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Abstract: We present results relating to the existence and uniqueness of the

free energy and equilibrium states for classical continuous spin systems with
superstable interactions.

We consider She lattige Zy at each site of which there is a vector spi
variable S , x € 2, S_ € R'. We denote by S € {s} a spin configuration on % ,
Each S_ ha$ associatedxwith it an infrinsic positive measure {(dS), the same
for alf sites, such that JM(dS% e¥5¢ <® for @ > 0, The energy of a given

spin configuration S, in A & Z consists of both pair and self interactions and
satisfies the following conditions:

h) Superstability There exists A > 0, C € R such that

Uy 2 (a sz -cl : (1)
x € A X .
~where S, is a configuration in A,
b) Regularity’ If A, A are disjoint then their interaction energy
W(S iS ) = u(s, U S1 ) 2 U(s, ) - U(S, ) has the bound
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where |x‘ = max ‘xl\, |S‘ =,[ z (Sl) 12, { !
1I<i <wv Coi=1
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For [ bounded in % we consider the restriction, 8 _ of 8 to A and de-
v A .
{fine the partition function Z(AlS C) and free energy per site F(A|SAC) with

'boundary conditions' (b.c.) determined by S as .

Z(AlSAc) = jMA(dSA) exp ['U(SA)‘W(SA‘S C)J

r(hls O = A1 zaals )

where MA(dSA) = I M(de), ‘A| = # of sites in A, ‘(The dependence on tempera-

ture and magneti% field is included in U and W; it will be made explicit when
necessary.)
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Theorem 1. ~Let (1) and (2) hold and let S E\ﬁ;:

A, = iS‘S < aidn, y| for |yl > 1}, Let {A } be a sequence of in-
creasing domains tgndlng to 2’ in the sense of Van Hove L[1] ghen
lim F(An § ) =F exists and is independent of the sequence An} and of the b.c.
n——)oo
S .
A€ 4

Remark: "Zero" b.c. correspond to SX = 0 for x€A®, The thermodynamic
limit of the "periodic'" b.c. free energy can also be shown to exist and be
equal to F. '

A probability measure V on the configuration space iS} is said to be regu-
lar if it satisfies the follow1ng condition: There exists ¥ > 0, 8 > 0, such
that for every & bounded in zY and N2 > 0 the following holds:

V[B(N |A)] < exp [-IA| y N - 8]

where

s |y = {s | = s

x€A

> |al}

v ‘
For A bounded in Z 'we denote by F(AIV) the free energy in A for boundary
conditions specified by the measure V as

r(hlv) = [ veas) Feals )
A

Theorem 2. Let (1) and (2) hold and let A be as in theorem 1 then for V regu-
lar 1lim F(A |V)
n™

The finite volume equilibrium measure with boundary conditions S o?

A
(dSAls ) is given by

vA(dsAlsAc) =zt (AlSAc>*”(dSA) exp[-U(sA)-W(sAlsAc)] (3)

a measure V on iS} is said to be an equilibrium measure (for our system) if its
-lconditional probabilities V(dSATS ) satisfy the Dobrushin, Lanford and.Ruelle.

(DLR) [2] equations, i.e. eq. (3)

Theorem 3, Let the conditions of Theorem 1 be satisfied and let VA (dSA |S c)

n n A
n ]

be finite volume equilibrium states then it is always possible to choose sub-’
sequences {ni (which may depend on the .b.c.) such that VA _(dSA S c ) oV
g i ‘m
a regular equilibrium measure on {S}, [3].
The one component spin system, S_ € R, will be called ferromagnetic with
translation invariant interactions i ' K

U(S,) = -% & J(x-y) S S - Z &8s ) -h Z 5.3 J(x) >0,
A x # y€h CEY xen X gen X

Theorem 4. Let V be a regular equilibrium measure of a ferromagnetic system in
an external field h whose interactions satisfy (1) and (2) then V is unique
(and hence translation invariant) whenever the infinite volume free energy F(h)




S—

is differentiable with respect to h [4).
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