not to use this term. Notice also another important difference. In a microcanonical
state of a finite system there is “more information” specified than in a grand
canonical state. However, the notion of conditional equilibrium is weaker than
that of equilibrium (which for finite systems corresponds to grand canonical
states).

3. The Entropy Function

a) Restatement of the Problem in Terms of the Entropy Function

In order to see more clearly the “thermodynamic” nature of the argument let us
introduce the following entropy function.

Definition 3.1. Let p1 be a regular state. The entropy in A of the configuration w is
given by the (%, x F , measurable) state dependent function, S ,, defined by:

paldelw)=e" 34N (do).
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We shall also use the shorter notation S [(@)=5 ,(w Jw). (In terms of the measures
7, introduced in Section 4, exp [—S ,J=du/dt,, which displays the measurability
of S,)

Remark 3.1. In this terminology:

i) A regular state is a microcanonical state with respect to X iff, for any A there
exists a Borel x F ; measurable function S :R" x QR such that

S (@) =8 (X ((w)lw).

ii) A state is Gibbs state with respect to X iff, for some constant ie R" and
functions K ,:

Sw)=4-X (w)+ K o).

Our problem is, therefore, to prove that if, for specified boundary conditions,
the entropy S (@) is a function only of the extensive quantities then this function is
affine, with coefficients which are constant on the elements of the decomposition of
the state into extremal C.E. states.

b) Basic Properties of the Entropy

Remark 3.2. Extensive quantities satisfy the following “differential” condition:
X() =X 5(0?) =X () =X (0?)

whenever o) =w'2 and 4D A.
Although our entropy is not an extensive quantity (see also a remark at Section

6), we show in Lemma 1 that it satisfies the above condition [for “typical”
('™, '®)]. We shall strongly use this property in proving the main result.

Lemma 3.1 ( Consistency Condition). Let y be a regular state and S the correspond-
ing entropy function, then for p-a.e.w

1) —wo<§,<w.

2) for v -ae.

SZ(&:(UZ\AICU) =8 (¢lw)+ CZ, Al 40)
if ADA.
Proof. 1) 1t follows from the definition of S, that the set on which S (@)= 0, ie.,
e 54 =0, has zero u measure. At the other extreme, S,> —oco follows the
normalizability of ™54, _

2) Counsistency of the measures induced in A and in A implies

¢Sy (e ,)
= e SACOTANy~(dEdwy, i(dwz.)
—e sz(éwZ\A|w)vA(dg)vZ\A(de\A),u(def)

(where use was made of the factorization vy=v, x vz ,). Thus, for v,-a.e.l and
u-a.e.co

Salw alw) =S (Elw) + Cx 4(0,4.),

where C,; () <o0.
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4, Extremal Conditional Equilibrium States

Our goal is to prove that a conditional equilibrium state of an infinite system is a
convex combination of Gibbs states. While the “infinite size” of the system is of
course crucial, it is not, by itself, a clearly defined condition (nor a sufficient one if
by the size one means just the volume-see Example 4.1). We shall, therefore, first
prove the above result under an assumption which contains the relevant infor-
mation about the “size” of the system. In the next section we verify this assumption
for a large class of systems.

Intuitively, we shall reason as follows. By definition, for C.E. states the entropy
is a function of the extensive quantities. By locally varying the configuration one
may define the increase in entropy which corresponds to a change 4X in the
extensive quantities. Since changes in the entropy and in the extensive quantities
can be consistently determined using any large volume, they should be measurable
with respect to G,. Here the distinction between G, and F_ is important. A local
variation in o does not change the fiber of F  to which w belongs but does change
the corresponding fiber in G, since the resulting change in the “total” value of the
extensive quantities is registered by G . Thus, for a given 4X the change in the
entropy, 4S5, will depend on the value of X at which the change is made. However,
if it happens that G is trivial then 48 for a fixed 4X has the same value almost
everywhere and the state is a Gibbs state. In order to apply this kind of argument
one has to be sure that it is possible to vary X by an amount 4X without being
forced into an atypical configuration where A4S would not have the above value
and may not even be defined. This should not happen for a large enough collection
of values of AX. For this, some “regularity” is crucial.

We shall therefore proceed by first decomposing a conditional equilibrium
state to conditional equilibrium states with trivial G_. If these retain the
“regularity” properties, they are Gibbs states.

0"

a) The Decomposition

The conditional probabilities given G, u(-1G,,){(w), provide us with the desired
decomposition.

() =§ pdw)u(-1G ) w). (4.1)

There are various properties of the decomposition which we shall need later.
These can be proven by means of arguments given in Follmer [16] and Dynkin
[17]. We shall therefore only state them and give a brief indication of their
plausibility. It is convenient and justifiable to regard c-algebras such as G, as
partitions of @ into fibers and the conditional measures like d®|G  }w) as the
conditional probabilities given that @ is in the fiber containing w.

P.1. u(-1G  Nw) are C.E. states for p-a.c.o.

Since G DG, the expectation conditioned on G, in the state u(-|G )w) is
given by u(|G )(w), i.e, by the corresponding microcanonical ensemble.

P.2. If pu is an extremal C.E. state then G, is trivial for p.

This follows from P.1 by means of the decomposition (4.1).

P.3. For p-aew G, is u-|G  Nw)-trivial.

P4. 1f G, is trivial for a C.E. state u then y is a limit of the microcanonical
ensembles M ((-|w) for p-a.e.w.
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This follows from the convergence G ,1G_, by means of Doob’s martingale
convergence theorem.

P.5. If G, is trivial for a C.E. state g then u is an extremal state.

Suppose u=ou, +{1 —oju,, then G is trivial also for y,. pand p, are therefore
limits of the same sequence of microcanonical ensembles. Hence p=pu, =u,.

Thus we have:

Theorem 4.1. A state is an extremal state of conditional equilibrium if and only if G
is trivial. Any state of conditional equilibrium may be decomposed into extremal C.E.
states.

A word of caution is due here. If one decomposes a “regular” state of
conditional equilibrium the resulting elements, while having the same expectations
when conditioned on G ,, may no longer be “regular”. In fact, this seemingly
formal question relates to an essential property of infinite systems. It distinguishes
them from finite systems for which the analogous statements are not true.

Example 4.1. Consider a system for which the total value of one of the extensive
quantities such as N{w) if finite for p-a.c.w. E.g., a system in a Gibbs state with an
external potential, V(q), which increases fast enough as |g|—co. For such states
N(w) is constant on each element of the decomposition (4.1) into extremal C.E.
states. After the decomposition, p,(-|w) [1e., u(-|F G )Mw)] are concentrated on
{N =N ,(w)} sets and one cannot vary N, without being forced into an atypical
configuration.

b) Extremal C.E. States and Gibbs States

In order to state and prove our results we need to define some further regularity
properties. The necessity for this is indicated by example 4.1 and by

Example 4.2. Consider a system of two species of particles (with occupation
numbers N, and N,). Let ¢,, e,€R be incommensurable (i.c., e, /e, is not rational)
and let

E=e N, +e,N,.
Since in this case N, 4 and N, , can be determined from E ,, any state with
Spw)=A4 N, 4@)+A,N, Jw)+K,

is also a C.E. state for the single extensive quantity E. However, while S, — K ,is a
function of E ; itis not linear if 3, /e, & 1, /e,, and the state is not a Gibbs state for E
nor a combination of Gibbs states.

In this example, the distribution of E is supported by an abelian group
(e,Z+e,7Z) on which (measurable) additive functions need not be linear. In what
follows, we impose conditions which require that the a priori distribution of our
extensive quantities be compatible (in a sense made precise by the conditions) with
a group on which additive functions are linear. This compatibility is expressed
through conditions of absolute continuity with respect to the Haar measure of the
group. The simplest such subgroups of R™ are of the form R* x Z'.



Thermodynamic Limit 289

Notation. 1) In our considerations some of the extensive quantities have values in
R (e.g., the energy H) and some in Z (e.g., the particle number N). We represent the
collection of the extensive variables by X=(H, N), their values by u=(e,n) and
their range space by U=R* x Z(k +[=m).

2) The space on which § 4 1s naturally defined is U x Q, equipped with the
o-algebra

F ,=Borel o-algebra on U x F,.
The elements of U act additively on U x Q by
uy+(u,0)y=U-+u,w) VuzuclU,we.
3) We shall use the maps:
g2, B)—(U x Q,F )
(X (), )
and for A> A, the maps
9ia(UxQF)—>(UxQF))
Gi a0} @+Xiw,), w).
These obey
9i=94,494-
4) We denote by 1, the measure on (2, %):

T(dw)=v [{dw Ju(dw 4).

The map g, induces the measures g ,(u) and g (7 ,) on (U x Q, FA).

A special role is played by the measure m, =(Lebesgue x counting) x u on F 4

5) The supports of the absolutely continuous parts of the measures g (¢} and
g 4(t o) are defined by

D,=sup {BCFAlQA(H)zmA on ﬁAmB}
=[sup {BCF Jg (W) Lm, on F,nB}Y
EA———sup{BcﬁAlgA(rA)zmA on F,nB}.

For D, “sup” should be understood in the sense of equivalence classes mod.
(m,+g,(ty). = denotes the equivalence of measures and L their mutual
singularity.

The reason for introducing the above notation is that the entropy function
S (1, @), which is our main concern, is naturally defined on U x Q and is defined by
u only up to the measure g (7). Le,, it is not defined for (u, @) which are not in the
7 ,-essential range of g . An example of this may be found in systems in which the
interaction energy is positive. In such a case S is not defined for negative energies.

We shall consider the changes in entropy caused by variations in energy and
particle number. In so doing one has to be assured that the new values are within
the domain of definition of S. At this point the continuity of translations with
respect to Lebesgue measure becomes useful and the sets D, and E; enter.
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Lemma 4.1.
1) g5'(D ). g3 (EeGy.
2) g, (D) modp and g; Y(E )Tmodz, as AT,
3) (A)ng(DA), Qg;l(EA)er mod p.

Proof. We prove the above statements for the sets E,. Replacing 7, by u one
obtains a proof for the sets D ,.

1) g,:(2,G4 )= (UxQ,F, )andE efF .

2) Let Ad A

9i'(Ep=g; gA WE).
Thus 1t is enough to show
gi,lA(E/i)D E modg (7).
By the definition of E ;:
giltplmy; on I:“/;mEf;.
However m;=m, restricted to F; and gilmzy=m, on gj}lA(I:“/i)CﬁA. By the
regularity of u:1,<7;, hence
9AT) =03 50i(1) <05 49i(ti) on g7 L(F ).
Therefore
gae)Lmy on g3 L(Fngs Y(Es),

and thus also on F mg‘ Y(E9). When compared with the definition of E, this
implies g7 '(Ez)*=g3, A(EC JCES, ie., g3 W(Ex)DE modg,(c,).
3) VA:

Jga'(
thus

kAj gx (E e Q G;=G, modu. ]

For extremal C.E. states G is trivial. In such a state u either u(g; '(D,))—— 1

At o
or WG, (D )=0Y A, T
We now formulate a regularity condition which is violated in the latter case. It
assures the possibility of “adding a particle” to a typical (and non-singular)
configuration (and therefore, if G is trivial, to almost all configurations), without
obtaining an atypical configuration.

FHEDeG mody ;

4

>.n

Definition 4.1. A state y is loose if 34 such that, for some e, ..., e,cR¥

g (D nl(e, 1)+ D ) +0,

with 1, =(1,0,0,...),1,=(0,1,0,...) ...

Note that since D, is the support of the absolutely continuous part of g ,(u),
wg; (D)) £0 assures that the energy can be varied continuously.

The main results of this section are the following two theorems.
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Theorem 4.2. Let p be a loose regular extremal C.E. state. Then there exists AcR™
such that for any A

X o)+ K (wy)  we U Q’EI(E/I)
SA(LU): ACATRe
o0 otherwise

for T, —a.e. w, where the K , are some F , measurable functions.

Theorem 4.3. Let u be a loose regular extremal C.E. state with respect to {H, N}, N,
=0 Vi. If, furthermore, for all sufficiently large A the distribution of H(&lw 4.)
obtained from v 4(d&) on {N; 4&)>0,Vi} is absolutely continuous with respect to
Lebesgue measure for pu—a.e. w (ie., g t,)<m, on {N,>0}) then p is a Gibbs
state.

Definition 4.2. Let xe U.

) 0%=g,'D(-x+E,) (G,
2} For weQ?,

d 4(x,0)=$ ,(x + g {(0) =S g ®)).
On its domain, d 4(x,-) is defined modz, and takes values in {—co, c0].

Lemma 4.2.
1) Q% Tmod y as A7
2) On Q%,d z{x, w)=d ,(x, w)mod p.

Proof. 1) g; , commutes with the addition of x. Therefore
Qi=94" D )ngs (= x+97 (EA).

Since by Lemma 4.1 and its proof g; 4(E;)DE, and g5 (D )¢, (D), 052 0%.
2) By Lemma 3.1, for m, —a.e. (y,w}eD ;n(—x+E ),

S91 4 0) =8, )+ C 1 4
and
Sig1 Ax+y,0) =5 (x+y,0)+Cj (0.

Furthermore, all the terms in the first equation are finite so that we may subtract it
from the second equation. [

Lemma 4.3. Under the assumptions of Theorem 3, VxeU
WO—1 as ATRL
Proof. Let
J o= {xe Ulu(0%)>0}.
Since g ,(wyxm, on D,
J={xeUm D N(—x+E,)>0}.

J 4 is open since m (D ,n{—x+ E })} is continuous in x (a well known property
of Lebesgue measure). Since u is loose, for any i=1,...,1 J 3(e, —1,) eventually
for some A and e;cR¥,
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By Lemma 4.2 the J , increase in A to some set J (ie., J,TJ). VxeJ,
y Q5= /}gl};{, Q%eG mody.

Since G, is trivial, the above is a trivial set of positive measure. Thus VxeJ,
Jim, Q) =1.

Let now x,x+yeJ. 34 for which

HQE QN +0
or

(GadD g (=x+D (= x—y+E)>0.

As explained above this means
m D ,n(—x+D)n(—x—y+E)>0,

which implies, using the translational invariance of m,
myD 40 (=y+E)>0

ie., yel.

Therefore, J is an open subset of R* x Z' which is closed under subtraction and
which contains points (e, —1,) i=1, ..., It follows that J=IR* x Z', which proves
the lemma. [

Lemma 4.4. Under assumptions of Theorem 3 34eR™ such that YVxeU VYA and
p—a.e. weQ¥

dx,m)=4-x.

Proof. By Lemma 4.2, Vxe U there exists the limiting function d defined by
}i&ld d (x, w)y=d(x, ).

d(x, ) is measurable mod p with respect to G, and thus, mod y, is a constant d(x).
This implies, since ¢ ()~ m, on D ,, that for m, ae. (u,w)eD N{(—x+E,)
S (x+u,w)—S (u,w)=d(x). 4.2)
Let x,ye U. In the proof of Lemma 4.3 it was shown that 34 such that
m D (—=x+D)n(—x—y+E )£0.

Using the translation of m,, (4.2) implies, for m,—ae (W w)eD,
N—x+D)n{(—x—y+E)

S(x+u, w)~§(u, w)=d(x),
S(x+y+u w)—Su, w)=dx+y),
S(x+y+u,0)—S(x+u,w)=d(y).

Hence d(x)+ d(y) =d(x +y) ¥V x,ye U. The joint measurability of d(x, w) implies that
d(x)= | p(dw)d(x, w) is measurable. Therefore d is linear. []
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Proof of Theorem 4.2. Consider configurations w for which
g1 (D PIF New)>0.

By Lemma 4.4 (and Fubini’s theorem), 34 R” such that VA the F ,-measurable
function

S (X, w)—i-x

is independent of x for m,—a.e. {x,w)e E ;. This difference is therefore given by
some function, K (w 4. _
1t follows from Lemma 3.1 that YACA

Si(x,0)—Ax= §;1(g;17 Ax ) —A-x—~Cx 4(o,)
=SHx+ X4, 0) =4 x—Cx ()
= K/i(w/ic) +2 X 4w y0)— C/I,A(CUAE)

for g,(t)—ae (x,0)e{olgr (DF Nw)>0}ng; (Ey). [Since g4 494(t,)
=git4)<gs(t5).] This proves that S (w) has the claimed form on the union of
increasing sets:

U Holulgz (D IF 3))>0tng; (E7)].

ACA

Since

p{olugz (D HIF )@)>0}) > 1—ulg7 (D)
and u(D;)—1 as ATRY,

u(AkC)A_ [{olulgz (D IF A—)(w)>0}]) =1.

Further, since p(g; (D ;)|F ;)(w) is measurable with respect to F;CF ,, the above
set has the “full measure” with respect to 7,. The above conclusion extends

therefore to the set | | g3 '(E ;). It remains only to prove that on its complement
AcAd

S (w)=oo(modr,). This follows from the fact that

K =0. O
Proof of Theorem 4.3. By Theorem 4.2 it suffices to show that
TA( ALC)/IQE HEy) c) =0.

Since g4(t;)<€m; on

¢

, for any A large enough,

i=1

FC (,O {Ni,x=0}> ~ ([ {N,~0}mods,.

Here N;= %ir%dNi,Z.
Suppose now u{N;—N, ,=0}>0 for some 1 <i=<l Then, for some n<co,

p{N,=n}>0.
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However, {N,=n}eG_ and G_ is trivial by the extremality of u. This implies
N,=nmody,
which contradicts the looseness of p. Thus u{N;—N, ,=0}=0 and hence

TA(AO {Ni_Ni,AZO}) =0. O

5. Application to Statistical Mechanical Systems

We shall now restrict our attention to systems similar to those described in
Remark 2.1. Namely, the extensive variables are X={H,N} where the
Hamiltonian H consists of

1) The kinetic energy X

p2i2m-

1) Potential energy of the form V=) 2.
k=1

with k-body potentials f, which are upper semi-continuous of compact support
with values in RU{+ oo} (one side compactification of R).
3) Hard core exclusion is also permitted.

Definition 5.1. 1) For a given Hamiltonian let ¢(glw) denote the increase in the
interaction energy which would result from adding a particle at gelR? to the
configuration we 2.

2} A state y is called unsaturated if for y-a.e. w3yeIR such that

g,(w)= Ahi?{d inf N 4(w)™" i dqIP(glw)<y1>0. (5.1)

Remark 5.1. 1t 1s easy to prove the following quite general criteria for unsaturated
states.
1) Let the potential energy result from a pair interaction f, such that ¥e>0

Ale)=sup | dyify(x,p)<o0.

x Jy-xl>e

If for u-ae.

.. N (o
=] -
¢= A

then u is unsaturated.
Proof. Let w,={(q; p;)}
1dalldlglw)>71=N ) | dg+ | dalglgloll/y

<O

lglse vitlg—q,f>¢
éNA(co)Hf dq+V"IZ[ Il dqlfq—q,)
qlSe i lg—qi<e
SN @) | dg+N (w)A(e)y.
gl <e
Therefore
1 -1 -1 A(f)
lim sup N (o)™ fdgl[plgiw)<y]ze ' ===~ | dg
A—Ra 4 7 fal<e

which is positive for properly chosen ¢ and y. [
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2) Let H and p be translation invariant with [ duN ,(w)< oc. p is saturated (the
opposite of unsaturated) if and only if, VgeIRY, ¢(g, )= oo for u-a.e. w (this can be
proven using the decomposition to ergodic components).

In particular, if the potential energy results from a pair potential which is finite
almost everywhere then u is unsaturated.

Our main result in this section is

Theorem 5.1. Let p be a conditional equilibrium state with respect to X={H, N}
with H as above. If u is unsaturated and for p-a.e.

~2 T . sz((,OA)

p (w)wjirﬁdlnf N (@) >0 {(5.2)
and

Nga(w)= o0 (5.3)

then p is a convex combination of Gibbs states.
We shall prove this using the criterion provided by Theorem 4.3. First let us
observe:

Lemma 5.1 (The Three-Boxes Criterion). Let u be an extremal C.E. state with
respect to X ={H, N} with H as above. If for u-a.e. »» the measure on R X Z def ined

by the weak lLim lim of the distributions of (H (&), N ,(0)) in the states
AR A1R4

Hdo| B 5 4G Dlw)

1) absolutely continuous on R x {n>0} for all A, and
ii) for A large enough, equivalent to ( Lebesgue x counting ) measure in a set of
the form (H (w)— A4, H J(w)) x {N [w)—1, N ([w)}, 4>0, then u is a Gibbs state.

Proof. Let
Ly = Q BraG 1
and
Z:A = g) LA» A
It is a consequence of Doob’s theorem that the limiting distribution on R x Z is the
distribution of (H ,, N ;) in the state u(-|L)(w).
LA, A D E@/T\AG(X)

and, since the product of s-algebras is continuous with respect to upward
convergence,

Ly im™ %5 4G, =F,G,=F,
AtR4 '
the last equality only mod g, (because G, is trivial by the extremality of ). This

implies that the measures p(-|F ,)(w) are averages over u(- |L (@) and hence
conditions 1) and ii) are also satisfied by the distributions of (H ,, N ) in the states
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u-1F )e). Therefore, except possibly for regularity, u satisfies the hypotheses of
Theorem 4.3.

In order to prove regularity it suffices, since p is a C.E. state, to show
gall)<galty).
This is clearly satisfied on {n<0}. On {n>0} g,()<m, (by 1) and g ,(p) is
supported by {e=e%(n, w)} where
efy(n, w)=inf {H (DN (@) =n, & .= w .} =inf {V(qy, ..., q,l»).
Since the kinetic energy and the potential energy are independent with respect to

v, and since the distribution of the kinetic energy is equivalent to the Lebesgue
measure on [0, co), we conclude that g ,(t,)~m, on

{fezessinf{V{q,,....q |04, ... g, €A} }.

By the upper semi-continuity of the interactions this essential infimum
is €%(n, w). Thus on {e=eY(n, w)}

gl <m,<g,(t,).
The lemma now follows from Theorem 4.3. [

We wish to point out that the extremality of x4 does not play an essential role in
the above proof; hence the other conditions of Lemma 5.1 provide a criterion for a
C.E. state to be a convex integral of Gibbs states.

Proof of Theorem 5.1. Let u satisfy the assumptions of the theorem. Then so do the
components of its decomposition into extremal C.E. states. It thus suffices to prove
the theorem for u extremal.

For any DCIRY, eeR, neZ such that nd >2 let

d
RD(eankU):‘g j‘ dndq ‘f dndp

d geD4 p?<e—viglopt)

=¢y I dg | o"dplpl™". (5.4)
geD? ipl=Ve=V
e—V(glopc)>0
The interchange of integration and differentiation is justified since V, being upper
semicontinuous, is bounded below on compact sets.

For given ACACACR? let

D=A\A1 and D=AUD.
The dependence of D on A will be supressed in this notation.
If, as we shall assume, A\A is wider than the range of the interaction then

Hplw)=H o)+ Hyo).
The probability of finding (H (@), N (&) in de x {n} with respect to

M| By, 4G 1))
is, for ne(2/d, N (w)-2/d),

(Norm)™*(de/n")R (e, nlw)W), 4(e, njw) (5.5)
with

Wp, ale: nlw)=(Ng(w)—m)!™ ' Rp(Hp(w)— e, Np(w) - njo). (5.6)
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We aim at showing that the hypotheses of Lemma 5.1 are satisfied. In order to
do so we need some estimates on the effects on the above distribution of changes in
e and n which are uniform in (large) 4 and A. These are provided by the following
monotonicity properties of the weight function W.

Claim 1. 1) W, (e, njw) is decreasing in e. _
it} 3¢>0 such that for all 4> A there is a sequence A1IR? for which

(HA((,O), NA((U) — lw) =

.. W
liminf —2:4 =cmod p.

W, 4s(H (@), N s()|w)

i) follows by inspection of Equation (5.4). ii) will now be proven.
Letting E=Hplo)—e, M=Np()—~n and $(@l)= (@, p.),

WD’A(e,n—I[a))z(M+1)!"1di [ ag{ap

E qeD
f deq j dep
qeDM p?<e-Viglw)— b2 - ¢@)
zcd(M—i—l)!‘1 j ddéjddﬁfdeq
E-V(glw)—p2— 320
§ aMi(dp)ip|~*

bl =VE-V—-F5"—¢
ZeM+DUY [ aMg [ gMidp)piT!
E-Vz0 IpI=VE=V

p*—p>—$(dlg)
pZ

Md/2 -1
[ d'gfdp

E=V-p2~¢20

(5.7)

The last inequality results from the additional restriction of the domain of
integration and from scaling p. The distribution of ¢,p in the last expression
corresponds to the microcanonical ensemble in D, {-), ., for M particles at the
energy E with the boundary condition . Using Equations (5.4) and (5.6) one may
express the normalization of the measure for ¢, p in Equation (5.7) by means of
Wy, ale, njw). Thus, using {x|, =max (0, x),

dMj2 -1 >

+ M,E, o

Wy, ale,n—Haw)yz2 W, (e, njw)

-<(M+1)” § dg{dp

geD

p*—p*— ¢(qlg)

pl

> W, (e niw) <(M+1)‘1 [ d'gipp

.{1 _ ¢(dlg)

dM+1)2-1

2
Let k,7>0. Using (twicefthe inequality
l—z=ze 2 Vzel0,1/2]
we obtain, for M =max (2y/k, 2)
Wy, sle,n—1w)= W, (e, njw)c ke 219%

: <1[p2 = kMM +1)71 lj;ddél[aﬁ(élq, Wpe) < /]> (5.8)

jddxll _ XZ;dM/Z* 1>

+ M,E,w
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(We remind the reader that I[C] is the characteristic function of the set on
which the condition c¢ is satisfied.)
Let

Yolw) =112 o(0p) > kN (@) IV @)+ 1) | dGI(Glw) <7]

D

and
Vi) = | W(dD1% 3G () Yol).

If Np(w) zmax (2y/k, 2) substituting n=N ,(w) e=H ,(w) in Equation (5.8) leads to
Wy, sH (@), N j(0) = 1w} 2 W;, (H (), N [w)lw)c(d,y, k), (w).

The functions g.(w) [Eq. (5.1)] and p(w) [Eq. (5.2)] are measurable with respect
to G, and therefore constant ae. for the extremal C.E. state u. Therefore
Iy, k, 0 >0 such that VA, A, ACA,

I[2 2(wp) > kN p(w)] T I mod u

lim inf(N p(w)+ 1) | d*GI{$(Glq, wp) <y =26 mod pt.
D

AtR4
Thus, for this choice of k and y

lim inf Yp(w)= 26 (5.9)
ArRd

Let
Ap={o|Yy{w)<o}.
By Equation (5.9) I, —~0Omod . Therefore

{ 1d)p(Ap\B 4 G w)=(A,) >0 as  ATRY,

Passing to a subsequence we obtain a sequence /_]TIR" (which depends only on A, A)
for which the convergence is pointwise:

Him (A |28 5, 4G 7)) =0mod p.
ATR4

Since

W) Z 61 ADIB 3,46 DN w) = 0(1 — WA p|& 7, 4G )
lim inf #p(w) = mod p.

AR

Thus

.. Wy (H (w), N (w)—1w)
l f D, A A A
e Wy JH {0 N (o))

= c(d, v, k)d >0mod p,

proving Claim 1ii).
Let

eS(n, w)=inf {H (®)|® e =0 4o, N [(@)=n}.
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Since u(-]G 4Mw) are given by the microcanonical ensembles, v,A
wlolw3{(4,p),(@.5)} such that p=0,5+0} =0.

Taking the limit A7R? and using the fact that by Equation (5.2), u-a.e. @ includes a
particle with positive kinetic energy, we may conclude that the kinetic energy of
any particle in o does not vanish (mod y). Thus

N (0)>0 implies H ,(w)>e$(N (), wymod p. (3.10)
In fact since, by Equation (5.3) the total kinetic energy is infinite, for u-a.e. @
H ,(w)>e§(N ,(w)—1, w) (5.11)

for all A large enough. (Here the finiteness of the range of the potential was used.)
We shall now prove the following claim, from which the hypotheses of Lemma
5.1 follow directly.

Claim 2. For p-a.e. @ the measure on IR x Z defined by the weak lim lim of the
AtR4 ArRd
distributions of (H ,(&®), N ,(@)) in the states

1A\ 5, 4G )= ul- L )

is 1) absolutely continuous on R x {n>0},
i) equivalent to the Lebesgue measure on

[e3(N (o), w), H ()] x {N ,(w)},
iii) equivalent to the Lebesgue measure on
(SN (@)= 1L, w), H ()] x {N 4(w)~ 1}

for A such that Equation (5.11) is satisfied.

Let n>0. With respect to (dd|% 4 ,G30w) the distribution of H (@) for
N ,()=nis expressed in Equation (5.5) as a product of R ,(e, njw), whose support
is [e%(n, ), o), with monotone decreasing functions. This implies that the
measures obtained by multiplying these distributions by R *(e, nw) are monotone
in the sense that the integrals of positive continuous functions with compact support
in (e%(n, w), o) decrease when these functions are translated to the right. This
monotonicity is clearly preserved under limits.

Any locally finite measure o on (e, oo} which is monotone has support in some
interval (possibly empty) in which it is equivalent to the Lebesgue measure. To
prove this notice that it is implied by the concavity of the shifted distribution
functions

F(x)=sgn (x—y)a((x, y)u(y, x))

which follows from the monotonicity. Therefore, under u(-|L ,)}w) the distribution
of H, for N  =nis of this form except for a possible additional point measure at
eS(n, o).

The limiting measures u(-|L Jw) are obtained from p by conditioning.
Therefore any property holds mod u if and only if it holds almost surely for the
limiting measures for p-a.e. w.
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We shall now use this fact to prove each part of the claim.
1) Equation (5.10) implies that for any n>0
H({H () =e5(n, )} O AN ((-)=n}|L )(w)=0mod y.

Since with respect to these measures ed(n, -)=e%(n, @) the above mentioned
discrete component of the distribution of H, vanishes. This proves part i) of
Claim 2.

ii) Let & ,(n, w) be the right end point of the support of the energy distribution
on {N ,=n} under u(-|L,)w). Thus for p-a.e.

HA(J)) = éA(NA((I))’ w)= éA(NA(d—))a @)
for u(da|L ) w)-ae. &. Le.,
H (@) Sé,(N ,(), )mod

proving Part ii} of Claim 2.
_ 1ii) From Claim 1ii} and from Claim 2ii) we conclude that, mod y, 3¢ >0 and
ATR? such that

—1
lim inf 2.4 1~ 1)
Atra Wy, 4le, nlw)

Y

c

for ae. ec[ef(n, w),é,(n,w)]. Thus
w(H  ede,N ;=n—1|L, }w)
R (e,n—1jw)

CW“(HAEde’ N, =nlL, 7)w).

Y

Passing to the limit ATR? and using Claim 2ii), Part iii) of Claim 2 follows.
As remarked above the hypotheses of Lemma 5.1 follow from Claim 2. Thus
Theorem 5.1 is proven. [

6. Canonical Gibbs States

There are three classical ensembles. We have discussed conditions on states of
infinite systems which correspond to two of these. The following condition, which
was studied in {6,8], characterizes limits of canonical ensembles. It was this
condition which first motivated our interest in C.E. when it was proven [9, 12]
that it is equivalent to a type of dynamical stability.

Definition 6.1. For a given extensive {energy) function H, a state u is a canonical
Gibbs state of inverse temperature f§ if for any A there is a Borel measurable
function b, :Z x Q@—R such that for py-ae. w

HA(délw) = o~ BH(Ewy) + balN ald), “’)VA(dé) .

Remark 6.1. Clearly, any canonical Gibbs state is also a C.E. state. Notice,
however, that an extremal canonical Gibbs state need not be an extremal C.E.
state.
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Thus we may conclude from Theorem 5.1 that under the assumptions
appropriate a canonical Gibbs state is a convex combination of Gibbs states. In
fact, as may easily be seen, all the Gibbs states are of the same temperature.

A more powerful approach results from the observation that canonical Gibbs
states may be viewed as the C.E. states with respect to the single extensive quantity
N for the modified a priori measure obtained by replacing v (d¢) by
exp [ — BH(E|w 1)1y ,(dE).

The only property of v which was used is that it induces on the entropy
function the “quasi-extensiveness” expressed in Lemma 3.1. Since the above
modification of the a priori measure increases the entropy function by an extensive
quantity, Lemma 3.1 still holds.

Thus the arguments of Section 4 apply, and in fact the details simplify greatly
since in this case U=7Z. The appropriate notion of looseness is that 34 and neZ
such that

wlolp (N =nlo)£0, WN ,=n+1|w)+0}>0.
With this notion we obtain in place of Theorem 4.3:
Theorem 6.1. Every loose extremal canonical Gibbs state is a Gibbs state.

In place of Theorem 5.1 we obtain the following result which no longer
requires the presence of momentum degrees of freedom.

Theorem 6.2. For a finite range interaction, every unsaturated canonical Gibbs state
with an infinite number of particles is a convex combination of Gibbs states.
(N =0 automatically in C.E. states for translation invariant potentials.)

To prove this one need only establish looseness which in this case follows by a
greatly simplified version of the argament in Section 5. Let

Z (no )= j VA(dé)e*ﬁH(éiwAt).
Nal®=n

The basic required estimates are some positive lower bounds for

Z AN o)+ 1, 0,4)/Z (N 4(w), 0 40) = <[NA(w)+ 1y dqe“”¢(4"°’>(°‘"‘"-) :
A A w
where ( ){*) is the expectation in the canonical ensemble in A with N (o)
particles and the boundary conditions ..
To establish looseness appropriate upper bounds would do as well. Thus one

proves

Theorem 6.3. For a finite range interaction coming from potentials which are either
1) positive or
2) hard core and bounded below
every canonical Gibbs state with a positive density is a convex combination of Gibbs
states.
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