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We investigate the properties of binary mixtures of hard sphere fluids with nonadditive diameters:
Calling R the distance of closest approach between particles of species / and j we assume

Riy= é— (R,; +Ry;)+a with a#0. We find the exact solution of the Percus-Yevick integral
equation for this system in both one and three dimensions when R, = R,, =0, a > 0
(Widom-Rowlinson model). The solution of the PY equation for the Widom~Rowlinson model
exhibits a phase transition (corresponding to a separation of the components) in three but not in one
dimension. This is in agreement with the true behavior of this system. The critical indices in three

dimensions are classical.

. INTRODUCTION

In the absence of any exact results for the radial dis-
tribution function of dense gases and liquids, our under-
standing and interpretation of experiments in fluids re-
lies heavily on the use of various approximate integral
equations for these functions.

One of the more successful of these integral equa-
tions, the Percus-Yevick (PY) equation,® has a relative-
ly simple closed form solution for a system of hard
spheres. The solution for a single-component hard
sphere fluid with interparticle potential,

vlry= o, r<R
= 0, *>R, 1.1

was obtained by Wertheim? and Thiele.® Lebowitz* gen-
eralized Wertheim’s method to get the solution of the
PY equation for mixtures of hard spheres with potential
between a particle of species 7 and j,

v;F) =, ¥<Ry

=0, v>Ry;, 1.2)
when the diameters are additive
R;;=3(R;;+Ry;) . 1.3)

These solutions have been used’® extensively in connec-
tion with x-ray and neutron scattering data from simple
fluids and from liquid metals. In the latter experiments
it was noted that the assumption of additive diameters
may be grossly invalid for some liquid-metal mixtures.
Similar remarks apply also to other fluid mixtures.

The PY equation for mixtures of hard spheres with
potential (1.2} but without the assumption of additive
diameters was considered by Lebowitz and Zomick. ®
They considered in particular the case,

Ry;=3(Ry +Ry)+ (1.4)
where o satisfies the following inequalities:
0<a=3Ry-Ry), Ryp=Ry . (1.5)

They obtained an exact solution in one dimension and a
partial solution in three dimensions.
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Recently Widom and Rowlinson’ proposed a model for
studying liquid-vapor phase transitions which is iso-
morphic to a two-component system in which there are
no interactions between particles of the same species
and a hard core of diameter o between particles of dif-
ferent species, i.e.,

R;;= «a,

17

{i#34)
(i=7). (1.6)

This model, and some generalization of it, was
proven® to undergo phase transitions (in two and higher
dimensions) corresponding to a separation of the com-
ponents when the density is sufficiently high. These re-
sults follow from very general arguments and do not
give any other information about this system. Such in-
formation, apart from its inherent symmetry so nicely
exploited by Widom and Rowlinson, and some rigorous
inequalities which can be derived in various ways, ® has
so far been obtained either from simple mean field the-
ory or from low density expansions (via Padé approxi-
mations)andfrom some machine computations on related
systems. Inthis paper wefindthe exact solution of the PY
equationfor this system in one and three dimensions.

= 0,

In one dimension, the solution is unique up to a cer-
tain density and becomes nonunique after that. The
“physical” solution can however be shown, using the
continuity of the pressure, to be just the continuation of
the low density solution. We compare the values of
pressures with the exact result. For values of density
less than 1, in units in which 2a =1, the agreement is
very good. The direct correlation function is the Bessel
function of zeroth order.

In three dimensions, but not in one, the solution does
not extend beyond a certain density, that is, the PY in-
tegral equation does not yield a solution at a density
higher than this one. Before reaching this maximum
density we find, in three dimensions, a density at which
the “susceptibility” diverges with “classical” critical
indices. Correlation functions and their Fourier trans-
forms are drawn for a few densities. These results are
compared with some rigorous inequalities® on the cor-
relation functions of this system.
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A. Formulation of problem

In a uniform binary mixture with densities p; and p,,
the direct correlation functions C;;(») are defined in
terms of the radial distribution functions, g;,(»), by the
Ornstein-Zernike equations, !

60 1=, 00+ 3. puf Laal |21 =1)

I=1

XCpyllr—r")dr'. 1.m
The symmetry g,;(r) =g;; () also gives C;;(*) = C,;(r) and
r=irl.

The PY approximation® for hard spheres consists of
the assumption that C;;(r} does not extend beyond the
range of potential,

C;,;r) =0, (1.8)

When this is combined with the exact relation g;,;(+} =0,
for » <R,; we have a closed set of equations for C;;(#)
and g;,(7) the solution of which constitutes our problem.

forv>R;; .

B. Thermodynamics

Given the solution of the PY equation for C;;{») and
g:;(r), there are different ways of obtaining thermody-
namic quantities from these correlation functions.
These ways would all be equivalent if we had the exact
functions. They are generally not equivalent for the PY
solution (e.g., in the PY solution for the binary additive
mixture of hard spheres solved by Lebowitz, * the com-
pressibility pressure is slightly above and the virial
pressure is slightly below the pressure obtained by ma-
chine computation. !2)

Thus we may “get” a thermodynamics from the virial
theorem which relates the pressure to the “contact” val-
ue of the distribution function. This pressure from the
virial theorem, so-called virial pressure P°, can be
written for a two-component hard sphere system in the
form,

P’ = EpﬁEp picg:i Ry , (1.9)
i9d
where
gi;(R;5) = lim g,,(r)= - lim C,; (), (1.10)

Ry r Ry

B=(kT)" (we shall set =1 from now on), and c is R;; or
27R?, in one and three dimensions, respectively.

Another way of obtaining thermodynamics from the
correlation function is to use the “compressibility rela-
tions, ”*

3uilpy, py)

p; %, =8;;~p; fC (1.11)
: 8p°(py, py)
1- Epr“7 ydr= Ep, ——-—l-L-—LapJ ,
(1.12)

where pf and P° are, respectively, the chemical poten-
tial of the i{th species and the pressure, as obtained from
the compressibility relations.

Il. ONE DIMENSION

We consider the one-dimensional case first since it
is simpler yet similar'® to the three-dimensional case.
This case also permits comparison with the exact solu-
tion. Instead of manipulating C;;(r) and g;,(») (which are
discontinuous at ¥ =R;;), we mtroduce a new continuous
function o;;(r),

o )=~ p)V2C, 00, v=Ry;
= (pip))'%g,00), 7=Ry; (2.1)
Combining (2.1) with (1.7) and (1. 8) yields
gy (V Ay Efdya,,(y 011(7’ -9) (2.2)

where the integration over v is restricted to the region

]ylzRil; —ylSR” s
and
2
A=l p )2 |:1 ) p,fC,j(r)dr]
1=1
=(p;/p;,) Y %A, . (2.3)

We look for the solutions of Eq. (2.2) such that

Jlg;;(r) =11dr <. This asserts, essentially, that the
system is in a single phase and leads to a boundedness
property on the Laplace transform of o;;(»} which we
shall use later. Writing out (2. 2) more explicitly yields

~Eii
01,01 = Ay -2 J
1 minl=R; g,7=Ry ;]

max[R;1s7+Rp ;1
+ J‘
m

ax[R ; 7, =Ry ;]

oy (v)oy;(r —y)dy

oil(y)alj(y_y)dy}- (2.4)

Since the right side of (2.4) is of a convolution type, we
look for a solution in terms of the Laplace transforms.

Using (2.3), the Laplace transform of o,,;(»),

f e 7oy, (2.5)
can be written in the form,
2
O”(S) :S-lAii—Z G“(S) [Flj(s)+F1j(_s)]
i1
—[U(8) = U; (= $)]=F;;(8) + Gy5(s) ,  (2.6)
where
Fyls)= f H g "oy () dr,
Gy (s)= fR_le "o, dr (2.7
1
U, (s)=(1 -5, fOR”'R“e‘STdT
R::
r_;:j o, (y)o; ;ir—y)dy , (2.8)
for Ry =R,; =Ry, the case we shall be concerned with

here. §;;is the Kronecker’s delta function. Equation
(2. 8) can be rewritten in a 2x2 matrix form,
o(s)=s™ A= G(s) F*(s) - U*(s) (2.9)
or
G(s) =H(s)K™(s) , (2.10)

where we have defined for any function f(s),
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Frs)=fls) +fl=s), (2.11)

fXs)=f(s) -fl=s), (2.12)
and

H(s)=A —s F(s) —s U*{s) , (2.13)

K{s)=sl+s F*s), (2.14)

1:((1]?> (2.15)

To exploit the condition [1g;;(#)} - 11dv <~ we now de-
fine the matrices L(s) and B(s) by the relations,

L(s)=G(s)HT(~s)

=H(s)K L s)HT(=5) == LT(=s) , (2.16)
and ‘
B(s)=L(s)-s"A", (2.17)
where an element of A is A/},
Ai,islii\/—p_i—p;Aﬂ=\/b-i—p;a s (2.18)
a=(Ay +Az) , (2.19)

with A;; defined in (2.3). The diagonal components of
B(s) are

Bii(s) =Gy (8)[Ay +sFy(=s)]
+Gyy(8)[As;+5F; (= 5) =sUY(s)]

—Als™, i=1,2, j#i . (2. 20)

The limit of B;;(s) as s~ 0 is finite due to (2.18). When
Rls ==, G;;(s)~s™exp(~sRy,), Fi,(~s)~sexp(sR;,),
and U¥y(s) ~s exp(R;;~ R,;). Therefore we see that the
B;;(s)’s are analytic and bounded on all the rays in the
right hand side of the complex s plane. We can say the
same about the left hand side of the complex s plane
since L(-s)=-L7(s). Thus by the Liouville theorem,'*
the B;;(s)’s are constants. By looking at the value of
B,;(s) as s~ =, we conclude that B;;(s) vanishes every-
where or

L;(s)=stA]

ii

(2.21)
We can therefore write o,;(s) more explicitly
034(8) =57 Ay = sPAL + Gy (8)s A, = Fiyls) = Ufys)]
+Gy(s)[s™ Ay = Fiu(s)], i#5 . (2.22)

Taking the inverse Laplace transform of (2.22) yields
finally for Ry, =Ry, <R,,,

0,0 =A;~Av, ¥=R,;, (2.23)

since the last two terms in (2. 22) die out for large val-
ue of Rls as, or faster than, the order of exp(~sR;;).
We note here that the form of o;;() in (2. 23) is the
same for all binary mixtures® with a =0 in (1. 4).

The off-diagonal components of B(s) do not give any
simple relationship which give rise to various complex-
ities for different values of R;;’s. We therefore re-
strict ourselves now to the case R;;=0.

The PY approximation for this system, which has
R;; =0 and

J. Cl
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Ri;=a, fori#j
=0, i=j (2.24)
sets C;;(r)=0. Using (2.4) or (2. 23) gives
0,;(0)=4,; . (2.25)
We also find U,,(s) and L;;(s) from (2.8) and (2. 21)
U;s(s)=(1 -8 foa e~ dr f:& 0;(¥)orlr - y)dy ,
(2.26)
L (s)=s14,,. (2.27)
Writing out (2. 4) for this system yields 7
o) =4y - fmr;ama]%z(y)"lz(” -y)dy, i=1,2,
(2. 28)
0y)=Ay;~ f;;a 0;:(¥)orelr —y)dy, i#j, (2.29)
and
011 (r) = 03,(r) =Ayy — Az =py — py (2.30)
Equation (2. 30) gives
022(s) = 044(s) =(py — py)/s
=Gga(s) - Gyy(s) . (2.31)
Equation (2. 26) also yields with the help of (2.31),
U%y(s) - Uy(s)} = [(Agy - Arp)/s]~ [(pz - py)/s]
XFh(s) . (2. 32)

Ly5(s) and Ly (s) are explicitly
L].i(s)=G”(S)A“+ij(s)[A“+sF“§-s) —sU:‘j(s)] ,
(2.33)

The difference between Ly (s) and L,,(s), using Eqgs.
(2.31) and (2.32), is

LZI(S)—L12(3)=(PQ—D1) F{g(S) . (2.34)

Now that the relation between the L;;(s)’s and F},(s)’s
has been obtained in (2.34), a relation for F},(s)’s and
H;,(s)’s is desired since they have the same behavior for
large Rls. For this purpose, we derive from the defini-
tion of L(s) in (2.186),

H(=s)H(s)=LT(s)K(s) .

Among the four matrix elements of the above equation,
only two are linearly independent due to the symmetry
of the system between 1 and 2 species. These are
Hy (= 8)Hyy(S) + Hyp(~ $)Hyy () =S Ly, (S) + SLyy (5)F 3,(s),
(2. 36)
Hyy (= $)Hyp(S) + Hyp(~ $)Hpp(s) = Ly, ()Ky(S) + 8 Ly (s).
(2.37)
We can rewrite (2. 36) and (2. 37) using (2. 34) in the
form,

Ail +%(H{2 - Hrz [%Hfz +3H rz +{pz — p1)F 12)

Xj#i .

(2. 35)

=Af +38 FH[LE () +(pz — p)F 1(5)] (2. 38)
Ay Hfz*‘%(Pz ~-p)Hi - HY,) =A1’1FI2+%3
X[L% +(py - p)F,]. (2.39)

By eliminating L (s) from (2. 38) and (2. 39), we obtain
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a functional relationship of the form,

(3Hjp~ApF )~ (s~ 4pRG F)lP=A], - AL,

(2.40)
or simply
Te(s) ~ E{s)P2(s) = u?, (2.41)
where we have defined
U(s)=5H];~ApFia(s), (2.42)
B(s)=5F1,(s) , (2.43)
pui= Ay, - A% =okla) , (2.44)
E(s)=s?—4p? ., (2.45)

The relation p?=0%,(a) can be seen by looking at the
asymptotic behavior of sL,,(s) as Rls -~ in (2. 20),

§Ly4(8) =5G4($)Aq; +SGyp(s)Hyp(~s)

2 AY +05,(s) (2.46)

along with (2.21).

The functional equation (2.41) is of the same form
as in the work of Lebowitz and Zomick. The func-
tions ¥(s) and ®(s) are entire even functions of the
complex variable s with the asymptotic behavior
st exp|— alRIs} ], for large s. The solution to this func-
tional relation is*®

¥(s)= pcoshavE(s) , (2.47)
$(s) = usinh|[a VE(s) [/VEs) , (2.48)

with p=0,(a) = (py p,)! 2 g15(a) positive.

The quantity p in (2.41) enters as a parameter in the
solution. It can be determined as follows. From (2.48)
®(0) = isin2po |, (2.49)
while from (2.19) and (2. 30),

nf=A5 - Afy=pypy-ila-p 'Pz)2:P1 py(1 -4 2%(0)],

(2.50)
since
Ap= ila —-pz—p1)
=ps[L+ (p/py)V/?22(0)] . (2.51)
This yields the equation for pu,
1= {pypa)t/ 2 cos2pa (2.52)
or simply
q =1mcosq , {2.53)

with ¢ =ng,(a) and 1 the reduced density; 1= 2avp, p; -

For n=m,2.97, the solution of (2.53) for o is not
unique. The requirement that the pressure be a contin-
uous function of the density will be satisfied only if we
choose the solution along the first branch of cosg where
q =%m, that is, along the branch where it is the continua-
tion of the low density solution. This will be seen from
the expressions tfor the pressure, which we shall com-
pute below. We remark here that the equation for 0,,(a)
obtained from (2.52), is of the same form as in the
Lebowitz~Zomick case and the cases,® 0<Ry; =Ry, < Ry,

A. Equation of state

The virial pressure is obtained from (1.9) and (2. 44)

namely
P’=p+2avpyp; 1, (2.54)

where p is the total density, p; +p;, and u is defined in
(2. 44).

From the compressibility relation, that is,

8P/ 8p;=1 - p, | Crplr)dr=1+(py/py)t 2sin(2pa) ,

(2.55)
we obtain, since p depends only on {p; pz)“2 ,
Pé=p+a™ fonsin(Zau)dn, n=2avp, py . (2.56)

We can compare the pressure (2.54) and (2. 56) with
the exact pressure® which, for [ =p2:%p, is determined

by the equation
P/p=1+aP/[1 rexplaP}]. (2.57)

The different pressures are plotted in Fig. 2. From
this we see that for p=1 (in units in which 2@ =1), the
agreement is very good, while for p— * they converge
to different values;

Pp-1+3mw, P°/p=2, and P**/p-1. (2.58)

B. 0,(r) and their Fourier transforms

Equation (2. 43) provides the Fourier transform of
Cyp7) since

2Fy5(s)= foa 0,3l +es T dr
=5 [Zoplerar, (2.59)
and therefore with the help of (2.59), (2.43), and (2.48),
élg(k) = f_z Clz(’}’) e-ikr dr

=20u(py pp)" ¥ sin[o(k? + 4ud)t/ 3]/ (R + 4p®)L/2 |
5 (2.60)
The inverse Fourier transform of Cy,(k) yields Cy,(r),

C120) = = lpy p)* 220 (a? - 52 for O<r<a

-0, forv>a, (3.61)

where J, is the Bessel function of zeroth order. 1t is
seen from (2., 61) that C,,(») <0 for all |7|<a.

The Fourier transforms of the correlation functions
[g:;r) = 1] is denoted by &, (k). Using (1.7), we tind

H,,(k) = C, (k) + 23 pH;,R)C (k) (2.62)
hence x

Hy, (k) = (py o) *C5 ()L = py pp Chp(0) (2.63)

Hyp(k) = Crp(B)[L = pyp, Co, ()T . (2.64)

The H;,;{k) were found numerically and are plotted in
Figs. 3-5. Thenumerical calculation of the inverse Four-
ier transform of H,,(k) in (2.64) converges very slowly
because of the slow decay of C,(k) as k~=. We note
however that

Hyp(k) = Cip(k) = py py Ca(R)[1 = py p,C, () T

for which the inverse Fourier transformation is very
rapidly convergent. Equation (2.65) yields not only the

(2.65)
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radial distribution function but also automatically checks
the accuracy in the region 7 < & through the comparison
with Cp,{#) in (2. 61).

iIl. THREE-DIMENSIONAL SOLUTION

The analysis in three dimensions follows very closely
the one dimensional case. Letting

0;5(r) ==2n(p, p;)/% C;;(r) , for v <Ry,
)llani,-(‘V) B for v >R“~ s 3.1)

and the Laplace transforms o;,(s), F;,(s), F;;(s), and
G,;(s) are then defined in terms of this o;;(») as in one

=2m(p; p;

dimension. We find that
s2o(s)= A+sG(s)F*(s) — sU*(s) (3.2)
or
G(s)=H(s) K1(s), (3.3)
where we now have
H(s) = A - s%F(s) = sU*(s) , (3.4)
K(s)=s21 —=sF*(s), (3.5)
U, (s)= fows's’P,-j(r) dr , (3.6)
P;,n)= Zl)l :ZZRH’”R“] o,r-2)o,,()dz . (3.7)

We see from (3.7) that P;;(») =0 and that P,,(r) vanishes
for » ZR” _Rii N when Rll SRZZ SRIZ-

The requirement that g;;(#)~1 as » ~ = in" such a way
that

S 7lgi ) =1]dr <o (3.8)

implies that G,,(s) - 2mVp; p,/s? can have no singularity
in the closed right-half complex s plane. To make use
of this condition effectively we introduce the matrices

L(s) and B(s) in the same manner as in the one-dimen-
sional case,

L(s)=G(s)HT(-s)
=H(s)K(s)H"(~
B(s)=L(s)-s2A",

sy=LT(-5s) (3.9)

where

2
Aly=272mp p Ay =2mpip; a (3.11)
I=l

a=Ay+Asz, Aii=2”(P1P2)“2[1 ‘prfcu(”)dy] .

The diagonal components of B(s) are

B;i(s)=G;(s)[Ay; —SzFii(—s)]+Gii(s)[Aij - s2F;;(=s)

~sU¥,(s)]-s"2A,

ii 2

(3.13)

B;;(s) will again be seen finite as s~ 0 due to (3.9). Al-
s0 when Rls - =, G, (s) ~s™texp(~sR;,), F;;(-s)
~s™exp(sR;)), and U’ Ti(s) ~sexp[s(R;, - R;;)] for the
system with Ry; =R,, =R,,. Therefore the B;;(s)’s are
entire and bounded on all the rays in the right hand side
of the complex s plane. Since L(s)=L%(-s), B(s)
=B(~s), we can by using Liouville’s theorem set B;;(s)

1=1,2, i#j

527
equal to a constant, 2B;. We then find that
Li;(s)-s"2A;,=2B; . (3.14)
We can now write 0;;(s) more explicitly,
$0;;(8)=s" Ay +5™ Ay + 572 2B; + Gy, (s)[Fyls)
—s-zAii]+Gij(s)[Fii(s) ~ 54,45 U (9)],
Jj#i. (3.15)
This yields, after taking the inverse Laplace transform,
0,; ") =A;; ¥+ By v2+Al;7*/24 for v=R,,, (3.16)

since the last two terms of (3.15) die out for large val-
ue of Ris as, or faster than, the order of exp(-sR;;).
To find 0;,(), ¢#j, needs different methods according
to the system and gives rise to great complexities. We
therefore again restrict ourselves to the case R;; =0.

A. Solution for Widom-Rowlinson model in three
dimensions

For this system, R;;=0, C;;(#)=0 for »>0. Hence
using (3.16) yields

o (0) =4y , (3.17)
L;;(s)=2B;+Ajs™ (3.18)
032(8) = 041(s) = Gyp(s) = Gyy (5)
=2u{py - p))/s?, 8.19)
and
Usi(s) = Ulals) =s™HAy ~ Agp) + 2m(py — 1) Fips™2 .
(3.20)

The off-diagonal elements of L(s) in (3. 9) yield the fol-
lowing relations:

Lyi(8) = Ggy{8)A s + Goals)[Ayy ~ °Fyp(=5) = s Ufz(s)] ’

(3.21)
Lya(s) = G1a(s)Ags + Gyy () [Agy = 82 Fp(~8) = s UL (5)] .
(3.22)
Their difference is
Ly3(8) = Lyy(s) = 2n(py = pp) Fia(s) , B.23)

which has the s™ exp(alRIs|) behavior for large RIs in
common with Uj3(s) and Hy,(s).

From the relation,
H(~s) H{s)=LT(s)K(s) ,

we get two linearly independent equations,

(3.24)

Hu("' S)Hn(s) +H12(— S)Hgl(s) =52Ln(s) - SFTZ(S)LZI(S),
(3. 25)
Hyy (= $)Hyp(S) + Hyp(= 8)Hyy(s) = = sF ra(S)Lu(S)
+52L21(s) . (3.26)

The other two elements of (3. 24) are the same as (3. 25)
and (3.26) after some manipulation with the help of (3.23).
Equations (3. 25) and (3. 26) can be written as.

ARy + 3 (HYy + 5°F ) (B H5(s) = 3 $%F Jp — 57V, 21(p, - py)]
=(Af; - ByysY) = sFE, (s)Ly(s) (3.27)
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(a)

FIG. 1. Three integrations along three closed contours sur-
rounding the three cuts C; have the same effect as a single inte~
gration along a path C, which encircles three branch cuts, Cy.
This is equivalent to integrations along the paths C{, C% and Cj.
+t, tt, are the zeros of the sixth-order polynomial E(t). +z;
are the zeros of h(z).

Ay Hip+ 1(py = py)(Hyp +S2F15) = = (A7 - By,)sFy,
+52L,(s) . (3. 28)

Equations (3.27) and (3. 28) may be combined into one
relation by eliminating L, (s). We find

{3H () + 5 AL FL(9)f ~ [s® — 4(A], — A}, + By1s?)]

[Prp-1]
1 OO0
0.75+
"COMPRESSIBILITY"
050
"Viriar"
.25 "EXACT"
0 1 | 1 | |
| 2 3 4 A

FIG. 2. Comparison of the PY pressures with the exact pres-
sure in one-dimensional Widom—Rowlinson model. Three lines
correspond to the pressures from the compressibility relation,
the virial theorem, and the exact relation obtained by Zomick
and Lebowitz, respectively. p is the total density p;+p,, where
P{=py in this graph. They converge to different limits shown

in (2. 58), while they are in good agreement for p<1,

Hy (k)
100,
f
0.75¢
A
0.50F
0.251
e
0 o [P | |
5 10 15 25 ka

FIG. 3. One-dimensional Fourier transform of gy;(») =1 of the
Widom—-Rowlinson model. p,=1.086, pg=0.605, and pc=0,101

X{Ffy(s)/2sPP=A], - A% + By 8% . (3.29)

This leads to the equation,
Vi(s) - E(s)2%(s) =h(s) ,

where we have defined

U(s)=5H1,(8) + Ay Fh(s)/s

®(s)=Fh(s)/2s ,
E(s)=s%-4h(s)

T

-0.25

-0.50F

-0.75}

-1.00

ol

(3.30)

(3.31)
(3.32)
(3.33)

FIG. 4. One-dimensional Fourier transform of gy,(r) —1 for

the Widom-Rowlinson model.
=0,101,
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his)=2Bys%+ u?, (3. 34)

pE=Af - A% (3. 35)
We also see that from (3.9) and (3.18)

Ly1(8) = GyAyy + Gio[A gy — $2Fpp(~ 5) — s U]

=524, + 2By, 2 - o%y(a) (3. 36)

or

2By, =—d%(a) , (3.37)

h(s)=2B,, (s~ 2%, (3. 38)
and

z,= u/opla) (3.39)

¥{s) and ®(s) are both even, and entire functions and
have the s~ exp[a! RIs| ] behavior for large |RIs|, as
can be seen from the way that they are defined.

B. Solution of the functional equation

A functional equation of the type (3. 30) was solved
formally by Penrose and Lebowitz!® for the PY equation
of the system considered by Lebowitz and Zomick,®

, Ryy=Ry,, 0<a<3(Ry-Ry). The PY equation for
that system has not yet been solved explicitly, though,
because of its complexity. Our system, Ry, =R,, =0,

has however a relatively simpler structure. Let us de-
fine f(s) by the relation,
fs)=¥(s)+VE(s) (s) , (3. 40)

with VE(s) defined to be an odd function of s since E(s)
is even, We can then rewrite the functional equation
(3. 30) in the form,

fis)f=s)=hls) .

Penrose and Lebowitz!® have shown that if E(s) and
h(s) share no common zero, then a functional equation
of the type (3. 30) can be reduced to a Hilbert problem
on the arc, the solution of which was found by Musk-
helishvili,

(3.41)

To manipulate this recipe, we observe that E(s) and
#(s) do not share any common zeros since E(s)=s®
—4h(s) and 2(0)# 0. Then the final solution yields

Fls)=+V2TBy1 (s +2z,) exp[I(s)], (3.42)
with the condition
= (2mi)" f attin (t)/VEW) . (3.43)
Here
I(s) = (2m)"VE(s) fcl diwnd @)/ [VE@) (t-s)]  (3.44)
and
J)=(t=2,)/(t+2y) . (3. 45)

C, is the path along the cuts parallel to the real axis as
shown in Fig. 1; branches of InJ(¢) are chosen so that
InJ{¢) is an odd function; and vE(#)* means vE(7) along
the dotted positive cuts C; shown in Fig. 1. The inte-
gration on the right hand side of (3. 44) equals one-half

of the integral around the closed contour surrounding the

three branch cuts, C,. By the Cauchy theorem we can
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0.25( R

-0.25
-0.50

-0.75

-1.25

FIG. 5. One-dimensional Fourier transform of Cyy(r) -1 for
the Widom—Rowlinson model. p,=1, 086, pg=0,605, and pe
=0,101.

change the integration path into C{+ C; + C; where (' is
a contour around the logarithmic branch of J(¢) on the
real axis and C; is a contour around the single pole in
the integrand at {=s, Thus

Is)=3(2mi)* VET) [, dtind (t)/[VET *(t = 5)
2
=3(2m) " WE(s) fc,*c, o AT/ VE@ (¢~ 5)]
172" >3

:%JE‘(&){[_: dt/[VEW*(t - s)] + fz:dt/[m*(z-s)]
~1InJ(s)/VEG)} . (3. 46)

The function InJ(s)/VE(s) has discontinuities 27i/VE(s)
across the cuts (z,,%) and (-z,, - ). These are can-
celled by the discontinuities in the integral which can be
found from the Plemelj formulas given by Muskhelish-
vili.?" The sign of f(s) in (3.42) can be shown to be
negative either from the behavior of the functional re-
lationship near s =0 or from the behavior of Gy,(s) as
s =, Using (3.46) I{s) has the form,

I(s) =il (s) + 3 Ind(s) , (3.47)
so that on the imaginary axis, s =ik,

B (GR) = 0y, (k% + 22 2 [8 + 402, (K% + 22) Y/ 2 sinl, (k) ,

(3.48)
(ik) = = 0y, (k% + 231 2 cosl, (ik) , (3.49)
where we have written oy, for 0,,(a) and
I GR) = [k® + 402, (k% + 22 112
X [T drt[te + 405, - 2 22 + B2
a (3.50)

To obtain an expression for oy, and the other parameters
entering the solution, we note that

®(ik) = [F1, (5)/25 ] yusn=— fo * dr 0,,(r) sinkr/k
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26]" .,
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L 1 | | 1 1 3 JEN
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FIG, 6, Three-dimensional pressures vs the total density at
fixed compositions for Widom—Rowlinson model, Points cor~
respond to the compressibility pressures and lines to the virial

pressures, They are drawn for three values of composition
ratios, x;=p;/p, that is, x,=0.5, x,=0.2, and x,=0. 05,

o
=%(p, p2)1/2[47rf0 dr Cy,(7) sinkv/ k]
=5(pypa) /2 Cralle)
where (~712(k) is the Fourier transform of Cy,(»), and

Cro(0) = [ Cp(7) a7 . (3.52)

(3.51)

26

24
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1.8
1.6
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FIG. 7. Three-dimensional pressures vs composition at fixed
densities for Widom—Rowlinson model. The compressibility
and virial pressures are shown with points and lines, respec-
tively, for four densities where 27a° is set equal to unity,

1.0
09r
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Q7r
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04r

| - Va (COMPRESSIBILITY)"
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p=0.5262
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0] L 1 1 !
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61 02 03 04 05 06 G7 08 09 10
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FIG, 8, [1-~0.25%""} vs composition at fixed densities in three
dimensional Widom—Rowlinson model. The susceptibility, x,
diverges at the density, p =1.673 for the compressibility rela-
tion and at p =1, 78 for the virial expression,

Also from (3.48), (3.43), and (3.50), respectively,

2(0) = ;= ~ 3sin[5,(0)] , (3.53)

a=fz;dtl/\/f@ , (3. 54)

5,0)=2y fzjdt t/VE® 2] . (3.55)
By changing the variable f to z inside the integral,

B=zn(l - 40 /2R3 /o2 (3.56)
we get for (3.55) and (3. 54),

1,(0) = (a®1,/2n)(1 - 42%)"1/2 (3.57)
and

@ =(a/2)[n(1 - 483210, (3.58)
where

L= f;:(dz/z)(23+4z/zo—4)'”2 , (3.59)

L= J;) (’23+4Z/Zzo_ T (3.60)

@4 =—%sinl, , (3.61)
and

n=(I,/2)%/cosI, . (3.62)

The contact value is obtained in terms of the parameter
ZO s

Crola) | =g15(a) = 2cosl,)/ (W, 1) (3.63)
C. Equation of state
The virial pressure is given by
P=p+ (%)77013 P1 P2 &1sler)
=p+ ($)mad p, po 2(cosly)/Vz, L) , (3.64)

while the compressibility relation assumes the form
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14

16 I8k020

-20
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-40

-50-

FIG. 9. Three-dimensional Fourier transform of the direct
correlation function between distinct species for the Widom—
Rowlinson model, p,=1.6725, pg=0,9031, pc=0.5262, and
pp=0.1915 where 2710’ is set equal to unity.

8P%/8p,=1-p, [ Cpp(»)dr

=1-2(py/p,) %@, . (3.65)

These pressures are drawn in Figs. 6 and 7 as functions
of total density and composition, respectively. We note
that both P~ p and P°-p are in the PY approximation
functions of n=_27a%Vp, p; alone.

The low-density expansion for the pressure is ob-
tained by expanding 7; and I, in the parameter z;!/2,
then eliminating 2z, in favor of 7 using (3.62). Let us

first expand I; and 7,

& o A {1x3x50 - (2n = D}agd/?)%! 3.6
b= D= S s e G
3 n AM{1x3%5 - (2n - DHeg? /2
12‘22(' ) (4i2+3)(4n +5)+- '{471(;7” 3); (3.87)

These expansions will converge for z} >%§. Then using
(3.59)~(3.63) the coefficients are found for the density
expansion of C;,(k) at =0 and | Cy,(a)l,

VP P2 612(0) =3 =Dy + Dy = Dy - -+ ),
(3.68)

|Cppla)|=1=Cp?+ Cont =+ - . (3.89)

This yields the following virial expansions for the pres-
sure:
PY=p, +p, +12{1 - 0. 24285%%+ 0. 08714n* ~ 0. 039087°

+0.019697° - 0. 011457*°+ 0. 007857*3 = - - - |,
(3.70)

Pe=p, +py+n2{1 = 0.161907% + 0. 046657* - 0. 017211°

+0.007327° — 0. 0038671° + 0. 0021672 — - . - } ,
(3.71)

531

where the first six coefficients in the expansion of P°
agree exactly with those obtained by Melnyk, Rowlin-
son, and Sawford'® for the PY equation.

The fact that the direct correlation function Cy, in the
PY approximation is a function only of 7 (and not p, and
p; separately) is a consequence of the fact that only cer-
tain types!® of Mayer diagrams are summed in this ap-
roximation and that the Mayer functions for this system
are

fii(y):(): i:]-; 2: f12(1’)
=fulr)= ‘—1, <o

-1 o, r>a. (3.72)

D. Phase transition at high densities

As mentioned in the Introduction we know from a rig-
orous analysis of the Widom-Rowlinson model that it
exhibits a phase transition in two or higher dimensions
corresponding to a separation into two phases one rich
in species one and one rich in species two. Melnyk,
Rowlinson, and Sawford'® have investigated this phase
transition in the Percus-Yevick approximation by means
of a Padé analysis based on the first seven terms (with
first five exact coefficients in the virial expansion [cor-
responding to the compressibility pressure (3.71)].
They found such a transition with a critical density,
Pe=351., 1,=1.674+0.003. They also concluded that
the critical indices of this transition are, in the PY ap-
proximation, classical. Our exact solution contirms
their results,

The critical total density p, is determined here as the
density at which the susceptibility x(p) diverges, where

H,, (k)
80
70
60
50
40
30

20

] ] ] ] J I |
8 10 12 14 16 18 20
ka

FIG. 10. Three-dimensional Fourier transform of gy;(») -1 for
the Widom—-Rowlinson model p,=1.6725, pg =0,9031, p¢
=0,5262, and pp=0.1915 where 2rc® is set equal to unity.
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¥ p, x) = 8% f(p, x)/0x% . (3.73)

Here p=p, +ps, X =p,/p is the fraction of species 1 and
flp,x) is the Helmholtz free energy per unit volume
(where f=1). As we have noted earlier in the PY ap-
proximation the pressure, and thus also the free energy,
is the sum of ideal mixture term and a term which de-
pends only on 7 =2na® pvx(1 = x),

f= 2 x;Inx; +1np+ [n/(mpa®)]

iel,2
n

% j [P2m")/n™ldn’, n'=21a%pyp; ,
h)

where P%=P ~p. We find, by numerical computation,
the critical densities corresponding to the compressibil-
ity and virial pressures to be (Fig. 8)

n,~1.61736, 1,~1.7876 ,

(3.74)

(3.75)

respectively. The critical indices are classical.

We note here also that the set of equations (3.59)-
{3.63), which determines the solution of the Percus—
Yevick equation, have no solution for n=17,,,~3,0,

i.e., beyond a certain maximum density. This is simi~
lar to the results found by Waisman®® for the solution

of the mean spherical model equations for a binary sys-
tem of hard spheres with equal diameters and a Yukawa-
type repulsion between unequal species.

E. 0, and their Fourier transforms

Equations (3.48) and (3.51) provide the Fourier trans-
forms of the direct correlation function and radial dis-
tribution functions,

2 14 16 18 20

ka

-loo-

FIG. 11, Three-dimensional Fourier transform of gy ,(r)~1
for the Widom—Rowlinson model py=1. 6725, pp=0.9031, p¢
=0, 5262, and pp=0.1915 where 2rc® is set equal to unity.
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FIG, 12, Three-dimensional radial distribution and direct
correlation functions in the Widom~Rowlinson model.

Crak) = 2(pyp,) "t 20 i)
=2(py p)™ ' Poyp(a) [R? +25]2 % (=1)
% [k® + 402, (k2 +23)]Y 2 sinl, (ik)
==2(py p) 2+ Y223 Y2+ 4Y +4) 2 sin
(5@ Yo+ av+4) /Y " de/[42 (el + 42 - 9M )

(3.76)
where
Y=4k%/I5 . (3.77)

The Fourier transforms of the correlation functions
g:;r) =1, H;,(k), follow directly from Cy,(k) via the
original defining equation (1.7),

ﬁn(k) = (91 Pz)llz éfz(k) [1 = P10z éfz(k)]-l s
ﬁm(k) = élz(k)[l - P1P2 éiz(k)]-l .

The g4;(r), C;;{r), and their Fourier transforms are
found with the help of machine computation and are
shown in Figs. 9-12.

(3.78)
(3.79)

It is seen from the graphs that the PY g;,(+) is larger
than 1 and g,,() is less than 1 for “almost all” values
of . The exact radial distribution functions satisfy®
the inequalities g;,(») =1 and g,,(r) =1 for all 7.

IV. CONCLUSION

Using the methods employed in this paper, it is also
possible to obtain an exact solution of the Percus-~
Yevick equation for the more general binary mixture
system'® in which Ry; =R, =R >0, R;;=R+a, a>0. The
solution for this system in one dimension yields the
“same form” for the thermodynamics as those obtained
here for the Widom~-Rowlinson model and by Lebowitz
and Zomick® for the system Ry <Ry, 0<a =%(Rp,~ Ryy).
In three dimensions it has not yet been possible to ob-
tain a complete solution because of the complexity of
the equation relating the various coefficients.
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