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We describe the derivation of mesoscopic free energy functionals for systems with long-range
Kac potentials and analyse them in the presence of phase transitions. This yields information
about the arrangement of phases in some binary mixtures as well as explicit criteria for the
stability of liquid droplets in a one-component fluid described by a Cahn–Hilliard type of free
energy functional.

1. Introduction

Statistical mechanics provides a complete microscopic
theory of phase transitions in equilibrium systems.
While this is well understood in principle, it is a for-
midable and largely incomplete task to derive mathe-
matically precise quantitative information about the
phase diagram or surface tension of a system from its
microscopic Hamiltonian. Information available for
realistic effective Hamiltonians is generally of two
types: it is either derived rigorously but is only quali-
tative, or else it is quantitative but based on approxima-
tions whose validity is difficult to assess. Examples of
the former are the existence of convex free energy
densities for macroscopic systems (formally in the
infinite volume thermodynamic limit) which are analytic
(no phase transitions) in the density � and temperature
��1 when � and � are sufficiently small [1]. Examples of
the second kind are mean-field equations of state and
integral equations for the structure function of fluids.
An intermediate approach is to consider idealized model
systems. When used judiciously, these models can
provide useful information about the behaviour of real
systems.
Ben Widom has made seminal contributions to

statistical mechanics and thermodynamics by develop-
ing and utilizing simple models for elucidating complex

phenomena. He has also been a great contributor to and
expositor of clear thinking and mathematical precision
in dealing with the complex phenomena which occur
when several phases coexist. We dedicate this paper to
him in appreciation and friendship.

1.1. Statistical mechanical origin of mesoscopic
free energies

Our starting point here is a class of microscopic models
of systems of particles interacting with a pair potential
consisting of two parts: a short-range potential UðrijÞ
and an attractive long-range, Kac-type, pair potential
J�ðrijÞ ¼ �

dJð�rijÞ, where rij is the distance between
particles i and j, d is the space dimension and ��1 is a
length scale which is large compared to the interparticle
distances. Consider a system of N particles of mass m in
a region O 2 R

d, with volume jOj, interacting through
such a pair potential. At inverse temperature �, the
canonical partition function for the system is given by

Zð�,N,OÞ ¼
ð2pm=�h2ÞdðN=2Þ

N!

�

Z
exp ��

X
UðrijÞþ J�ðrijÞ
� �n o

dr1 � � �drN,

ð1Þ

where h is Planck’s constant.
In the thermodynamic limit, i.e. letting N and jOj go

to infinity while N=jOj ! n, some fixed average particle
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density, we obtain the Helmholtz free energy density
f ðn, �Þ [1],

f ðn, �Þ ¼ � lim
jOj!1

��1 logZðN,OÞ
jOj

� �
, ð2Þ

with f ðn, �Þ a convex function of n whose dependence
on � is not indicated explicitly. The conditions on U and
J necessary for the validity of this are very mild [1, 2].
Taking now the van der Waals limit � ! 0, we obtain

a formula for the Helmholtz free energy density in which
the separate contributions of U and J are clearly
displayed and the Gibbs double-tangent construction
naturally enters [2]:

f ðnÞ ¼ lim
�!0

f ðn, �Þ ¼ CE fsðnÞ þ
1

2
�n2

� �
: ð3Þ

In (3), fsðnÞ is the free energy density of a system
interacting only via the short range interactions U(r),
i.e. with J�ðrÞ ¼ 0,

� ¼

Z
R

d
JðrÞ dr, ð4Þ

and CE denotes the convex envelope (Gibbs double-
tangent construction) applied to the mean field free
energy fsðnÞ þ

1
2�n

2.
This will yield a first-order phase transition

(vapour–liquid) when � is sufficiently negative, i.e. when

� � �
d2

dn2
fsðnÞ

for some range of n. For details see [2, 3].
Our interest here is in going beyond this mean-field

description by considering situations in which the form
of the Kac potential J(r), not just its integral �, is
relevant. To set the stage for the problems that we
consider here, we recall some further developments
concerning (3) due to Gates and Penrose [3], who related
the free energy density f (n) to a mesoscopic variational
problem. Such mesoscopic variational problems will be
the focus of our attention here.
Let FOðf�gÞ be the mesoscopic free energy functional

defined by

FOðf�gÞ ¼

Z
O

fsð�ðxÞÞ þ
1

2

Z
O
�ðxÞJðx� yÞ�ðyÞ dy

� �
dx,

ð5Þ

where �(x) is some density profile and let

fOðnÞ ¼
1

jOj
infFOðf�gÞ, ð6Þ

where the inf is to be taken over all the density profiles
�(x), x 2 O, such that

1

jOj

Z
O
�ðxÞ dx ¼ n: ð7Þ

Then Gates and Penrose showed [3] that

f ðnÞ ¼ lim
O!1

fOðnÞ: ð8Þ

The function fOðnÞ is related directly to the microscopic
model even without taking the limit jOj ! 1. Consider
O� to be a scaled up version of a fixed domain O, e.g. O�
is a d-dimensional cube or torus (i.e. periodic boundary
conditions) with sides of length ��1L, and let
N� ¼ njO� j. One has, at least implicitly in the arguments
of [2] and with precise estimates on the error bars in [4],
that

���1 lim
�!0

1

j�� j
logZðN� ,��Þ ¼ fOðnÞ: ð9Þ

To understand the relation between the variational
formulation and the convex envelope construction (3),
consider the case where JðxÞ � 0 and of finite range,
JðxÞ ¼ 0 for jxj > R. Then for a periodic box O, jOj ¼
Ld, with L � 2R, we have

FOðf�gÞ ¼

Z
O

fsð�Þ þ
1

2
��2ðxÞ

� �
dx

�

�
1

4

Z
O

Z
O
Jðx� yÞ½�ðxÞ � �ðyÞ�2 dxdy

�
: ð10Þ

It is clear that whenever � is such that

d2

dn2
fsðnÞ þ � � 0

for all (permissible) n then the minimizing �(x) will be
the constant density profile �ðxÞ ¼ n. This will always be
the case for j�j sufficiently small when the temperature
is such that the system with only short-range potential
U(r) has a strictly convex free energy f 00s ðnÞ � � > 0.
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If on the other hand fsðnÞ þ
1
2�n

2 has a concave part
then for values of n in a certain range the minimizing
�(x) will be non-uniform, corresponding to the system
being separated into a high density liquid phase n‘ and
a low density vapour phase nv. The free energy will then
be given, in the limit L! 1 , by (3) while for finite L
there will be corrections proportional to the surface area
separating the two phases (divided by the volume) which
correspond to the surface tension. This correction is lost
in f ðn, �Þ and thus in f(n), but can be captured by
FOðf�gÞ and fOðnÞ. We are particularly interested here
in the surface tension and the shape of these phase
segregation boundaries, including the possibility that
in some case the minimizing profile � might corres-
pond to the ‘dissolution’ of a droplet of the minority
phase [5–8].
The results described above, as well as those to be

discussed later, remain unchanged (and the proofs even
simplify) if instead of considering particles in the
continuum, we consider lattice systems in O � Z

d. We
can think of the sites as either occupied or unoccupied,
as in a lattice gas model, or to spins pointing up or
down, as in an Ising model.
A great deal of work has been done developing precise

estimates for the probabilities of observing density
profiles which differ significantly from the typical ones
in such lattice systems and the results are expected to
hold also for continuum systems, cf. [4, 9, 10].
The relation between the microscopic configurations
and the continuous density profiles considered in (8) is
given by a coarse-graining procedure. We will not go
into the technicalities concerning the coarse graining
that make it possible to refer to the probability, under
the canonical probability distribution, of a particular
mesoscopic density profile �(x) for the scaled micro-
scopic system, PO� ð��Þ, where ��ðxÞ ¼ �ð�

�1xÞ. The
relation between PO� ð��Þ and the mesoscopic functional
FO is given by

lim
�!0

�d logPO� ��
� �
¼ �� FOðf�gÞ � jOjfOðnÞ½ � ð11Þ

for any density profile � satisfying the constraintR
O �ðxÞ dx ¼ njOj. In probabilistic terminology,
�½FOðf�gÞ � jOj fOðnÞ� is the large deviation functional
for observing a mesoscopic density [9–11]. This was used
in [9, 11] to prove that not only the bulk free energy but
also the surface tension can be obtained from fO. Indeed,
such analysis has provided a rigorous justification of the
Wulff construction for the phase segregation boundary
in such models.
The lattice gas setting provides certain technical

advantages—it automatically provides a simple hard

core which makes collapse impossible. This has led to
proofs that the behaviour of the system for small � is
close to that for � ! 0. We expect, however, that
everything proved in the lattice setting will also be valid
for the continuum, although this has been done at
present only for very special models, such as the one
considered by Lebowitz et al. [12].

Analogous results hold for the free energy (pressure)
obtained from the grand-canonical ensemble (in analogy
to (2)) at fixed chemical potential � [3]. Thus in the limit
� ! 0

gOð�Þ ¼
1

jOj
inf
�ðxÞ

Z
O

fsð�ðxÞÞþ
1

2

Z
O
�ðxÞJðx� yÞ�ðyÞdy

� �
dx

�

��

Z
O
�ðxÞdx

�

:¼
1

jOj
inf
�ðxÞ
GOðf�ðxÞgÞ ¼ inf

n
½ fOðnÞ��n�, ð12Þ

where the minimization is now done without the
constraint (7). The limit jOj ! 1 gives the gð�Þ ¼
lim�!0 gð�, �Þ. We note that while fOðnÞ may not be
convex for finite O, gOð�Þ is always a concave function
of �.

The above analysis extends directly to the case of
mixtures of k-components. One simply replaces �, n
and � by vectors q ¼ ð�1, . . . , �kÞ, n ¼ ðn1, . . . , nkÞ, l ¼

ð�1, . . . ,�kÞ and J by a matrix of interactions J ¼ fJijg,
i, j ¼ 1, . . . , k. The structure of the phase diagram of
the mixture is much more complex than that of the one-
component case and the long range interactions can
produce both vapour–liquid and phase segregation
transitions. These have been studied on the mean-field
level already by van der Waals [13] and by Korteweg [14]
(see also [15]).

In section 2 we review briefly some of our earlier work
showing how, using the mesoscopic (local mean field)
description, one can obtain additional information
about the spatial arrangement of the coexisting phases.
This is done without knowledge of the surface tension
and the shape of the coexisting domains.

In section 3 we go further and describe new results
about the shape of coexisting liquid and vapour
domains in one-component systems. We do this in the
context of the so-called Cahn–Hilliard free energy
functional (first considered by van der Waals) where
the computations can be done both rigorously and quite
explicitly. We consider there, in particular, the case
where one of the phases is present in a much smaller
amount than the total volume, i.e. n� nv goes to zero
as jOj ! 1. Depending on the amount present, i.e.
whether n� nv is bigger or smaller than cjOj�1=ðdþ1Þ,
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with c a precisely determined constant, the system may
either form a liquid droplet or just supersaturate the
vapour phase. The result gives a surprisingly accurate
picture of the formation of liquid drops in the vapour
phase, as compared with exact microscopic computa-
tions for the two-dimensional nearest-neighbour Ising
model, and clarifies some points raised in the
Rowlinson–Widom book [6].
The relation between the Cahn–Hilliard functional

and FOðf�gÞ is discussed in section 4.

2. The two-component system

We consider a simple two-component system in which
the different species interact only by a repulsive pair
potential, as in the celebrated Widom–Rowlinson model
[16]. There will now be two density profiles �1ðxÞ and
�2ðxÞ and the free energy density corresponding to (5)
will be

FOðf�1, �2gÞ ¼

Z
O
fsð�1, �2Þ dx

þ
1

2

X2
i, j¼1

Z
O

Z
O
�iðxÞJijðx� yÞ�jð yÞ dy dx:

ð13Þ

We shall assume that JijðxÞ ¼ JijðjxjÞ is monotone
(decreasing in magnitude) of finite range with J11 ¼
J22 � 0, while J12ðxÞ � 0, i.e. there is attraction of the
Kac type between particles of the same species and
repulsion between particles of different species. For the
short-range part we shall assume that fsð�1, �2Þ is jointly
convex in �1 and �2 and has the simple form

fsð�1, �2Þ ¼ �
�1½Fð�1Þ þ Fð�2Þ þDð�1 þ �2Þ� ð14Þ

with ðd2=dt2ÞDðtÞ � 0. An example of the type of fs we
have in mind is

FðtÞ ¼ t log t� t,

DðtÞ ¼
�t log ð1� btÞ, x < b�1,

þ1, x < b�1:

�
ð15Þ

To obtain fOðn1, n2Þ we have to minimize FOð�1, �2Þ
over �1ðxÞ and �2ðxÞ subject to the constraints

1

jOj

Z
O
�1ðxÞ dx ¼ n1,

1

jOj

Z
O
�2ðxÞ dx ¼ n2: ð16Þ

In the limit jOj ! 1 we obtain, in analogy to (3),

f ðn1, n2Þ ¼ CE fsðn1, n2Þ þ
1

2

X2
ij¼1

�ijninj

" #
ð17Þ

with

�ij ¼

Z
R

d
JijðxÞ dx, ð18Þ

and where CE fOðn1, n2Þ denotes the maximal convex
function lying below fO.

Depending on the values of the �ij this system can
exist either in a single homogeneous phase, or in as
many as four coexisting phases consisting of a fluid
and a vapour each segregated into a species 1 rich and
a species 2 rich phase [17].

Themain tool used in [17] to analyse the phase diagram
of this system is a ‘rearrangement inequality’ refining a
classical one proved in [18]. Let O be a torus with
jOj ¼ Ld andL > 2R,R being the range of JijðxÞ.We then
have that the minimizing profiles ���iðxÞ, i¼ 1, 2, are
monotone along each coordinate of the torus. Put
another way, let x¼ 0 be the position of the maximum
of ���1ðxÞ, then ���1ðxÞ will be symmetric decreasing in the
coordinates x�, � ¼ 1, . . . , d, reaching its minimum at
x� ¼ L=2 (the same as x� ¼ �L=2) for all �. The density
���2ðxÞ will behave in the opposite way, having its
minimum at x¼ 0 and its maximum at x� ¼ L=2.
It follows from this that there are certain relations
between the possible densities in the case of coexistence of
four phases, a segregated liquid with total bulk density �‘
and a segregated vapour with total density �v. Let �

þ
‘ ð�
�
‘ Þ

be the density of the majority (minority) species in
the liquid phase and similarly ��v in the vapour phase,
with �‘ ¼ �

þ
‘ þ �

�
‘ > �þv þ �

�
v . Then our theorem in [17]

states that the densities must satisfy the inequalities

��‘ � �
�
v � �

þ
v � �

þ
‘ : ð19Þ

We show in figure 1, taken from [17], a schematic
diagram of the four phases on the two-dimensional
torus. Region A corresponds to �1 ¼ �

þ
‘ , region B to

�1 ¼ �
þ
v , region C to �1 ¼ �

�
v and region D to �1 ¼ �

�
‘ .

Thus the high density liquid region which has a smaller
volume is split up into two regions A and D.

The inequalities (19) and the corresponding arrange-
ment of phases in figure 1 have been obtained without
calculating the different surface tensions. The actual
shapes of the regions given in figure 1 are based on the
assumption that they are controlled by a surface tension
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which wants to minimize the length of the boundaries
between the different phases.
The surface tension terms will give corrections to the

bulk approximation provided by

inf
�1,�2
FOðf�1, �2gÞ 	 jOj fOðn1, n2Þ: ð20Þ

We expect that

inf
�1,�2
FOðf�1, �2gÞ ¼ fOðn1, n2ÞjOj þ bðn1, n2ÞjOj1�1=d

þ lower order terms: ð21Þ

The coefficient b specifying the next corrections will
be given by

bðn1, n2Þ ¼ lim
jOj!1

inf� FOðf�1, �2gÞ � jOj fOðn1, n2Þ

jOj1�1=d
,

ð22Þ

should this limit exist. This has indeed been proved for
one-component systems and is undoubtedly true also in
the present case. In fact, one can go beyond the leading
order given in (22) if one considers further simplifica-
tions of the model mesoscopic free energy. This is what
we do in the next section.

3. Surface tension and droplet formation

The problem of computing the corrections to the free
energy described in (21) is quite challenging for non-
local F ’s of form (13) or (10). We therefore turn now
to the consideration of a simplified one-component free
energy functional that captures the essential features of
the non-local functional (10), namely the Cahn–Hilliard
or Landau–Ginzburg functional

~FFOðfmgÞ ¼

Z
O

�2

2
jrmj2 þ FðmðxÞÞ

	 

dx, ð23Þ

where FðtÞ ¼ ðt2 � 1Þ2=4 is a symmetric double well
potential which has minima at t ¼ �1. The function
m(x) is a real-valued order parameter field, e.g. the
magnetization of an Ising spin system, which plays the
same role as the density.

The parameter � has the dimensions of a length;
it measures the thickness of an interface between regions
of phase þ1 and �1. The interaction term in ~FFO is
expressed in terms of the gradient which affords us
several technical advantages. The connection between ~FF
and F will be discussed in section 4.

We now turn to the problem of finding the minimizers
arising in the computation of

~ffOðnÞ ¼
1

jOj
inf ~FFOðfmgÞ : m 2 Mn

n o
, ð24Þ

withMn the set of functions m on O such that

1

jOj

Z
O
mðxÞ dx ¼ n: ð25Þ

Since m, unlike �, is real valued, both positive and
negative values of n are physically meaningful.

A simple compactness argument [19] shows that
such minimizers exist and satisfy the Euler–Lagrange
equation

��2�mðxÞ þ F 0ðmðxÞÞ þ � ¼ 0, ð26Þ

where � is a Lagrange multiplier (or chemical potential)
associated with the constraint (25): � ¼ r2 is the
Laplace operator.

For �¼ 0 and �1 � n � 1, the minimization problem
is trivial: there will be a region A in O with mðxÞ ¼ 1
on A and mðxÞ ¼ �1 on the complement of A. Let jAj

Figure 1. Schematic picture of coexisting phases.
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denote the volume of A. Then, from (25),

n ¼ �1þ 2
jAj

jOj
: ð27Þ

Note that when �1 � n � 1, the chemical potential � is
zero. Solving for jAj, we have

jAj ¼ jOj
nþ 1

2
: ð28Þ

For large values of �, the functional ~FFO is strictly
convex and then the problem is also trivial: when ~FFO

is strictly convex, the unique minimizer will be the
constant function mðxÞ ¼ n. The spectral gap, i.e. the
first eigenvalue above zero, for the operator �� on O is
ð2p=LÞd and since F 00ðtÞ ¼ 3t2 � 1 � �1, ~FFO is certainly
strictly convex for � > L=ð2pÞ; i.e. there will be no phase
segregation if the system is confined to a domain which
is small compared to the range of the interaction
responsible for the transition.
What we are interested in is what happens for values

of � small compared to L. For such values of �, we
expect the minimizer to exhibit both phases, as with
� ¼ 0, but now we have to pay a price for making the
transition across the boundary of A, so that A should
have a minimal surface given its volume in (28). The
solution of the isoperimetric problem on the torus
depends on jAj=jOj. For jAj=jOj sufficiently small it is
given by taking a sphere. For jAj=j�j sufficiently large it
is given by a slab. See [19] for further discussion.
The equimolar radius, r0, is defined to be the radius of

the sphere whose volume is jAj, as in (28). As a function
of n, it is given by

r0 ¼
nþ 1

2�ðd Þ

	 
1=d

L: ð29Þ

One can also guess the profile of the transition across
the boundary of A for a minimizer and the value of fOðnÞ
for small values of �.
To do this, let us consider a planar interface in a long

cylinder with one end deep in the region where m 	 1
and the other deep in the region where m 	 �1. Let z be
the coordinate running along the cylinder. The compu-
tation of the minimal excess free energy per unit area in
such a cylinder is a one-dimensional problem and taking
the length to infinity, we are led to consider, for �>0,
the quantity S defined by

S

�
¼ inf

Z
R

1

2
jm0ðzÞj2þFðmðzÞÞdz

	 

: lim
z!�1

mðzÞ ¼
1

� �
,

ð30Þ

where z is measured in units of �.

Let �mm denote the antisymmetric minimizer for this
variational problem.

For the particular functional (24), this minimizer is
given by the well-known hyperbolic tangent of Van der
Waals [13],

�mmðzÞ ¼ � tanh z=21=2
� �

, ð31Þ

from which S can be computed. It is useful to note that

S ¼ 2�

Z
R

1

2
j �mm0ðzÞj2 dz ¼ 2�

Z
R

Fð �mmðzÞÞ dz: ð32Þ

Using the planar transition profile �mm, one constructs a
natural trial function for the minimization problem (24)
when the curvature of the interface is small compared
to the thickness �. Let G be the surface of minimal area
bounding a region A with jAj satisfying (27). Assume
that jAj=jOj is sufficiently small, so that G is a sphere
of radius r0. Let dðx,GÞ denote the signed distance
function, so that dðx,GÞ is the distance from x to G if x is
in the interior, i.e. A, and is minus the distance from x to
G if x is in the exterior.

The natural trial function is then

m0ðxÞ ¼ �mm
dðx,G Þ
�

	 

: ð33Þ

Computing ~FFOðfm0gÞ using spherical coordinates near
G, we find

~FFOðfm0gÞ ¼ SjGj þOð�2Þ, ð34Þ

where jGj ¼ d�ðd Þr d�10 is the surface of the sphere with
equimolar radius r0. This means that to leading order
in �, the surface tension is just that given by the planar
interface.

3.1. Droplet formation versus evaporation

It is not the case that (33) is even an approximate
minimizer for all values of n. If n is sufficiently small,
then the droplet will ‘evaporate’: it costs less free energy
to spread m uniformly over O than it does to form the
interface required to separate m into the two minimizing
phases.

To see this, consider as an alternative the constant
function mðxÞ ¼ n: we obtain from (27) and the fact that
Fð�1Þ ¼ F 0ð�1Þ ¼ 0,

~FFOðnÞ ¼
1

2
F 00ð�1Þ

2jAj

jOj

	 
2

jOj þO jOj�2jAj3
� �

: ð35Þ
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Introducing the compressibility 	 by

	�1 ¼ F 00ð�1Þ ¼ F 00ð1Þ, ð36Þ

we have

~FFOðnÞ ¼ 2
�ðd Þ2r2d0
	jOj

þ O jOj�2jAj3
� �

: ð37Þ

Comparing this with (34) we see that the droplet trial
function is favoured only in the case

2
�ðd Þ2r2d0
	jOj

> S d�ðd Þr d�10 : ð38Þ

Note that if r0 and L are related by

r0 ¼ 

1=dL�, ð39Þ

then (38) is satisfied independently of 
 for all large L
provided � > d=ðdþ 1Þ and is violated independently of

 for all large L whenever � < d=ðdþ 1Þ.
Therefore, if in our minimization problem (24), n is

related to L through

nþ 1

2
¼ �ðd Þ
Ld��d ð40Þ

which corresponds to (39) through (29), we expect to
have, for all large L, droplet type minimizers for
� > d=ðdþ 1Þ and uniform minimizers for � < d=ðdþ 1Þ.
Our goal here is to determine the nature of the droplet

type minimizers for all values of � up to and including
the critical value � ¼ d=ðdþ 1Þ. We can do this by using
a Chapman–Enskog–Hilbert type expansion to solve
the Euler–Lagrange equation (26). The dimensionless
quantity

� ¼
�

r0
, ð41Þ

where r0 is the equimolar radius, will be the expansion
parameter. This is just the ratio of the intrinsic interface
thickness to the radius of the droplet.
We make the following prescription to specify the

expansion.

(1) The interfacial surface G� will be a sphere of radius
r(�) where

rð�Þ ¼ r0 þ �r1 þOð�2Þ :¼ rð1Þ þOð�2Þ: ð42Þ

The fact that it is a sphere actually comes out of the
analysis.

(2) The Lagrange multiplier (chemical potential) �
appearing in (26) has an expansion of the form

�ð�Þ ¼ ��1 þOð�2Þ: ð43Þ

Recall that �¼ 0 for �¼ 0, which is why �ð0Þ ¼ 0.
(3)

m�ðxÞ ¼ �mm
dðx,Gð1ÞÞ

�

	 

þ � h1ðxÞ þ 1ð Þ

þOð�2Þ :¼ mð1Þ þOð�2Þ, ð44Þ

where 1 will be at least asymptotically constant
and h1 is a function that decays to zero exponen-
tially away from the interface.

(4) We require that the constraint (25) be approxi-
mately satisfied in the sense that

1

jOj

Z
O
mð1ÞðrÞ dr ¼ nþO �2

� �
: ð45Þ

With z ¼ dðx,GÞ=�, we can write the Laplacian as

�2� ¼
d2

dz2
þ ðd� 1Þ�K

d

dz
þOð�2Þ, ð46Þ

where K ¼ r0=rð�Þ is the mean curvature of the sphere
G� in units of r0. Then, substituting the above
expansions in (26) we get at order zero in �

� �mm00 þ F 0ð �mmÞ ¼ 0 ð47Þ

and at the first order

�ðd� 1ÞK �mm0 � h001 þ F 00ð �mmÞh1 þ F 00ð �mmÞ1 þ �1 ¼ 0:

ð48Þ

Hence, if we can find �mm, h1, 1 and Gð1Þ so that the
previous equations are satisfied we have that m� is an
approximate solution to (26) in the sense that

��mð1ÞðxÞ þ F 0ðmð1ÞðxÞÞ þ ��1 ¼ Oð�2Þ , ð49Þ

We choose as �mm the front with asymptotic values �1 at
infinity, i.e.

�mmðzÞ ¼ � tanhðz=21=2Þ, ð50Þ
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and define the operator L by

L ¼ �
d2

dz2
þ F 00ð �mmÞ: ð51Þ

Then we can rewrite (48) as

Lh1 ¼ ðd� 1ÞK �mm0 � ðF 00ð �mmÞ1 þ �1Þ: ð52Þ

The null space of L is spanned by �mm0, and so, by the
Fredholm criterion, (52) is solvable provided that
ðd� 1ÞK �mm0 � ðF 00ð �mmÞ1 þ �1Þ is orthogonal to �mm0.
In order to check this condition we multiply the right-

hand side of (52) by �mm0 and integrate in dz. Using the
fact that

R
R
F 00ð �mmÞ �mm0 dz ¼ 0 and

R
R

�mm0 dz ¼ �2 yields

ðd� 1ÞK

Z
R

ð �mm0Þ2 dz

	 

¼ �2�1: ð53Þ

Using (32) to express the integral in terms of S, we
obtain

�1 ¼ �
1

2
ðd� 1ÞK

S

�
: ð54Þ

Next, to determine 1, note that if the right-hand side of
(52) has to decay to zero for large jzj, necessarily

lim
jzj!1

ðd� 1ÞK �mm0 � ðF 00ð �mmÞ1 þ �1Þ½ � ¼ 0: ð55Þ

Since limjzj!1 �mm0ðzÞ ¼ 0 and limjzj!1 F 00ð �mmðzÞÞ ¼
F 00ð1Þ ¼ 	�1, we have

	�11 þ �1 ¼ 0, ð56Þ

that is,

1 ¼ �	�1 ¼
ðd� 1Þ	KS

2�
: ð57Þ

Using (54) and (57), (52) becomes

Lh1 ¼ ðd� 1ÞK �mm0 �
S

2
1� 	F 00ð �mmÞð Þ

	 

: ð58Þ

The right-hand side is rapidly decaying and so there is
a unique rapidly decaying solution h1. It is not difficult
to realize that h1 is indeed identically zero.

Finally, we determine the radius of the droplet,
R ¼ rð1Þ, using the approximate constraint (45). Since
h1 is zero we get that mð1Þ ¼ �mmþ �1 and

Z
O
mð1ÞðxÞ dx ¼ �jOj þ 2�ðd ÞRd þ �jOj1 þOð�2jGjÞ

¼ �jOj þ 2�ðd ÞRd

þ �jOj
SK	ðd� 1Þ

2�
þOð�2jGjÞ: ð59Þ

This yields

2�ðd ÞRd þ �jOj
SK	ðd� 1Þ

2�
¼ 2�ðd Þrd0:

We assume that both r0 and R ¼ r0 þ �r1 are propor-
tional to L�, according to (39) and we put

R ¼ �1=dr0 ¼ �
1=d
1=dL�: ð60Þ

Then, recalling that jOj ¼ Ld, we obtain an equation
for �,

2ð�� 1Þ þ
d� 1

d
!�1��1=dLd��ðdþ1Þ ¼ 0, ð61Þ

where we have introduced the parameter

! ¼
2�ðd Þ
ðdþ1Þ=d

d	S
ð62Þ

for future convenience.
If � > d=ðdþ 1Þ the exponent of L is negative so that

for L large we can solve approximately the equation and
get

� ¼ 1� �
d� 1

2d!
þOð�2Þ ð63Þ

with

� ¼ Ld��ðdþ1Þ ð64Þ

so that the correction to the equimolar radius is small
when the volume is large.

If � takes the critical value � ¼ d=ðdþ 1Þ the
equation (61) becomes independent of L, yielding

2ð�� 1Þ!þ
d� 1

d
��ð1=dÞ ¼ 0: ð65Þ
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We need to solve (64) for � in order to find the size of
the spherical droplet. We can get some idea of the
solutions by the following remark: let us compute the
free energy corresponding to the approximate solution
mð1Þ. We have

Z
O
jrð �mmþ �1Þj

2 dx ¼

Z
O
jr �mmj2 dx ¼

1

2
SjGj,

Z
O
Fðm�Þ dx ¼

Z
R

Fð �mmðzÞÞdz

	 

jGj

þ
1

2	
21�

2Ld þOð1Þ: ð66Þ

Therefore,

~FFðfm�gÞ ¼ SjGj þ
1

2	
�2Ld21 þOð1Þ :¼ F drop þOð1Þ:

ð67Þ

Next, we rewrite F drop in terms of the parameters �, 
, !.
By (59) we get

1 ¼
2

�Ld
ð1� �Þ�ðd Þr d0 : ð68Þ

Hence

F dropð�Þ ¼ d�ðd Þrd�10 S �ðd�1Þ=d þ
1

	Sd
ð1� �Þ22�ðd Þ

rdþ10

Ld

� �
:

ð69Þ

Therefore, setting jG0j ¼ d�ðd Þrd�10 , the droplet free
energy as a function of the droplet size � in units r0 is
given by

F dropð�Þ ¼ SjG0j½�
ðd�1Þ=d þ ð1� �Þ2!�: ð70Þ

The relevance of the function Fð�Þ ¼ �ðd�1Þ=d þ ð1� �Þ2!
to the issue of small droplet formation was first pointed
out in [20]. There they gave a heuristic argument that the
droplet would form when inf� Fð�Þ < Fð0Þ. Whether
this happens or not depends on the value of !. If

! < !c ¼
1

d

dþ 1

d

	 
ðdþ1Þ=d
, ð71Þ

the minimal value of Fð�Þ is achieved for �¼ 0 and this
corresponds to the free energy of the homogeneous
state with the prescribed value of n. If ! > !c then
the minimizer is non-homogeneous and corresponds
to the formation of a droplet. This heuristic picture
was rigorously justified in [20] in the case of the
two-dimensional nearest-neighbours Ising model.

We can prove in [19] that the same critical value
for ! governs the formation of small droplets for the
Cahn–Hilliard free energy functional. Moreover we
show there that in the regime where the minimizers are
not uniform, they correspond to droplets whose shape
is spherical with radius R given by (60) with � being the
largest solution to (65) for a given ! � !c. This result
allows one to accurately draw a picture analogous to
[20] for the Cahn–Hilliard free energy functional.

Our proof in [19] is based on the the construction of
upper and lower bounds for the free energy. The upper
bound just follows from choosing the trial function mð1Þ

with rð1Þ solving (65) which is a consequence of the mass
constraint and is just the condition in order that � be a
critical value for F dropð�Þ.

In proving the lower bound we use the co-area
formula of geometric measure theory and this is made
possible by the fact that the interaction is local and
expressed in terms of the gradient of the order
parameter.

4. Concluding remarks

There is a close formal connection between the
Cahn–Hilliard free energy functional and the non-local
free energy functionals derived from � ! 0 considered
in the first two sections. This leads us to expect that it
will be possible to extend the analysis of small droplet
formation to the multicomponent, non-local setting of
section 2.

Making the change of variables mðxÞ ¼ 2�ðxÞ � 1 and
setting J! 8J, � ¼ 8�, the free energy function FO

defined in (10) becomes, up to constant terms,

FOðfð1þmÞ=2gÞ ¼

Z
O

fsðmðxÞÞþ �m
2ðxÞ

� �
dx

�
1

2

Z
O

Z
O
Jðx� yÞðmðxÞ �mðyÞÞ2 dxdy,

ð72Þ

where we keep denoting the short-range free energy
density by fs although now it is a function of m rather
than �.
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For J<0, the term ð�1=2Þ
R
O

R
O Jðx� yÞðmðxÞ�

mðyÞÞ2 dx dy penalizes variations in m. One might then
expect that for any function m that nearly minimizes
FO, the first-order Taylor approximation

mð yÞ 	 mðxÞ þ rmðxÞ � ð y� xÞ ð73Þ

should not be too terribly crude. Making this approx-
imation,

�

Z
O

Z
O
Jðx� yÞðmðxÞ �mð yÞÞ2 dxdy 	 �2

Z
O
jrmðxÞj2 dx,

ð74Þ

with �2 ¼ �
R
R

d x2JðxÞ dx, leads to the Cahn–Hilliard
type free energy functional

�2
Z
O
jrmðxÞj2 dxþ

Z
O

fsðmðxÞÞ þ �m
2ðxÞ

� �
dx: ð75Þ

When � is sufficiently negative, ð fsðmÞ þ �m
2Þ is a

double-well potential whose essential features are
represented by FðmÞ ¼ ðm2 � 1Þ2=4, and thus we have
arrived at ~FFO.
Despite the rather direct connection between ~FFO

and FO, it is not so obvious how to directly treat non-
local interactions. The construction of the very precise
trial function, based on the Chapman–Enskog–Hilbert
expansion, that was used here for the upper bound, can
be carried to arbitrary order. It is reasonable to expect
that it is essentially a calculation of the minimizers of F .
However, our proof in the Cahn–Hilliard case makes
use of the gradients in ~FFO.
We remark finally that in the Kac models considered

here the mesoscopic free energy functional, described
by (6) and (12) is derived from a separation of scales
between the interparticle spacing and the range of
the Kac potential ��1. In the units used for fO and gO
the interparticle distance, which is also the scale of the
short-range interaction, is of order �, which is being
taken to zero in this limit. A deeper analysis, such as
provided by the renormalization group, should be able
to give effective mesoscopic free energies for systems
with short-range potentials. The use of mesoscopic free
energies forms the basis of density functional theory
which is quite successful. We are however far from being
able to do this rigorously.
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