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Abstract

We derive diffusive macroscopic equations for the particle and energy density
of a system whose time evolution is described by a kinetic equation for the
one particle position and velocity function f(r,v,t) that consists of a part
that conserves energy and momentum such as the Boltzmann equation and
an external randomization of the particle velocity directions that breaks the
momentum conservation. Rescaling space and time by e and €? respectively and
carrying out a Hilbert expansion in € around a local equilibrium Maxwellian
yields coupled diffusion equations with specified Onsager coefficients for the
particle and energy density. Our analysis includes a system of hard disks at
intermediate densities by using the Enskog equation for the collision kernel.

Keywords: diffusive macroscopic equations, nonequilibrium stationary
states, Onsager coefficients
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(Some figures may appear in colour only in the online journal)

1. Introduction

The derivation of macroscopic equations such as the Navier—Stokes equations or the dif-
fusion equation from the microscopic Hamiltonian dynamics governing the motion of the
atomic constituents of matter is one of the central problems of nonequilibrium statistical
mechanics [1]. This is a very difficult problem whose full solution is currently out of sight.
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An intermediate step is the derivation of macroscopic equations from kinetic equations, such
as the Boltzmann equation for gases, which describe the time evolution of the one particle
distribution function f(r,v,t) in the one particle position and velocity space, see [2]. These
nonlinear equations have local conservation laws arising from the microscopic dynamics,
corresponding to particle, momentum and (kinetic) energy densities. These conserved quanti-
ties evolve on a suitable coarse grained space-time scales according to macroscopic equations.
The actual mathematical derivation for all the conserved fields is a daunting task which is far
from complete even for this model mesoscopic evolution [3]. It is therefore of interest to study
simplified model systems where the transition from mesoscopic kinetic equations to macro-
scopic equations can be carried out more explicitely. We hope that these methods will enable
us to derive also more general macroscopic equations such as the compressible Navier—Stokes
equation from the Boltzmann equation.

In this note we study a model kinetic system in which there are only two conserved quanti-
ties: the particle and energy densities. We eliminate momentum conservation by considering
situations in which the particles undergo, in addition to interparticle collisions, also collisions
which do not conserve momentum, e.g. collisions with a substrate of randomly fixed scatter-
ers. This happens for instance when particles move in a porous medium where they exchange
momentum with fixed obstacles or when modeling the diffusion of electrons in a metal [4]. We
then use diffusive space time scaling to derive coupled macroscopic diffusion equations for
the particle and energy densities in two dimensions for different models of inter-particle col-
lisions: BGK, Boltzmann and Enskog. The 3D case will be considered in a separate paper
[5]. We will use these 2d results to compare the transport coefficients obtained from Enskog
equation with the results of molecular dynamic simulations of hard discs evolving according
to Hamiltonian dynamics plus virtual collisions, in a rectangular domain in which the top and
bottom walls are kept at different temperatures [6]. Fluctuations in the nonequilibrium sta-
tionary state of that system will be compared with the predictions of macroscopic fluctuation
theory (MFT) [7].

2. The general scheme

Let f(r,v,t) represent the density at time # of particles at a position r of a periodic torus A,
re A c RY with a vector velocity v € RY. The distribution fis assumed to satisfy an equa-
tion of the form,

Of +v-Vf = Qc(f) +alp(f) = O(f) e

where the nonlinear term Q¢(f) represents the time variation of f due to particle interactions
e.g. the Boltzmann collision term [2], and the linear term Qp(f) represents collisions with a
background. Q(f) satisfies the basic conservation laws of the underlying microscopic dynam-
ics, i.e. the density, momentum and the kinetic energy. This is expressed by the equation

/ d06(@)0c(f) =0 Yf @)

where ¢(v) = 1, v and v? respectively. Qp(f) on the other hand only conserve the density and
energy.

Using the diffusive scaling: 7 = ¢t and x = er, where the parameter e is the ratio of some
microscopic mean free path to a typical macroscopic length, the rescaled distribution reads

[3]:
g(x,0,7) :f(eflr, 0,672’7') 3)
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and (1) takes the form:

9,8 +ev- Vg = Qc(g) + aQn(g)- )
We now make a formal e expansion of g:

g=2g +eg1 +0(&) Q)

usually called Hilbert expansion [2]. Substituting this into equation (4) we get order by order
in € the infinite set of equations:

0(): Q(g)=0 6)
O(e) = v-Vgo = Q1(80.81) (7)
O(?): 0-g80+v- Vg = 0(80.81.8) (8)

where we have set Q(g) = 0(g0) + €Q1(80. 81) + €02(80, 81, 82) + O(€*). The equation for
the collision invariants, ¢(v) = 1 and v, reads

€20, /dv o(v)g(x,v,7) + GZ Bi/dv o(v)vig(x,0,7) =0 )
and its first nontrivial order (€?) is:
0. [wotmiron)+ 30 [ doowog (o) =0 (10)

which is going to be the key equation for us. The solution of equation (6) has the form:
8o(x,0,7) = &o(v; (x, 7)) (11)

with ¢(x,7) = [, dv ¢(v)g(x,v,7). That is, go depends on x and 7 only through the fields
@(x, 7). We will then look for a solution of equation (7) that depends on x only through ¢ and
its gradients: g, (x,v,7) = g1(v; [¢(x, 7)]). Consequently the equation for the invariants (10)
would be a set of closed kinetic equations for ¢(x, 7). Thus, given Q, we only need to get g,
g1 to build the set of diffusive equations through equation (10).

3. The model

Restricting ourselves to two dimensions we shall consider various forms of Qc(f): the
Boltzmann (B) collision term, the Bhatnagar—Gross—Krook (BGK) kernel and the Enskog (E)
modified B term. The solution of Q¢(go) = 0 is the Maxwellian

_ 2
M(v;n,u,T) = 27% exp [— (U ZTM) ] = nm(v;a, T). (12)

The background collision term Qp(f) will have allways the form (in the rescaled variables):

On(g) = / dit [g(x, 0", 7) = g(x,0,7)] (13)
where v” is the velocity after the randomization;

v =v—2a(v-n). (14)
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The collision invariants for Qp are ¢(v) = 1 and v? (it does not conserve momentum).
The solution of the equation Q(gp) = 0 is:

gO(X,U,T) :M(U,n(x, T),O, T(X,’T)) (15)
where

n(x,7) = / dvg(x,v,7) particle density

wi(x,7) = n(x, )~ /dv vig(x,v,7) (i=1,2) hydrodynamic velocity

1
T(x,7) =n(x,7)"" /dv E(U —u)’g(x,0,7) temperature. (16)

The relevant fields at the diffusive level are n(x, 7) and T (x, 7). Obviously, when o = 0, we
will recover the Q¢ invariants. The transition from « nonzero to zero is singular.

4. The BGK Q¢

We first consider the BGK approximation [8]%. Q¢ is chosen to be a Maxwellian minus the
one-particle distribution:

Q% (8) = v [M(vsn(x,7),u(x, 7). T(x, 7)) — g(x.0.7)] (17)

with v a positive rate constant and n(x, 7), u(x, 7) and T(x, 7) are defined in equation (16).
Then Q(g) = 02%(g) + Op(g) and the zeroth term in the € expansion, go(x,v,7), is the
Maxwellian (12) with zero . This implies that u(x, v, 7) is of order e:

u(x,0,7) = /dv og(x,0,7) = € / dv g (x,0,7) + O(2) = et (x,0,7) + O(€). (18)
Therefore, we should include the expansion of « in € in the maxwellian term of QEGK.
The e expansion of Q then gives the terms:
0(go) = v[M(v;n(x,7),0,T(x,7))] — go(x,0,7) + a/dv [go(x, 0", 7) — go(x,0,7)]

01(50.81) = v [M(zun(x, ).0.7(x, >>%)) . ﬂ}

+a/dv [g1(x, 0", 7) — g1 (x,0,7)].

We substitute these expressions into equations (6) and (7) to get the first two terms
of the e expansion of g. The first of these equations give us the expected result:
go(x,v,7) = M(v;n(x,7),0,T(x,7)). From the second we get the value of g;. We look for
solutions of the form:

g1(x,0,7) = M(v;n(x,7),0,T(x,7))v - A(w) (19)

where A(w) is an unknown vector that is a function of the modulus of v: w = |v|. Substituting
(19) into equation (7) and using the fact that A(w"") = A(w) we get:

3 Bhatnagar et al [8]. For an application with boundary conditions: Bassanini et al (1967).
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_ 1 vu; Vn w? vT
an = [ ) ) @0

Observe that g, is a function of u;. We substitute equations (20) and (19) into equation (18) to
find the value of u;. In fact we just need to know that (v?)g = nT and (v?v?)g = 4nT? where
(o = J dv - go. Finally the value of u; is,

V(nT)

Ml(.x,v,’r) = —m (21)

Substituting (21) into equation (20) we get

1 [Vn 1 w? vT
AW) = —— | — + ——— 2ra |~ —1) ) —|.
() 2ra [ n * v+ 2na <V+ e <2T )) T ] @2)

We can now use equation (10) to obtain equations for n and T:

O-n(x,7) + VJ,(x,7) =0

O-(n(x, 7)T(x, 7)) + VJu(x,7) = 0 (23)
with
n\X, T) = 27‘[‘a n n = 27Ta
Jh(x,T):*l {TVnJrnVT (1+ Zra )} _ Tgp 2P
TQ v+ 2o T v+ 2o
25)

where we have used (v?v*)g = 24nT? and P(x,7) = n(x,7)T(x,7) for the pressure. Thus
when and only when J,, = 0 (or equivalently u;(x,7) = 0), the pressure is a global constant,
P(x,7) = P. This will happens at equilibrium when 7 and n are independent of x and also in
the stationary state corresponding to a temperature gradient imposed by the boundaries of the
box.

From equations (24) and (25) we can get the diffusion constant D and the thermal conduc-
tivity . They are respectively:

J,=—-DVn whenT = cte, J, = —xkVT whenJ, =0. (26)
In our case these are:

D T 2nT 7
21« ﬁ_y+27roz' @7
Observe that D is proportional to the temperature and that the thermal conductivity is constant
when the pressure is constant. That is, for the stationary state in a box with a temperature gra-
dient and J,, = 0, the temperature profile will be linear for this form of Q(f).
Finally we are interested in the Onsager’s coefficients [9] defined by

—u 1
Ja(x,7) iV T + "th (28)
D) = LV =2 4 [, V2 (29)
n\X, T) = Lpp T hh T
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where 1 is the chemical potential for the underlying local equilibrium state. In our case  is
the one corresponding to an ideal gas:

u=Tlog i +CT

d (30)
where C is a constant. Forming the gradient of /T and comparing terms with equations (24)
and (25) we find:

nT nT? 2nT3 v 4 3ra
= Lip=Ly=— 5 Lm= —
T T T V+2Ta

(3D

nn

In the appendix we derive the kinetic equations and the Onsager coefficients for the o = 0
case in the BGK approximation. In particular, for the non-convective case (u = 0) we find:

V(nT) J, = _ZV(nTZ)

Jyp=——"7"" (32)

that implies

(33)

5. The Boltzmann collision kernel

We can now follow the strategy used in the BGK approximation to get the diffusion equa-
tions for the Boltzmann Q¢ for hard disc collisions:

0c(e) =5 [ ai [ doa (0~ o) -l g 5. gl ) ~ gl o, )glr 0 7)
(34)
where b is the cross section, equal to the hard disk diameter, 7 = (cos ¢, sin ) is a unit vector
and the integral extends over ¢ € [0, 27], v is the velocity of the reference particle distribution
and v, is the velocity of the particle colliding with the reference one, and v’ and v} are the
system velocities after the collision:

v =v—n((v—10y)-7)
vh = vy + (v —0y) - ).

The solution g, of equation (6) is still go(x,v,7) = M(n(x,7),0, T(x,7)). The solution of
equation (7) for g is discused in appendix C where we show that the currents are:

Jy=—=—VP
(35)
Jn

Il

|

|
+

Ql
B ]

| I

<
~N

where P = nT and Eng) is a coefficient that depends on the truncation of a known infinite

matrix into a N dimensional one.
The diffusion coefficient and the Onsager’s coefficients L,, and L, are the same as in the
BGK case:
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T
T 2ra
P
" dra
nT?
Ly =Ly = —. (36)
TQ

# and Ly, depend on N. We can get an explicit expression for them for some particular N
values:

e N=2:
3
@2 2nT To
L, = 1
fih Ta { T e + bn(ﬂ'T)‘/z] 37)
2nT
@_-__ -
" 2ra + bn(nT)1/? (38)
e N=3
1O _ 2nT? a 48mor + 39bnT'/? (39)
i 2 4812 + 63w /2banT 4 19b2nT
T 1 1 T)'/?
LB) 3nT 6ma + 13bn(nT) 40)

T 4812 + 63ban(mwT)V/2 + 19b2n2T"

Other values of N can be studied but the algebraic expressions are much larger and no relevant
information arise from them. Below we will compare numerically all the different methods
and several values of N.

6. The Enskog equation for intermediate densities
The Boltzmann Q¢ is only valid in the very low density regime. In fact, the local equation of

state is the ideal gas one. The Enskog equation tries to go beyond this limit by introducing a
spatial dependence in the collision kernel Q¢ [10]:

ot =b [ai [ dvs (02— ) - >[x<x+9ﬁ>f<x+bﬁ,v;,r>f<x,v',r>
(v,—0)-1>0 2

NW‘

—x(x—==n)f(x,0,8)f(x — bn, vz,t)} 41

where x(x) is proportional to the equilibrium pair correlation function of hard disks at contact
at the local density [11-13].

As before, we introduce the diffusive scaling: 7 = €%, x = er. The scaled equation using
(3) now reads:

€0,8+ev-Vg = Q 0+6QC1 +€ Q]az—i—aQD—i—O(g) (42)

where
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OF = bx(r) / di /( () {g(r,v’z,T)g(r, o\7) — g(r 0. 7)g(r 02 7)
Vy—0)-n>

b? . . /
0=~ [ai [ awn (or=0)i) (el
2 (03—0)-4>0
+ &(r,0,7)g(r,02,7)) (- Vx) 4+ 2x(8(r, 0", 7) (7t - Vg(r,v5, 7))
a0 (- Vilron 1) |
E b3
Ocsr = T /dﬁ/( y Odvz ((vy —0) - i) Zﬁ,ﬁj {2x(8;jg(r, vy, 7)g(r, ', 7T)
Vy—0)-n> i
— 0yg(r,v2,7)g(r, 0, T)) + 25iX(3jg(r’U/2’T)g(rv o', 1) — 9;g(r,v2,7)g(r, 0, T))

1
+ 3000 (60105, )l 7) = (0, )0, 7)| )

where we have transformed x(x) — x(r). We can introduce now the Hilbert expansion
g = go + €g1 + ... and identifying € orders at both sides of equation (42) we obtain:

O(c") : Q¢,9(80) + On(g0) = 0 (44)
O(e) :v-Vgo = Qlé,on(go,gl) + Op.(g1) + QE,I;O(gO) (45)

0(62) :0:80+ 0 Vg1 = Ql(aj,o;z(go’gl,gZ) + Ql:‘:,l;l(gosgl)
+ Q%2:0(80) + Op2(g2)

(46)
where
Oc.i(g)® = 0fi(g0+egi + €22 +...) 47
= 0.i0(80) + €061 (80, 81) + €06 12(80. 81.82) + O(€).
We can solve the above equations for g, g1, ... order by order. The general solution of equa-
tion (44) is again the maxwellian:
go(x,0,7) = M(v;n(x,7),0,T(x,7)). (48)
The solution of equation (45) for g; needs a bit more work and it is done explicitly in
appendix D.

Once we know the solution g; we can use equation (46) to get the diffusive equations for
n and T. We multiply both sides of equation (46) by ¢(v) (= 1,v%) and integrate with respect
to v. Thus yields

0600 + Y (@o0)¥)o = | doo(o) [Q%,m(go,gl,gz)
! (49)
+ 0¢.1:1(80.81) + QC2:0(80) + QD;2(82)]

where we have used g; = go® (see appendix D). The ¢(v) are invariants of ng and Qp and
therefore their integrals with ¢(v) are equal to zero, order by order, in the € expansion of g:
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/ v (0)QF02(80.81.82) =0, / dvg(v)0n2(82) = 0. (50)

However, the remaining terms have not, a priori, the same collision invariants and they should
be computed for each case.

e ¢ = 1: One can show by the time reversal symmetry of the equations that

/ dv 0F 1.1 (80.81) =0 . / dv 0¢ 5,0(g0) = 0 (51)
therefore

On+VINM =0 (52)
with

™ = gfl (n)by Vn + gfz(n)az? (53)

where we have computed explicitely (v;¢(v)®)( and
_F T o
by = BN Ft BN, (54)

This notation was already explained in the Boltzmann kernel case. Observe that 1351?) and

Eg) do not depend on N (see appendix D).
e ¢ = v%: in this case we get

(vi02<I)>0 = nTfi(n) (l;g]) +f3(n)l_75}]v)> Oin + nfa(n) (I_Jg]) +f3(n) EE?) o;T

fa(n) fa(n)
(55)
2 _ _
/dvv2le;](g0,g,) = Zai [%X#T(ﬁ (n) (3551;) + (3}% - 2)55@) Omn
i (56)
—(N —(N 8,'T
s (3520 2
/ dv o’ QF5(20) = Y 0 [b3xn2(7rT)1/ Z&T} (57)
and the corresponding diffusion equation is then
o-(nT) + VI =0 (58)
with
~ 1 _ _
J,(,N) = Eanl (n) (sz(n)bm + b11) Vn
_ (59

n %n [fz(n) (sz(n)ggg) _1_1_712) _ b3xn(7TT)1/2} VT.

Before computing the diffusion coefficient, the thermal conductivity and the Onsager’s
coefficients we need to fix the value of x(n). In the case of a hard disk system at equilibrium
we know that its equation of state should be of the form

5449



Nonlinearity 31 (2018) 5441 P L Garrido and J L Lebowitz

Q=Tp(1+H(p)) (60)

where Q = Prb?/4, P is the pressure and p = wb*n/4 is the areal density for a system of
hard disks. While the exact form of H(p) is not known there are good approximations to it for
moderate densities [14]. The pair correlation function at contact is then

x(n) = Hz(pp)-

The local equilibrium equation of state for our system coincides with the equilibrium one
for any value of the a parameter, i.e.

Q(x) = T(x)p(x)(1 + H(p(x)))- (62)

We know that at any stationary state with no local particle current, the local pressure should
be constant all along the system.

(61)

(V)

The absence of particle current at the stationary state implies that J, ~ = 0 and from
equation (53):
. - VT
f1 (n)ann +f2(}’l)b127 =0. (63)
The constant pressure condition implies VQ = 0 and then, from the equation of state:
- - - VT
(l—i—H—l—pH)Vp—l—p(l—l—H)T:O (64)
both expressions should be correct for any Va and VT values which forces the relation:
JA+H+pH  filnby  filn)

= — = 65
U+ H)  hwbe 2 — A0 ©
and we have used the explicit values of by, and by, obtained in appendix D. Observe that the
f's depend on x(n) and therefore on H(p). This equation relates H(p) with H(p). It is a matter
of algebra to show that H(p) = H(p) for all values of a.

The diffusion coefficient for any N reads

D= [1 + wh’ny + gbznzx’} (66)

1Le%%

and the thermal conductivity is now

_ 2, o b’
kM) = m (b%z - b“ng)) + —n?x(xT)'/2. (67)
2by, 2
In order to obtain the Onsager’s coefficient we need first to compute the chemical potential
of the local equilibrium reference system. We write the chemical potential as an H dependent
function using the fact that the free energy can be written as
T P _H(p
f(p,T) =1log — — / dﬁ@ + cte.
P 0 P (68)
Then, the chemical potential is:

5450



Nonlinearity 31 (2018) 5441 P L Garrido and J L Lebowitz

0.6
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0.5
25 —
< 0.4
— )
Ll <
il = 0.3
.32 0 Z
< <
o 0.2
o
1.5 T
0.1
1.0 0.0
0 2 4 6 8 10 0.0 0.5 1.0 1.5 2.0
as as

Figure 1. Left: A(N = 5) as a function of ;. The dashed red line is the asymptotic
value of A when a; — co. Right: relative error of A(N) with respect A(5) as a function
of a,: Blue curve (N = 2), Red curve (N = 3) and Black curve (N = 4).

D/D,

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

Figure 2. Diffusion coefficient for the Enskog equation versus areal density. Dy is the
diffusion coefficient for the BGK and Boltzmann cases.

_ 90 _ T_ [P0 _
w=—T oy T{logp /Odp 5 H(p) + cte| . (69)

Thus, the terms V(—p/T) that appear on the definition of the Onsager’s coefficients in equa-

tions (28) and (29) can be computed:
—u vT Y%/
— | =——-(14+H H —_—.
V() =T 0 H) o)) (70)

This yields:
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1.0
25
0.8
2.0
0.6
< -15
: w
0.4
1.0
0.2 -
0. 0.
80 05 1.0 15 2.0 8o 05 1.0 15 2.0
a, a,

Figure 3. Left: kpgk/ro (black line) and kg /kg (red line) versus oy Right: relative
error: E; = 100(1 — kpgk/kKB) versus .

14

12

10

K/Kg
oo

8.0 0.1 0.2 0.3 04 0.5 0.6 0.7
0

Figure 4. Heat conductivity for the Enskog equation (N = 5) versus areal density for
different values of a;: oy = 0, 0.3 and 1 (black, red and blue curves respectively). The
dotted curves are the heat conductivity at the Boltzmann approach for the same values
of o accordingly with their colors.

_nT
" 2wy
nT? [ 7h? }
Ly =Ly = —— 1+71’1X
Ty 4
v nT* | T 3 2_ o
Ll(zh) = e [m (3 + mbnyx) — (1 + 87sznx> bgz) NGy ik

(71)
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In particular, for N = 2 we get:
2 _ 327200 Txa + nT (znbx (16 +9m)nbx +48) + 64)
32 (2ma + /anby/Tx)

il

L(z) B nT5/2
" 32ma (2y/ma + nbV/Ty)

x |327%nb*ya? + 7V Ta (Wnbzx (16 + 177)nb*x + 112) 4 192)

+ 4nbTx (Wnbzx + 4)2 .

7. Results and conclusions

In order to compare the above results with numerical experiments it is convenient to define
o as

oo SPTI/ZE
B 7T1/2b D

where 7¢/7p is the number of particle velocity randomizations done in a fixed time interval
divided by the number of hard disk collisions that occur in such interval. From kinetic theory

(72)

T¢ can be taken as the mean free time, 7c = br'/2/8pT"/? and 7 = 1/a.. From now on we
are going to do such substitution. In the BGK case we also are going to consider v = 1/27¢.
First we study the convergence with N of a’s. Let us remark a few properties of them:

C—I(N)_a B _le/Z
11— ¢11 =

S (73)
where o = 7¢/7p and A(N) = ag) /ay; only depends on a;; and N. Also it can be seen that

lim AV) =1, lim AN)=3. (74)
In figure 1 we show the behavior of A(5) as a function of c. We also show the relative error
with respect A(5). Observe how the worst case, N = 2 and «; ~ 0 the relative error is of 0.6%
and it decays uniformly with ay. Therefore we may conclude that the matrix truncation Fy is

a very good approximation of the real solution even for small values of N.
The diffusion doefficient is given, in the three different approaches we have studied, by:

Dyok =Dg =Dy ,Dcg = Do [x ™' +4p+2p"x"'X] (75)

where Dy = bT"'/? /167'/?a,p. See figure 2 for the behavior of D/Dy as a function of p for the
Chapman-Enskog case and we have used the Henderson equation of estate

1—17p/16 _1-17p/16
R N (=

that it known to be accurate up to a 1% at the intermediate range of densities [15].
We can also study the heat conductivity. For the BGK case we find:

H(p) =2p (76)
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1

T+ 4ray an

KBGK = K
with kg = 2T"/2/bn'/2. That is, it has no density dependence. Similarly, the Boltzmann
approach has a more involved a; dependence but it lacks a density dependence:

8053 063 680a° + 1295425536042 + 6551 619492a + 1038480 183
K
9322122547206* + 59870085 1206 + 3907581505642 + 10601 599 6766 + 1008 650 032

KB =

where & = may. kpgk and xp look very different but they are not so. We plot in figure 3 the
behavior of kpgk /o and kg /Ko as a function of a,. We do not see any clear difference there.
Their relative difference E, is at most of 3% and it diminishes to zero for large « values. Again,
BGK seems to be a very good approximation of the Boltzmann kernel. The Enskog case has
a density structure that depends on o, as we show in figure 4 for different values of o, where
we have used again the Henderson equation of state. For low densities the Chapman—Enskog
approach and the Boltzmann one coincide. Finally let us write down explicitly the N = 2 case
that it is the one shown in most books for a;; = 0 (see for instance [16]):

16 + 97
——"x|

1
k? = gog— [1 + (34 16pay)px + yp

X + 4oy (78)

Once we know the transport coefficients of our system at the diffusive scale we are ready
to apply the Macrosocopic Fluctation Theory to it. One can show (see [17]) that it is enough
to consider a local white noise matrix whose intensity is defined by the Onsager coefficients.
In concrete terms the fluctuating equations are

Orle + Z 9o+ Oai] =0 (79)

where & = d, h and ©(x, T) is a gaussian white noise field with covariances:

(Bn,i(x, 7)Os;(x', 7)) = 2Lapdij0(x — x')o(T — ') (80)
with L, being the Onsager’s coefficients computed in each case.
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Appendix A

In this appendix we study the behavior under scaling of equation:

Of +oVf = a / dnlo” - nlf [f (6,0, 7) — f(x, 0, 7)]. (A1)

It is convenient to work with v in polar coordinates f(r, w, 0,1) where v = w(cos0,sin0),
w € [0,00] and 4 € [0, 27]. The corresponding equation for f(r, w, 6,1) is:
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Of (r,w,0,1) + w(cos0 Iy +sin 0 d,) f(r,w, 0,1)

w/2
= 2aws/ d¢ cos(¢p — 0)° [f(r, w,0 4+ 2¢ + 7, 1) +]~‘(r, w,0 —2¢ + 7, 1)
0
—2f(r,w, 0, t)} (A2)

where 0; = 9/0r;. It is convenient now to introduce the Fourier transform of the angle coor-
dinate 6:

; A0 g
flrow, L) = e "f(r,w,0,1) (A3)
0 2w

with [ € Z. Its evolution equation is, after using equation (A.2) ,

Of (rowy 1) + gal [f(r,w,z— 1) + f(r,w, 1+ 1,:)} n %az [f(r,w,z— 1,6) = F(rw, 1 + 1,;)}
= —2aw’A(s, l)f(r, w, 1, 1) (A4)

with
A0 =71 —60) . A(LD= 3 (A.5)
s0) =1l — s b)) = % :
Lo 42 -1
We now introduce the diffusive scaling: 7 = €t and x = er. We observe that [ = 0 and [ # 0
have different behavior with e. For [ = 0 we get:

ezaTg(x, w,0,7) + 6%81 [g0,w,—1,7) + g(x,w, 1,7)]

w (A.6)
+ 6582 [gO,w,—1,7) — g(x,w,1,7)] =0
and for [ # 0:
) VV]_S 1
glx,w, L, T) = —em 561 0w, —1,7)+ g(x,w, [+ 1,7)]
1
+ 500 [8lxw, L = 1,7) = glx,w, L+ L7)] | + O(€) (A7)

where g(x,w, 1, 7) :f(e’lx, w,1,e27). We observe that g(x, w, [, 7) is of order ¢ when [ # 0.
Therefore, at the limit € — 0 we can get a closed equation for g(x, w, 0, 7):

0:8(x,w,0,7) = D(w, a, s) Ag(x,w,0,7) (A.8)
where
W2
D(w,a,s) = m (A.9)

is the diffusion constant for a given particle velocity w. Observe that if we choose any typical
particle at equilibrium w ~ T'/2 and this mechanism will diffuse the particle with a diffusion
constant D ~ T'=5/2 If s = 0 the diffusion is Brownian-like (D ~ T) and D ~ T'/? when
s=1.
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Appendix B

The BGK approximation when o = 0 and in the diffusive scaling is computed in this appen-
dix. We take Q(g) = QBCK given by equation (17) that it has four collision invariants: 1, vy, v,
and v°. Assuming that g = gy + €g; + . . . the equations (6) and (7) read in this case:

0(g) =0
v-Vgo = —vgi
therefore go(x, v, 7) = M(v;n(x, 7),u(x,7), T(x, 7)) and
8o X, 0, T V,n V,T V,T 1
gi(x,0,7) = _O(T) Zvi[ o + 77 (v —u)* + o Z(vj — Mj)vﬂ/lj:| (B.1)

J

and we can obtain the evolution equations associated with the collision invariants by using
equation (10):

O-n(x,7)+ VJ,(x,7) =0
0r [, 7)ur(x, 7)) + VI (x,7) = 0

O- [n(x, )T (x,7) + %u(x, 7)2] + VJu(x,7) =0
where

1
nk = —= E i [nTo; i
k )2 Vi [nT 6 x + nuug
1
J'Sl])( = —; E Vi [nT(&l,kui + 61,,-uk + (5/(’,'141) + nuiukul}

1
Jnk === Vi [nT(4T + u?)6p; + (6T + 1’ )nuzey] .
ik )2 V[n (4T + u”)o; + ( +u)nuuk]

These currents may be written as combinations of thermodinamic forces and Onsager’s coef-
ficients. We first use a more compact notation. We define 19 = n, 71 = nuy, 1, = nuy and
n3 = nT + u*/2. The kinetic equations are then

driy + VI, =0 (B.2)
therefore
Jyk = ZL“/kﬁiXBi (B.3)
Bii

where X; = V,yg are the thermodynamic forces with
2
1 u u; .
= —— _— P = — = = 1, 2 . =
e R ) >3

(see [17]). And L-s are the Onsager’s coefficients that in our case are:

1
- B.4
T (B.4)
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n
Lokoi = ;(T5k,i + uug)

n .
Lowji = Lijox = ;(T(5k,iuj + O jui + Oijug) + uuug)  (j=1,2)

n
Loxsi = Laijox = E(T(4T + )0 + (6T + u?)usuy)

n
Lyji = ;(T2(5j,i5k,1 + 0401 + 0;10k) + T (Opjuiuj + Spiujuy + O iujuy
+ Ojimui + 0 guiuy + O ) + wiuny) - (Lj = 1,2)
n
le,3i = L3i,lk = 5<T(6T + uz)((S,,kui + (S[’iuk + 5/(,,'1/[[) + (ST + uz)uiukul) (l =1, 2)

Lusi = 4£(T(24T2 + 16T + (1)) 6k; + (6T + u?) (8T + u®)ujuy). (B.5)
v

Appendix C

In this appendix we obtain g; for the Boltzmann collision kernel. g; is the solution of equa-
tion (7) that reads

(T 7(50)
=3 [ [ donl(o -2 gl [0) + 2(25) - 2(0) - @(c2)
—i—a/dﬁ [@(0") — ®(0)] (C.1)

where we have set

g1(x,0,7) = go(x,0,7)®(x,0,7) (C.2)

and we have simplified the notation: the fields n and T depend on (x, 7), all the other functions
depend on (x,v,7) and we only explicitly write the arguments that change and/or when it is
needed to stress some fact.
We write the unknown function @ in the form:
Vn VT}

d=0- {A(l)(w) + AP (w)

" T (C.3)

where w, w', w, and w} are the modulus of the vectors v, v/, v, and v} respectively. Then
we substitute @ into equation (C.1) and we consider Vn and VT as independent variables.
Therefore we can identify each gradient coefficient at both sides of the equation and conse-
quently we get one equation associated to each of the gradients:

GO =13 / di / Q0ol (0 03) - lgo(02) [A© (W0’ + A (W)} — A¥ (w)o — A (wa)on]
—2raAD (W) i=1,2 (C4)

where GP(w) = 1 and G (w) = w?/2T — 1. In order to solve these equations it is conve-
nient to build a way to do explicitly the integrals. Therefore we expand the unknown functions
A® with respect to an orthogonal polynomial base. We choose the associated Laguerre’s of
order 1 [16]:
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o0 2
i i w
AVw) =D a L) 0= (C.5)
p=0
These set of polynomials have the form:
P
+1)!
Lln) = K (p
(1) k;( ") (k+ DIK(p — &)! (€.6)
and they have the property:
/ dze L (2) Ly (2)z = (p + 1)y (C.7)
0

Next we substitute the expanded A® functions (C.5) into equation (C.4), we multiply both
sides of the equation by v, by the distribution m(v;0,T) = (2nT)~! exp [—v?/2T] and we
integrate over v. Thus, equation (C.4) can be written as:

=" Fpeal) (C.8)
q=0
where
k7 = [ deoPm(o:0.1)L} ()60 ) ©9)
and

Fpy = /dvm(v; 0, T)£[1,(n) [gn/dﬁ/dvﬂ(vaz) -nlm(v2;0,T) {ﬁé(n/)vuv
(C.10)
+ Ly(ny)vh -0 — Ly(n)v-0v— L (n)vs - v} —2maLly(n)v- U]

where ' = v"?/2T, n, = v3/2T and 7, = v} /2T. Hence, g is known once we obtain the
a,(,’)’s that depend on the inversion of an infinite dimensional square matrix. The solution is

approximated by truncating the infinite matrix to a N-dimensional one and studying its conv-
ergence when N — oco. The approximate N -order equation is then written as:

N
W =3 "Fpdd™ p=1,....N (C.11)
q=0
whose solution is given by
} N
M =3 (F 7! (C.12)
p=0
or in matrix notation
) — F[;ly(iﬂ) (C.13)

where 7" is the Nth order dimensional vector built with the first N coefficients of (.
When equations (C.13), (C.5) and (C.3) are substituted into equation (C.2) it gives g; at the
N-approximation. Therefore, the currents for the diffusion equations for n and T (23) are writ-
ten in this case as:
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- 1 (% ~
IV = Zay ' Vn+ ay VT
T, _® , - no_(Ny | (N
Jl‘(l ) —E(a$1)+a§2))Vn+§( gz)Jr §2))VT (C.14)
where
N T c
al(jN) = () F,§17(1’N)- (C.15)
Therefore, the diffusion coefficient and the thermal conductivity are given by
v 1w v noo_W2 (M) (N
DM =—Zaly) . M= ! b —alay)). (C.16)
ayy

Finally, the Onsager’s coefficients in the N' approximation are,

5 n_(N nT  _(§ N N nT? (i N N
L = ~2a® 1 — 10 — T ) 1) - Tl 12 o). 1)

One can get explicitely the values of the «’s coefficients and the components of the square
symmetric matrix Fj:

WW=2To0 . P =2T(60 — 04a) (C.18)
and
F=T [bn(47rT)1/2Fc — 4raFp (C.19)
with
0 0 0 0 0
0o -2 1/2 1/16 1/64
P 0 1/2 -39/8 91/64 53/256
c=1 o0 1/16 91/64 —4433/512  5435/2048 (C.20)
0 1/64 53/256 5435/2048 —108335/8192
and
(Fp)pg=(p+ 1),y  p.g=0,1,.... (C.21)
We observe that for any N value we can compute the coefficients of the inverse matrix F:
1
Fo! - JF- Do =0 22
(F5 oo p—— (F5 ot (C22)
which implies
_ _ T
aj =ap=——. (C.23)
T

Appendix D

In this appendix we compute g; for the Enskog collision kernel. We solve the equation:

v-Vgo = ngg(go»gl) + Op.i(g1) + Q]é,ho(go) (D.1)
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with functions Q... Op:1(g1) and QF;.(go) defined in equations (43) and (47). Observe
that the two first terms on the right hand side are the same as we had at order e for the
Boltzmann equation kernel above, equation (C.1), with just the inclusion of x in front of
Qc there. Moreover, the last term in equation (D.1), QE‘,];O’ just depends on g, that is, only
depends on n and T fields and we can put them together with ones similar on the left hand side
of equation (D.1). In fact, one can show that

b VX .Vn VT (3
OF o = —72ngoxv - [XX po g (U - 1)] : (D.2)

Therefore, if we assume g; = go®, we can write a set of very similar equations as we did for
the Boltzmann case at order e:

02

v- (f, (n)Vn + g (fz(n)ZT f3(n))>

= g/dfz/dvﬂ(v —03) - n|go(v2) [B(V)) + (V) — ®(v) — P(v3)]

+a/ﬁu¢wq_¢@n (D.3)
where
filn) = % [X + wh*n + wbznzgc
1 3
fan) = X + gwbzn
f(n) = i + %wbzn (D.4)

where we have changed the value of a from the Boltzmann kernel case: o — ax and we
have assumed that y depends on r only through the density field, x = x(n) and therefore

X' = dx/dn.
‘We now suppose that

@ =0+ B w)fi(n) V4 B () o) (D.5)

and substituting this expression into equation (D.3) and identifying gradients as in the
Boltzmann kernel case, we get the same equation (C.4) with the changes:

GH — gD, A _ pl) (D.6)

where HD(w) = 1 and H® (w) = w?/2T — f3(n) /f>(n). At this point we follow the same path
as in the Boltzmann kernel case to solve the equations only taking into account the func-
tional differences pointed out. We decompose B with respect of the associated Laguerre
polynomials:

e 2

BOw) =Y oL, 0= (D.7)

p=0

the equation (D.3) is then written as
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B = " Fpgbl) (D.8)
q=0
with
n
B =2T5, . B =2T ( (2 — sznD 8p0 — 26p,1> . (D.9)

Observe that the coefficients of the matrix F, F,, are the same as in the Boltzmann kernel
case. The Nth truncated solution is given by

N

I =N (F71),080. (D.10)
p=0

We can get the values of 1_7,@) from the already computed ones, le-(j]v), from the Boltzmann
kernel case. We see that ﬁtgl) = af,l) and ﬁéz) = aéz) + 2T (1 — D)dg0. Therefore, it is a simple
matter of algebra to find:

by =a; = —%
_pmN T, S
i =+ (1= 25 )an =2 (2~ )
2
bg) = 7§12v) +2 (1 —fZEZ;) app + (1 —QE:D ap
_m T A0 (5 fin) (D.11)
A YA (2 fz(n)>

where by, and by, do not depend on the N as in the Boltzmann case.
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