On the stability of equilibrium states of finite classical systems
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The state of a system is characterized, in statistical mechanics, by a measure @ on I', the phase
space of the system (i.e, by an ensemble). To represent an equilibrium state, the measure must be
stationary under the time evolution induced by the systems Hamiltonian H(x), x€[". An example

of such a measure is w(dx) = f(H)dx;dx is the Liouville (Lebesgue) measure and f(H (x)) is
the ensemble density. For “nonergodic” systems there are also other stationary measures with
ensemble densities, e.g., for integrable dynamical systems the density can be a function of any of the
constants of the motion. We show, however, that the requirement that the equilibrium measure have
a certain type of “stability” singles out, in the typical case, densities which depend only on H.

1. INTRODUCTION

The macroscopic description of a physical system is
assumed in statistical mechanics to be given by a prob-
ability measure w on the phase space I' of the system“:
If A is a region of the phase space, ACT, then w(4) is
the probability that the phase point of the system will be
found in A. Equivalently, w(A4) is the fraction of systems
in the ensemble in the region A. To describe a system
in equilibrium the measure must be stationary under the
time evolution. Since the energy (Hamiltonian) H of a
finite system of particles is always a constant of the
motion, a measure given by a function of the energy
(times Lebesgue measure), w(4)=[,f(H)dx, will always
be stationary. Conversely, if the time evolution is
ergodic on all the energy surfaces Sz [specified by H(x)
=E] equipped with their natural microcanonical mea-
sures, then every stationary measure w given by a den-
sity p, i.e., w(A)=[,p(x)dx so that w(A)=0if [,dx =0,
will be of this form. %% If, in the other extreme, the
system is integrable, #* so that there are in addition to
H other “smooth” constants of the motion, then there
will also be stationary states whose densities are func-
tions of these constants of the motion.

Consider, for example, an ideal gas consisting of »
particles moving in a unit box with periodic boundary
conditions—the unit torus T3, The phase space of this
system is T°"X R%* and the time evolution 7, is given
by

T: (‘h, DY Y ST -Pg,,) =T,q,p)=(q+pt,p),

where (q,p) =x € T?*xR% =T and the addition is modulo
1. This evolution comes from the ideal gas Hamiltonian

o

n

H(q’ p) = 'Z;l %p%'
The p;, as well as H, are constants of the motion and
thus any ensemble density which is a function of p only
will be stationary under the time evolution.
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Nevertheless, the equilibrium properties of finite
systems, even those which are not ergodic, are usually
assumed to be determined by a density which is a func-
tion of H only.%? In this note we shall not discuss any
specific form of this function but consider justifications
of the assumption that the ensemble density is a function
of H only even when there are also other constants of
the motion present. 3 (It is known that all reasonable
functions of H lead to the same results for local quan-
tities in the thermodynamic limit. *)

There may, of course, exist singular stationary mea-
sures {not given by a density) which are not “constant”
on energy surfaces even if the system is ergodic on all
such surfaces.? It may be argued, however, that these
measures, which assign a finite probability to the sys-
tem being found in a region of the phase space A which
has zero (Liouville—Lebesgue) volume, i.e., [,dqdp
=0, should be irrelevant for explaining experimentally
observed behavior. Experimental results depend on re-
producibility and it seems plausible to assume that there
will be a vanishing “probability” for “preparing” a phys-
ical system in such a region. 2 We may then regard as
physically reasonable only those measures which are
absolutely continuous, i.e., have a density, with re-
spect to Lebesgue measure, We shall adopt this attitude
here and only worry about the justification of assuming
p(x) to depend on H only, [The microcanonical ensemble,
at a fixed energy E, is itself singular with respect to
Lebesgue measure dqdp; it may, however, be regard-
ed'? as the limit when AE — 0, of measures concen-
trated, with uniform density, on the energy shell
(E,E+AE), i.e., plx)=f(H)=const for E<H<E+AE,
and is zero outside this shell. As already noted the re-
sults, for large systems, are independent of this limit.]

While we shall be concerned here exclusively with
finite systems similar problems arise for infinite sys-
tems. In the case of infinite quantum systems, Haag,
Kastler, and Trych-Pohlmeyer® (HKP) have shown that
a condition of stability under local perturbations of the
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time evolution is useful for the characterization of
equilibrium states, i.e., under certain reasonable as-
sumptions the only stable states are KMS states. Their
argument may be adapted to prove a similar result for
infinite classical systems. ” In this note we wish to con-
sider the extent to which “stability” may be useful for
the characterization of equilibrium ensembles for finite
systems,

2. FORMULATION OF PROBLEM

The notion of stability which we wish to use is similar
to that used by HKP and may be described roughly as
follows: Let w be the stationary state given by the func-
tion f=f(H). If we perturb H slightly to obtain a new
Hamiltonian H, = H + Xz, we obtain a new time evolution
TM (= T}) such that there exists a measure w* (= w*)
[given by the function f(H + Ah)] which is (a) stationary
under T} and (b) “close” to w. We will say that a state
w stationary under T, is stable if there exists such a
family «*® which is close to « for all (sufficiently nice)
perturbations #. A state w which fails to be stable in
this sense should not be regarded as “physical” because
an arbitrarily small error in our knowledge of H could
imply that w does not even approximate a state station-
ary under the actual Hamiltonian time evolution,

To obtain a precise formulation of stability we must
decide exactly how w” is to be close to w. Since the only
use of the measure (or ensemble) is to obtain expecta-
tion values of physical observables, i.e., of functions
A(x), which (by the very nature of physical observations)
may be assumed to be smooth functions of x, x< T,
closeness should refer to such expectation values. We
shall write w(A4) and w*(4) for the expectation value® of
A, with respect to the measures w and w*, and will as-
sume throughout that H and all perturbations are € C*(T")
and that % is bounded. Some possibilities are:

(i) w*~ w in norm, i.e.,
[ ) —w@) | <e 4|,

where lim,,,e(x) =0, A= C(T'), the bounded continuous
functions on the phase space T of the finite system, and
(|4 = sup,r | A{x);

(ii) whzyw weakly, i.e., w*(d)zw(4) for all A< C(T).

Clearly, (i) implies (ii). It is also worth noting that
there is a natural dynamical formulation of stability
which is equivalent to (i).

(i’) T¥'w remains close (in norm) to w uniformly in ¢,
for any perturbation #, when x is sufficiently small,
i.e.,

lw(T}4) - w(@) | <e() ]| 4]
for all A< C(T") and all #.

To prove equivalence we note that (i’) follows from
(i) because

[0(T}A) - w(A) [<|w(TFA) - TR A) | + |wH(A)
-w@|=2m[A],
since w*(T}A) =w*(A) by the stationarity of w* under the

perturbed evolution and || 7} Af| = || A}, Conversely, if (i’)
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holds we may construct w* norm close to @ as a weak
limit point of the time averages w% of the measures

T)o @2=1/T foT dt Thw),

Condition (i’) may be called dynamical stability: Sup-
pose a perturbation 3 is added to H at some time, say
t=0; then w will change with time for >0, If, however,
w satisfies (i’) and X is small then the expectation values
of physical observables will also be changed only slight-
ly even after very long times. (This remains true also
if the initial state is not exactly w but some state w’
which is close to w in norm.)

These conditions have quantum counterparts: one re-
places C(T) in the above by the C*-algebra B(#/) of
bounded operators on the Hilbert space // corresponding
to the finite quantum system—of a finite number of
particles in a finite volume. « and w* correspond to
normal states on B(#4) [i.e., positive linear functionals
® of the form A—tr(4p), A< B(4), where pc B(/) is
positive and tr{p) =1] which are invariant under the one-
parameter groups T, and T} generated by the Hamilto-
nians H and H + M, he B(}), respectively. For finite
systems H has discrete spectrum and corresponding to
states of the form f(H) for classical systems one has
the invariant states given by p=f(H) (e.g., p=e™®/
Tre-#%) for quantum systems,

In both the classical and qunatum situations, a state
given by a (reasonable) function f(H) will satisfy (i)
and (ii) and thus, also (i’). In the quantum case a state
is stationary if and only if [p, H]| (=pH - Hp) =0, so that
if H has nondegenerate spectrum, p must clearly be of
the desired form. Even if H is degenerate the restric-
tion of p to each energy level must still be the identity
if (ii) is to be satisfied, since any splitting of an energy
level may be achieved by the appropriate choice of per-
turbation. ® In the classical situation we need stronger
conditions that (i) and (ii) to obtain a general result.
Before introducing such a condition, in Sec, 4, we shall,
in the next section, investigate some consequence which
follow solely from the “weak stability” condition (ii).

3. SOME CONSEQUENCES OF WEAK STABILITY

Proposition 1: Let w be weakly stable under the per-
turbation % as in (ii), i.e., there exists a collection
w™ of states invariant under the dynamics generated
by H+M: which converge weakly to w, Then w**(Q) is
ditferentiable at X =0 on observables of the form
@ ={H, B} [the Poisson bracket (P. B.) of H with B] for
some B C}(T) (C! functions of compact support)® and

d—‘i W, BY),, =~ wllh, BY). (3.1)

In particular, if B is a constant of the motion {H, B}=0,
then

w(r, B} =0, (3.2)
Proof: For any Be Cé(l‘) the perturbed states
satisfy
0= i rh T&B _ AR
=7 WNT By =w ({H + 1, BY),
Lebowitz, Aizenman, and Goldstein 1285

Downloaded 04 Jun 2003 to 128.6.62.224. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



or
1
X w({H, Bf) =~ w1, B}).

The weak continuity of w* at A =0 implies therefore the

existence of the limit

s l AR _ 3 AR
lim = *({H, B}) = - im w*({%, B})

= - w({r, BP.
Since, by stationarity,
w({H, B}) =0,
the above limit is the weak derivative of w** on @ ={H, B},

Proposition 2: If w satisfies stability (ii} and is given
by a CY(I') density p, then

{o,B}=0
for any B CHT') such that {H, B} =0,

Proof: By Proposition 1 {H, B} =0 implies w({k, B) =0
for any h e C%. In terms of p we thus have, using well-
known properties of the P, B.,

3.3)

0= [ dxplh, B}
= [ dx{ph, B} - [ axn{p, B}
== [ dxnip, B}.
Since % is arbitrary this implies (3. 3.).

We have thus obtained a simple condition on w, (3. 2)
and (3.3), necessary for stability (ii).

The above arguments can be reproduced for quantum
systems, with the understanding that {, } stands for
the commutator, According to (3. 3) a state of a quan-
tum system, given by a density operator p, is stable
(ii} only if p commutes with all operators which com-
mute with the Hamiltonian H. Since H has discrete
spectrum it follows simply that p is a function of H.

No such general result can be expected for classical
systems as may be seen by considering integrable sys-
tems for which the Kolmogorov—Arnold—Moser (KAM)
theorem®*? is applicable. It can be shown, see remark
at end of Sec. 4, that for such systems even the strong-
er stability condition (i) is not sufficient to insure the
desired result p =f(H).

The difference between classical and quantum sys-
tems appears to be due to the lack of a sufficient num-
ber of global constants of the motion in the classical
case. This prevents fuller exploitation of Proposition 2
whose usefulness depends on the existence of an abun-
dance of invariants. Even integrable systems, if they
satisfy the conditions of the KAM theorem, have oniy a
“limited” number of such constant (i.e., » constants
when T is a 2n-dimensional space). This shows up in
the requirements for KAM theorem that the frequencies
be incommensurable?; this reduces the number of
smooth invariants; e.g., for two uncoupled oscillators
there exists a function of the two phases which is a
(smooth) invariant iff the frequencies are commensura-
ble. Indeed, we shall now prove that in the extreme case
of a periodic system weak stability alone implies that
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p=f(H). We shall consider this case explicitly, despite
its limited applicability, to illustrate the method used
in the next section for more “typical” systems,

Pyoposition 3: Let w be a state of a periodic system,
given by a C}T) density p. If w is weakly stable [i.e.,
satisfies stability (ii)], then locally p is a function of
H ie.,

(3.4)

Proof: Denote by 7 the period of the system. Then,
for any A< C},

Alx) = fOT dt A(T, %)

gradp is parallel to gradH,

is a constant of the motion. Proposition 2 now implies
that

0={p, A} ={p, J,7 at TtA}:fof dt{p, T, A}
= fofdt T! {p,A},

(3.5)
where we have used the invariance of p under T,. As-
sume now that gradp is not parallel to gradH at some
point x, One could then find on observable A, with sup-
port in a neighborhood of x, in which {p, A}> 0 along
the orbit of x. This would contradict (3. 5).

The typical (generic) integrable system is not period-
ic. Nevertheless its periodic points are dense in the
phase space. * In the next section we show how to obtain
a positive result for such systems at the price of im-
posing a somewhat stronger, and not so physical, re-
quirement of stability on the equilibrium states.

4. A STRONGER STABILITY CONDITION

As we have seen in Propositions 1 and 2, the weak
stability of a state w enables one to define, for each
smooth perturbation 2 of compact support, a functional
L,, whose domain are observables of the form

Q=1H, B}, by
Lh({Hy B}) == w({h’ B})-

L, was shown there to be the weak derivative of the per~
turbed states w*”,

Definition: A state w satisfies stability (iii) if it is
weakly stable and if, for each k€ C%, the functional L,
is given by a C}(T") function f,, i.e.,
L,(H, BY = [ dx f,x){H, B}
When w has a density p
f dx £, {H,Bf=~ f dx p{h, B}
This gives after integration by parts, assuming p< cym),

- [ dxB{H, f;} = [ ax Bk, p}.

Since this holds for, essentially, any B it implies

-{H, £} ={n, o} (4.1)

Thus, for states given by a density, stability (iii) im-
plies that for each perturbation % there exists a cyr)
function f, which satisfies (4.1). This condition is satis-
fied by p of the desired form, i.e., p=f(H), feC!,
since

Lebowitz, Aizenman, and Goldstein 1286

Downloaded 04 Jun 2003 to 128.6.62.224. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



{r, o} = A, fE)} = £ (H) {1, By={f" (H) 1, H}
and one may choose f,=f’(H) k.

We will now show that in the generic case, the con-
verse of the above statement is also true.

Pyoposition 4: Let w satisfy stability (iii) and be
given by a C! density p. If periodic orbits (under T,)
are dense in I and if the energy surfaces Sy are con-
nected then p is a function of H,

Proof: Let y € T be a periodic point with period 7. By
stability (iii), there corresponds to each ke C% a CH{I)
function f, such that

{p, nt=18,7,}.
Therefore, using the periodicity of the orbit through y,
we obtain

ff duip, h}(T,y) = [T dui{H, fi} (T,y)
0 0

_ fo L ATy AT - i) =0

for any ke Cg. By the same argument as in the proof of
Proposition 3, we conclude that gradp is parallel to
gradH at y,

Since the periodic points are dense the gradients of
p and of H are parallel everywhere. The connectedness
of energy surfaces now implies that p is a function of H.

Remark: The assumptions made in Proposition 4 can-
not easily be weakened as may be seen by considering
stability in integrable systems to which the KAM theo-
rem is applicable. ? (The ideal gas in a torus is such a
system. ) In these systems the phase space is decom-
posable into invariant (under T,) tori “most” of which
are stable under small (sufficiently smooth) perturba-
tions z: That is, except for a family of tori of total mea-
sure €(7), there corresponds to each T,-invariant torus
M a uniformly close T}"-invariant torus M* (on which
the 73" time evolution uniformly approximates the T,
evolution on M), Here ¢(A\)~0 as x—0 and M* is “dif-
ferentiably close” to M, Hence for any T,-stationary
measure which is given by a smooth “function of the
invariant tori” (i.e., a function of the “action variables”
parameterizing the tori) one may use the correspon-
dence M~— M" to construct a T}-stationary measure w*
which is norm close to w and even differentiably close.
Thus, unless the use of perturbations to which KAM
does not apply is allowed—in our argument % could be
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arbitrarily smooth—the proposition will not hold if we
replace in it stability (iii) by stability (ii) or even stabil-
ity (i). Stability (iii), on the other hand, will rule out
these cases because the derivative of w* at A=0 may

fail to be even a function and will certainly not be C?,

A positive result may, however, be possible if the w*
are required to be given by smooth functions, since this
is almost certainly not the case for the w* which can be
constructed by the use of the KAM theorem.
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