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Two functional equations of the form ¥/2(s) — E (s)¢2(s) = V(s), where s is a complex variable and E(s) and V(s)
are given even polynomials, are solved for the even entire functions i and ¢ which are required to behave like
cosh[as + o(s)] for large |RIs|. Two cases are considered: (i) V of degree zero and E of degree two and (ii) V
of degree eight and E of degree six. In the second case the polynomials must satisfy a condition in order for ¥
and ¢ to have the right asymptotic behavior. These functional equations arise in solving the Percus~Yevick
equation for a mixture of hard spheres with nonadditive diameters.

1. INTRODUCTION

This is a sequel to the paper by Lebowitz and Zo-
mick.! That paper will be referred to below as LZ.
The problem considered in it was that of solving the
Percus-Yevick (PY) integral equation? for a binary
mixture of particles in which the two-body interaction
potential uij(v') between a particle of species ¢ and one
of species j a distance r apart is given by

+o 0=7r< Ry)

= i,j € 1,2 1. 1)
uij(r) 0 (T> le) ’ J { }, (
where

Ry, =Rj; = 3Ry +Ryy) + @, 1.2)

with 0= a = 3Ry, —Ryq)
It was shown by LZ that the solution of the PY equa-
tion for this problem involved a functional equation of
the form

Y2(s) — E(s)¢p2(s) = V(s), (1.3)
where s is a complex variable, E and V are polyno-
mial functions of a given form, but with undetermined
coefficients, and ¢ and { are the unknown functions
(related to the Laplace transforms of certain correla-
tion functions), which are required to be even and en-
tire and to satisfy the asymptotic condition

e ly(s)l }N aRls
Inl o(s)l 3—- oRls

where o is a positive number defined in (1. 2).

as Rls - ®
) (1.4)
as Rls » —©

In the present paper we give a method for solving
equations of the form (1) and apply it to the particular
equations of this form which arise in LZ. The solu-
tion for the particular case which refers to the one-
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dimensional hard-rod system with potential (1. 1) was
quoted, without derivation, in LZ.

The basic idea of the method can be seen by consider-
ing the case where E(s) = V(s) = 1. Here the equation
reduces to

Y(s)2 — d(s)2 =1, (1. 5)
which can be written
[W(s) + o(s)][W(s) — ¢(s)] = 1. (1.6)

This shows that both ¢ + ¢ and Y — ¢ are entire
functions without zeros and hence must be of the form
explw(s)] and exp[— w(s)], respectively, where w is
entire; it follows that the solution is

V(s) = coshw(s), @(s) = sinhw(s).
The method we shall describe is based on the same
factorization idea, with modifications to allow for the
presence of the polynomials E(s) and V(s) and the
conditions that the functions ¢ and ¢ must be even
and satisfy the asymptotic condition (1. 4).

In the next stage of the calculation we shall use the
following information about the specific form of the
polynomial E(s); it is taken from LZ. The details de-
pend on the number of dimensions of the hard-sphere
system.

A. One Dimension
Equation (1. 3) above corresponds to Eq. (3. 57) of LZ
with

E(s) = s2 — 4p2

{= D(s)/[(p; — p3)2a?] in LZ notation}, (1.7)

Vis) =4, (1.8)
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where p and A are positive numbers.

Our ¥(s) and ¢(s) correspond to ¥ (s) and [@(s)(p; —
py)a] in the notation of LZ.

B. Three Dimensions

Equation (1. 3) corresponds to Eq. (5. 52) of LZ with

E(s) = s6 — 4h(s), (1.9)
V(s) = — h(s)A(s),
where
n(s) = hys2 + hy,

(1.10)

[Eq. (5.38) of LZ],
and

A(s) = a,s® + ay,s* + ags2 +a, [Eq.(5.43) of LZ].
Here #{,...,a, are real numbers. This time our
Y(s) and ¢(s) correspond to the ¥ (s) and ¢(s) of LZ.

2. FACTORIZATION OF THE EQUATION

To factorize Y2 — E$2 we define VE(s) to be the
branch of the many-valued function [E (s)]1/2 which is
analytic in the complex s plane with suitable finite
cuts, and which satisfies

VE(s) ~ s? for large s, (2.1}
where p is the number of dimensions. This is pos-
sible because E(s) = s2¢ + - -« both for p = 1 and for
p = 3. Before we proceed, it is worth noting that if
the cuts are symmetrical about the origins, as we
shall choose them to be, then VE is an odd function of
s; for, since E itself is even, the ratio VE(s)/VE(— s)
when squared gives 1 and must therefore equal + 1
or — 1 throughout the cut plane, and Eq. (2. 1) shows
that the value is — 1 both for p = 1 and for p = 3.

We can now factorize the left-hand side of (1. 3) by
defining

F(s) = w(s) + VE(s)¢(s), (2.2)
Fls) = w(s) —VE(8)o(s) = f(— s) (2.3)

since VE is odd and ¢ and ¢ are even. Equation (1.3)
now becomes

J(s)f(s) = V(s)

or

H$) = s) = V(s).

The behavior of f(s) for large s is determined by the
condition (1.4). This condition, with (2. 2) and (2. 3},
gives

W (s)l = 21f(s) + f( )| = exp[a |RIs| + o(s)],

|RIs|— 0,

@. 4)

(2.4)

(2. 5)

so that either |/(s)| or [f(— s)| (or both) grows at
least as fast as expla |Rls| + o(s)] as |Rls| -> ©, Sup-
pose for definiteness that it is f(s) that has this pro-
perty for Rls -» ©;then (2. 4) implies that f(— s) de~
creases exponentially as Rls — © and thus f(s) has to
decrease exponentially as Rls - — %©. Thus we find
that in this case

as |Rls| — »,

1£(s)] ~ exp[aRls + o(s)] (2. 6)

The alternative possibility gives a similar result, and
the two can be combined in the single formula

[f(s)| ~ exp[+ aRls + o(s)]

as Rls —» ® gndas Rls —> ©, (2.7)
We also want to know how f behaves on the boundary
of the cut plane,i.e.,on the cuts themselves. Each
cut has two sides which we designate the + and the —
side, respectively. If the cut is horizontal, it is con~
venient to take the + side as the top. We define, for
each function F over the cut plane, two boundary-value
functions on each cut,
F(t) = ].inOlF(t +¢€), (eC, (2. 8)
€
the limit being approached from the + side of the cut
C for F* and the — side for F~. For example, since
VE reverses sign as we cross any cut, it satisfies
VE*(t) = —VE=(t)

(teC) (2.9)

Using this in (2. 3), we obtain
) =F@ and Ft)=s"(t)

It follows, by (2. 4), that f satisfies the boundary con-~
dition
() =v)

(teC) (2.10)

- This equation, together with (2. 7), constitutes a boun-

dary-value problem for determining f, of the type dis-
cussed by Muskhelishvili.3 In the following, we shall
apply his methods to it.

3. THE ONE-DIMENSIONAL CASE

In this case V(¢) is a positive constant A so that the
functional equation reduces to

F(s)f(~ s) :VA, s € cut plane, (3.1)
and (2. 10) to
FOfFO =4, te -2 2] (3.2)

There is just one cut now, since VE(s) = V(s2 — 42),
with two branch points.

We shall write (3. 2) in logarithmic form, in terms of

2(s) = Inf(s), 3.3)
but it is necessary first to show that ®(s) is a (single-
valued) function. That is to say, we wish to show that
J(s) never vanishes, and that argf(s) returns to its
original value when s describes any closed contour

in the cut plane. Both facts follow from (3. 1), the
first because f(— s) is holomorphic in the cut plane
and the second because any closed contour in the cut
plane can be deformed either to zero or to a large
circular contour; if it deforms to zero there is no
problem, and if not, both s and — s traverse the same
circle, so that the total change in argf(s) equals the
total change in argf(— s), and since their sum is the
total change in argf(s)f(— s) = argA, i.e., zero, the
total change in argf(s) is also 0. Thus the definition
(3. 3) makes sense; it is only necessary to specify the
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additive multiple of 27 and we do this in such a way
that

®(s) ~ £ as + o(s), |RIs|—o, (3.4)

in conformity with the asymptotic condition (2. 7).
Putting (3. 3) into (3. 2), and using (2. 7), the boundary
condition on the cut takes the form

P+(t) = () = InA + 2mmi, (3. 5)

where m is some integer.

Boundary-value problems of this form are discussed3
in Sec. 84 of M. Since f(s) is bounded in any finite
region of the cut plane and on its boundaries [by (2. 3)]
and is therefore also bounded away from zero [by

(2. 4")), its logarithm ®(s) is bounded. Thus the solu-~
tions of (3. 4) we are interested in are those which, in
the terminology defined on p. 231 of M, belong to the
class i (— 2p, 2u) (i.e., they are bounded at both ends
of the cut.)

A particular solution of the boundary-value problem
satisfying this condition is the function

1(InA + 2mmi).

The general solution of (3. 5) is obtained from this
particular solution by adding the general solution of
the associated homogeneous equation *(f) + &7(¢) = 0.
According to the theory describedinSecs. 35 and 79 of
M, this general solution, of finite degree at infinity,is
of the form

X(s)P(s),

where P is a polynomial and X is the “fundamental
solution” of the homogeneous problem. This funda-
mental solution is (see p. M232) the one which is
nowhere zero in the finite part of the plane, including
the cut, except- at the two end points — 2p and 2u. The
appropriate solution, given in Eq. (84. 3) of M, is VE(s),
and so we have for our general solution

®(s) = S(Ind + 2mmi) + VE(s)P(s), (3.6)
where P(s) is a polynomial. The condition (3. 4) de-
termines this polynomial as P (s) = + o, and, putting
the resulting formula for ®(s) into (3. 3), we obtain

f(s) = £+ VA exp[x o VE(s)], 3.7

a formula in which there are two choices of sign.
The solution of the original functional equation for the
one-dimensional case is therefore, by (2. 3),

Y(s) = + VA coshaVE (s), (3.8)

o(s) = + VA[sinhaVE (s)]/VE (s), (3.9)

again with two choices of sign. This is the solution
given in Egs. (3. 58) and (3. 59) of LZ.
4. THE THREE-DIMENSIONAL CASE

To deal with this case, we return to the general form
of the boundary-value problem given in (2. 10). Now
E(s) is a polynomial of degree 6. We denote its roots
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by + 4, Sy, 83, with s, and s5 — s, real, and choose
the cuts as shown in Fig. 1.

Another new feature is that now V(f) is a polynomial
of degree 8, so that f(s) and f(— s) must have zeros in
the cut plane or on its boundaries. In fact, if the
zeros of f(s) are 2,,2,,%4,2,4, then those of f(— s) are
—2Zy,— Zy5,— 23,— 24 and so those of V(s) are + z,

+ Zg,% 25, % 24. We assume that V(s) and E (s) have

no zeros in common, so that none of + z;,...,+ z, is
the end of a cut. Let us define

Fls) = £(s) 1 (s ~ 27t (4.1)
so that, by (2. 10),
FOFCs) = VI [s—z)s +z) =¢,  (4.2)

where c is the coefficient of s8 in V(s) (it is — a i,
in the notation of L.Z). Thus F satisfies a functional
equation like the one we solved before. The boundary
conditions are

|F(s)| = exp[+ aRls + o(s)] (4.3)
for large |(RIs)|,and
FHOF-(t) = ¢J(t) (¢ e C), (4. 4)
where 4 1 (t+z)
J(t) = V(t)[cil;l1 (t—z))2 =11 it_——_z) (4.5)

and C denotes the set of cuts.

Since there are now three cuts, it is not as easy as
before to define a function ® to serve as InF. By con-
sidering the behavior of F(s) as s traverses a large
circle, we can show that argF(s) returns to its origi-
nal value if s traverses a contour that encircles all
three cuts, and, by considering a symmetrical contour
that encloses only the cut through the origin, we can
show that argF(s) returns to its original value as s

s‘ 453
s —————
-s, s, OR -s, -S, -8, s, 8 S
S )
-s, -8
3 1
FIG. 1. Cuts C in the s plane.

FIG.2. Cuts C’ in the s plane.
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traverses any contour enclosing only this cut; but
there is as yet no reason to expect argF(s) to return
to its original value if s traverses a contour that
surrounds one of the other cuts. To deal with this, we
put two further cuts C' as shown dotted in Fig. 2.

We can now define a function
®(s) = InF(s), (4. 6)
which is holomorphic in the cut plane and satisfies

OH(t) + () = Inc + 2mmi + Ind ()
() — () = 2mi (L€ C'),

(t€0), @1

where m and »n are integers. The reason why we can
use the same value of » on both parts of C’ is that we
know [since F(s)F{— s) = c] that if s traverses a sym-
metrical path enclosing only the part of C containing
the origin, then argF will return to its original value
and so the discontinuities of ¢ across the two parts

of C’ must be the same.

Equation (4.7) is again a Hilbert problem, of the type
discussed in Secs.85-87 of M. As before, its general
solution is the sum of a particular solution and the
general solution of the associated homogeneous pro-
blem. For a particular solution, consider the function
[obtained from Eq. M (85.12)]

VE (s) i Ind (¢)dt
21i CVE*(t)(t — s)
JE(s) onnidt
! 2 fC’w/E*(l)(t—-s)’ (

®(s) = 5lnc + mmi +

4, 8)

where the cuts are traversed in the directions indica-
ted in Fig. 2, and their “plus” sides are at the left of
the arrows. The Plemelj formulas (p. M43) show that
this is a particular solution of the boundary-value
problem (4. 7). To get the general solution, we add
X(s)P(s) where P is any polynomial and X is the fun-
damental solution of the class we are looking for. As
before, since we want bounded solutions, this funda-
mental solution is VE(s). Our asymptotic condition

(4. 3) implies, however, that the polynomial P must be
0, since VE (s) increases like s3, not s, for large
I(Rls)]. Thus the particular solution (4. 8) itself is the
one we are looking for.

To get the correct behavior for large s, we want

®(s) ~+ as for large s,

and, since E (s) ~ s3,this implies that the sum of the
two integrals must behave like + 2nio /s2 for large s.
The asympototic behavior of these integrals is obtain-
ed from the formula (! — sy = —s1 —fs72 ... and

IN THE THEORY OF FLUIDS

607

S0 we require [writing VE(t) as an abbreviation for

VE+(t))

1 InJ()dt a__ 49

21i ¢ VE(1) o fc VE () 9
(coefficient of s1),and

1 ¢ tInd(@)dt tdt_ _ 410

omi fc VE(¢) o fc VE () e . 10)

(coefficient of s72).

Now, Eq. (4.5) shows that InJ({) is an odd function;
hence, the first integral in (4. 9) is zero. The second
can be written

fc dt

dt
(VE*(t) f

GVE ()

(4.11)

The sides of the contours on which the integrand is
evaluated are indicated in Fig. 2, and are symmetri-
cal. Since VE(s) is an odd function, it follows that the
two integrals reinforce and so [barring the accident
f dt/VE(t) = 0] the condition (4.9) can only be satis-
fied by taking n = 0. The second condition, (4. 10),
now reduces to

1 tInd()dt
2ni °C

VE(t)

a =% 5 (4. 12)

which imposes a condition on the coefficients #,, ...,
a4 in the polynomials E(s) and V(s).

The solution of the functional equation for f is, by
(4.6) and (4. 1),

e T
(4.13)

There are several solutions, depending upon the
choice of the sign in (4. 13) and which four zeros of V
we pick touse as z,...,2z,. We expect that,as in the
one-dimensional case, physical requirements will
dictate a unique choice. This will certainly be true at
low densities where the PY solution can be found
from a convergent virial expansion.4 At higher den-
sities we expect to see a phase transition correspond-
ing to a spatial separation of the two components
since o in (1. 2) is positive. We plan to investigate
this further.
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