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We prove that the susceptibility of an isotropic, two-component, classical vector spin
system, e.g., the rigid rotator, diverges in three or four dimensions as the magnetic
field — 0, at all temperatures for which there is a spontaneous magnetization. The di-
vergence is at least as strong as #1/? in three and as [Inz| in four dimensions. We also
obtain bounds on the rates of exponential decay of the parallel- and transverse-pair cor-

relation functions.

We consider a system of generalized, classi-
cal, D-dimensional, vector spins, $S,=(S,},...,
S,P), with pair interactions, on a cubical lattice
in v dimensions, € 3"”. The energy of this sys-
tem in a region AC 37 is

D
Hy=-32 25 JH@=7)S,'S,} =23 hS;,
q

q,r i=1
g, rehd, (1)

where & is an external magnetic field, and we as-
sume for simplicity that the interaction has a fi-
nite range, J'(#)=0 for || >R. The joint prob-
ability density in the canonical ensemble with re-
ciprocal temperature T-'=8 is

pa({8H=2Z"1(B, h; A) exp(- BH,) I p(S0), (@

where S, = [S,], p(S)dS is a finite positive mea-
sure on ®RY, and Z is the partition function which
normalizes u,.

In the case normally considered in statistical
mechanics! p(S) is assumed to be concentrated
on the unit D-dimensional sphere, p(S)=06(S-1),
and D=1,2, 3 correspond respectively to the Is-
ing, rigid-rotator, and classical Heisenberg
models. In the Euclidian version of quantum field
theory however? it is natural to consider p(S)

=exp[ - #,(S)], where u,(S) is an even polynomial
of degree n; u,(S)=aS*-bS?, a,b >0, being the
simplest interesting case.®

When the interactions are isotropic, J*()=J(7),
i=1,2,...,1, 2<I<D, then the system, in the
absence of an external magnetic field (2=0), pos-
sesses a continuous symmetry group O(l). It is
widely believed (on the basis of series analysis,
spin-wave theory, spherical-model behavior)*
that for isotropic systems with ferromagnetic in-
teractions, J(r)= |J*(»)|, the susceptibility x(T, &)
=3m(T, 1)/oh diverges as k-0, at least in three
and four dimensions, whenever there is a spon-
taneous magnetization

lim m (T, B)=m*(T) >0. (3)

h—> ot
Here m(T, k) is the expectation value of S;' in the
thermodynamic (A =) limit. In two dimensions,
v=2, where Mermin proved>® that for the isotrop-
ic system m*(T)=0 for T #0, it is nevertheless
thought®* that the susceptibility diverges, as &
-0, at low temperatures. For v=3, it is expect-
ed that there is a critical temperature T, >0 such
that (3) holds for T <T.. This has however only
been proven’ for the anisotropic case J*(r) >|J* ()|,
i=2,...,D. (A simple elegant proof, based on in-
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equalities, has recently been given by Kunz® for
the anisotropic two-component system.)

The physical origin for the expected divergence
in the susceptibility is that the long-wavelength
fluctuations in the magnetization have, in the iso-
tropic case, vanishingly small energy as - 0.
This corresponds to a weak (nonexponential) de-
cay of the spin-spin correlations in the limit %
=0* which gives rise to an infinite susceptibility.*
In contrast, Ising-spin systems (D=1) are known
to have exponentially decaying correlations and
thus finite susceptibilities at sufficiently low tem-
peratures in all dimensions and at all tempera-
tures T #T, in two dimensions (with nearest-
neighbor interactions).® The same is presumably
also true for D+#1 whenever there is any anisot-
ropy.

The existence of such divergent long-wavelength
fluctuations for the spin components transverse
to the magnetic field was indeed proven by Mer-
min® when there is a spontaneous magnetization.
This is entirely analogous to the appearance of
zero-mass Goldstone bosons in field theory.!°
However until recently there was no way of re-
lating this divergence in the transverse suscepti-
bility to the parallel susceptibility.? The neces-
sary tool for D =2 was provided recently by Dun-
lop and Newman® who proved for this case that
the correlation function for the parallel compo-
nents of the spins cannot decay faster than the
square of the transverse-spin correlations.

In this note we use Dunlop and Newman’s result
together with Mermin’s inequality® to prove rig-
orously that for D =2 the existence of a spontan-
eous magnetization does indeed imply that the
susceptibility diverges at least as fast as 72 in
three dimensions and as |In| in four dimensions.
We also make use of the existence of a Lee-Yang
theorem for these systems®!! to obtain bounds on
how fast the exponential decay rates (field-theo-
ry masses) have to approach zero as 2—0. [The
need for a rigorous proof in place of the heuristic
arguments is evidenced by the fact that, as shown
by Thompson,'? at temperatures above T.(1), the
critical temperature of the D =1 system with the

same J, the correlations of a D-component vec-
tor spin system with ferromagnetic interactions,
and hence also the susceptibility, are bounded by
those of the D =1 (Ising) system for 2=0.]

We shall restrict ourselves from now on to the
case D=2, J'(r)=J%(r)=0, >0, and (for sim-
plicity) take A to be a cube of sides 2L +1, L
>2R, centered on the origin, |A|=(2L +1)”, with
periodic boundary conditions on the interaction.
We define

U;(; T, h;A)
= <Sojsrj> - (Soj >2
= A2 T, exp[- ik F]0;(k; T, 5 A), (4)
where the expectations are taken with respect to
the measure (2) with [ exp[AS?]p(S)dS <= for all
A. The components of the vector 7 are integers,

r& [=L,L], and the sum over k is over the first
Brillouin zone. Clearly

SNT, by A)=m (T, h;A),

(5)
(ST, h;A)=0,
and

BX(T, h; A)

=B tom(T,h;A)/oh

=2, U, 0r; T, b A) =T, (0; T, b A) . (6)

Theorvem 1 (Mevrmin).—

U,(k; T, ky A)=m?3(T, h; A)/B[CK? + hm ], (7

where C =), |72|J(#)a and « is a constant chosen
so that {(S,)? <a for h <hy; &, fixed and arbitrary.
Proof: This is Mermin’s® Eq. (15) when p(S)
=8(S—1). It is obtained by setting §, = (S, cos,,
S, siné,), defining A =), exp(ik * §)S,? and B
=33 exp(ik *§)dH/26,, and using the Schwartz in-
equality (|A|? = [{AxB)|2/|B|?). This theorem
extends readily to (isotropic) D >2 and arbitrary
p(S) for which (S?) is bounded. It does not depend
on the sign of J() or k. As was shown by Mer-
min, Eq. (7) implies that m*(T')=0 for v=1,2
and T >0, since U;(»)<a.
Theovem 2. (Dunlop-Newwman).—For J(r)=0,
n>0,

[U,0; T, i AP <U, (7, T, h; A)[U,(r; T, h; A) +2m2] < 2aU,(7; T, b; A) . (8)

Proof: This is Theorem 13 of Dunlop and Newman® and is obtained by a clever manipulation of the
Ginibre inequalities.’® It is unfortunately restricted (at present) to D=2 where these inequalities have
been proven.'® It requires J(#) >0, =0, but permits different fields and interactions on different

sites [with appropriate modifications of (8)].

Combining (6), (7), and (8) we obtain the following.
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Theovem 3.—~For J(r)=0, h=0,

X(T, by A)=> 2ap) A" 20, m*(T, h; A)[CR? + hm]™2

Theorem 4 follows now easily from (9).
Theorem 4.—For h>0, J(r)=0,

- {const[m(T,h)]z“”/2 [r¥/2°2] if v=1,2,3,
X{T, k)=

(9)

(10)

const[m(T, k)]* In[const/lm (T, h)] if v=4,

where |

m (T, k)= lim m(T, h;A),

A—>w

X(T,h)= lim X(T, k5 A)=0m (T, h) /3.
A~

Proof: The existence and interchange of lim-
its is guaranteed!® for p(S)=06(S=1) or p(S)
=exp[-u,(S)] by the Lee-Yang theorem®'* which
says that m (T, h; A) is analytic in the complex &
plane, Rei#0. For other p(S) one first has to in-
tegrate (9) between %, and k,, take the limit A
-, and then differentiate with respect to 2. We
note the following.

(i) The same arguments also show'® that m (T,
k) is independent of boundary conditions as long
as these are reasonable so that the use of period-
ic boundary conditions does no harm. By reason-
able we mean that the magnitude of the spins out-
side A be uniformly bounded (to insure the exis-
tence of the thermodynamic limit of the free en-
ergy). This is automatically true for p(S)=6(S
~1). Free boundary conditions are always rea-
sonable.

(ii) It is expected that when the Lee-Yang the-
orem holds, then the correlation functions ¢S 1'1

» Sam ™(T', k; A) would have for Rek#0 (a) a
unlque thermodynamic limit (A - =) independent
of (reasonable) boundary conditions, (b) these in-
finite-volume correlations would be analytic in
h and real analytic in T, and (c) that the trun-
cated functions, such as U;(»; T, k), would have
an exponential decay, i.e., U;(r; T, k) < const
x exp(=k;|7|). This is the case for the spin-3 Is-
ing system, D=1 and p(S)=06(S-1), where (a)
was shown'* to hold for (and only for) those values
of T and & for which m (T, k) is continuous in %,
and (b) and (c) follow essentially'® from the con-
vergence of the power series in z = exp(- 28%) for
the correlation functions. For the more general
case only weaker results are available at the
present time.!®'” In particular (b) and (c¢) hold in
the case considered here, for the U;(»; T, ) ob-
tained from periodic (and free) boundary condi-
tions.'” Another theorem now follows from Egs.

(7) and (8). )

Theovem 5.—For D=2, p(S)=06(S~1) or p(S)
= exp[—-u ,(S)], J(#)=0 for |#| >1, and m*(T) >0,
then k;(T, k) < constx k" ag h— 0%,

The results of Ref. 16 would however prevent a
decay of «;(T, ) [if indeed k;(T, k) is greater than
0 for Reh sufficiently large] faster than linear in
h.
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Giant Quadrupole Resonance in Deformed Nuclei*
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With use of the ordinary quadrupole-quadrupole (Q-Q) interaction, a total splitting of
the K=0,1,2 components in the giant quadrupole resonance (GQR) of about 6 MeV is pre-
dicted for deformed '%‘Sm. A 0.8+ 0.3-MeV broadening of the GQR is observed for %‘Sm
relative to spherical %4Sm with inelastic @ scattering. A model requiring rigorous self-
consistency is proposed which modifies the Q-Q interaction, reduces the predicted split-
ting to about 2 MeV, and removes inconsistencies in the strength of the interaction for X
=0 and K=2 components in low-lying 8 and y bands.

The splitting of the giant dipole resonance in
deformed nuclei is a well-established phenome-
non.! Qualitatively it may be understood in terms
of either a macroscopic or a single-particle
(Nilsson model) view of the nucleus and more
sophisticated models have been proposed in or-
der to quantitatively describe the numerous ex-
perimental results. There has been little report-
ed theoretical work on the effects of deformation
on the giant quadrupole resonance (GQR) howev-
er. In the harmonic-oscillator model, the high-
frequency isoscalar quadrupole mode corresponds
to AN =2 particle-hole excitations. The existence
of this mode has been implied by effective-charge
phenomena. Following the development of Mot-
telson,? when a particle moves outside a closed-
shell core it distorts the core and induces a qua-
drupole moment as large as that of the valence
particle. When a second particle is added, an ef-
fective interaction between the particles is in-
duced because of the distortion of the core. This
effective interaction has the form of a quadrupole-
quadrupole (Q-Q) interaction and is given by V(1,
2)=-xQ(1)*Q(2). The strength of the interac-
tion is

X =Xself= (41!/5)1"2602/(2 i7i2>sph

and is determined by requiring the shapes of the
potential and density distributions to be the same
(nuclear self-consistency). This must be the
case as the average potential is generated by the
nucleons themselves moving more or less inde-
pendently in this potential and interacting through
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a short-range force. The Q-Q interaction thus
derived has been applied quite successfully to
low-lying quadrupole collective motion in spheri-
cal nuclei.® In well-deformed nuclei on the other
hand different strengths are required for K=0
and K =2 to fit the data.* For example, Xx=0.5
20.85X e1r and Xg=5,y = (1.4=1.5)X;e1¢, which is in-
dicative of some problem with the model.

Random-phase-approximation (RPA) calcula-
tions for **Sm utilizing the Q-Q interaction give
both eigenfrequencies and transition probabilities
for the low-lying collective 2* states and the
GQR?’® in reasonable agreement with the experi-
mental values obtained. In a deformed nucleus
such as **Sm or !°°Nd one would expect three
GQR components (K=0, 1, and 2) due to coupling
with the low-lying quadrupole rotational motions.
In an axially symmetric system with X =Xe1¢ the
total splitting of the three peaks would be V2 €hw g,
implying for '**Sm a total splitting of about 6 MeV
[Fig. 1(a)].

The first experimental attempts to observe
splitting of the GQR revealed little if any differ-
ence®® in the width or shape of the resonance be-
tween spherical and deformed Sm isotopes. More
recent (¢,e’) experiments” have shown a broader
GQR in °Nd than in *2Nd, but only by ~2 MeV.
We have undertaken further investigation of the
GQR in 441481549y by inelastic @ scattering. A
beam of 115-MeV «a particles was used to bom-
bard self-supporting metal foils enriched to > 99%
in the appropriate isotopes. Spectra from E +E
solid-state detector telescopes were recorded in



