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Abstract

We study the propagation of energy in one-dimensional anharmonic chains subject to a
periodic, localized forcing. For the purely harmonic case, forcing frequencies outside the
linear spectrum produce exponentially localized responses, preventing equi-distribution of
energy per degree of freedom. We extend this result to anharmonic perturbations with
bounded second derivatives and boundary dissipation, proving that for small perturbations
and non-resonant forcing, the dynamics converges to a periodic stationary state with energy
exponentially localized uniformly in the system size. The perturbed periodic state is described
by a convergent power type expansion in the strength of the anharmonicity. This excludes
chaoticity induced by anharmonicity, independently of the size of the system. Our perturba-
tive scheme can also be applied in higher dimensions.

Keywords Anharmonic chain - Periodic force - Spectrum of the infinite harmonic chain -
Perturbation series - Stability

Mathematics Subject Classification 80A19 - 80M22 - 82C22 - 82C70 - 70J35

1 Introduction

The approach to equilibrium which involves energy sharing among degrees of freedom of
large systems with non-linear dynamics is one of the central problems in statistical mechanics.
This motivated the numerical experiment in the seminal work of Fermi-Pasta-Ulam-Tsingou
[18], which was perhaps the first application of digital computers to a non-military scientific
goal. They considered a one-dimensional anharmonic chain of N = 32 oscillators, initially
prepared in a periodic low-energy configuration. Surprisingly, the simulated evolution failed
to show thermalization, i.e. an equidistribution of the energy among all other frequencies
generated by the nonlinearity of the dynamics. The results of these simulations remain a
source of investigation and a challenge to theoreticians [7, 16, 19, 33]. Later studies repeated
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the simulations for much larger systems and at higher energies, showing that thermalization
can indeed occur. However, no complete analytical results in this direction are known.

In this article we approach the problem from a different perspective. Instead of starting
the dynamics of the anharmonic chain in a given periodic configuration, we apply a periodic
force of period 0 at a single site of the chain. For the linear dynamics it is known that only
frequencies within the spectral interval can propagate through the system. In fact, in [20] we
proved that if the forcing frequency lies outside the frequency spectrum of the system, the
perturbation induced by the forcing remains exponentially localized. This is not surprising,
since linear dynamics is completely integrable and cannot thermalize.

Here we consider anharmonic perturbations of the linear dynamics, with potentials having
bounded second derivatives. Dissipation is applied at the boundaries, ensuring the existence
of a periodic stationary state for any system size N. We prove that, for sufficiently small per-
turbations and if the forcing frequency is outside the resonance spectrum of the unperturbed
linear system, the dynamics, starting from any initial configuration, converges in time to a
periodic stationary state with energy exponentially localized uniformly in N. In particular,
this implies that no thermalization occurs under these circumstances. This result is obtained
via a rigorous perturbative scheme around the purely harmonic case. Although the method
can be extended to higher dimension and infinite systems, we refrain from doing so here for
simplicity.

An open question remains as to what happens when the forcing frequency lies within the
resonance interval of the unperturbed linear system, or when the anharmonicity is unbounded
(as in the FPUT case); see some numerical results in the companion article [21].

As far as we know, there are no other analytical results of this kind for non-linear dynamics
that are uniform in the system size. There has also been considerable work on transport
properties of anharmonic chains, both for systems coupled to thermal reservoirs and for
systems driven by external periodic forces but at positive temperature, see [1, 2, 5, 11-14,
17, 23, 24, 31, 35, 36] and references therein.

Computer simulations on similar systems, where a quartic anharmonicity is added to a
pinned harmonic potential, reveal a rich variety of steady states emerging as the driving
parameters of the external force are varied [5, 6, 8, 22, 25, 27, 28, 34].

2 Microscopic dynamics

The configuration of the system is given by

(@ P) = (G-N» - GNs P—N» - > PN) € Q1= RINFL 5 RINFHL 2.1)

We denote Zy := {—N, ..., N}. The microscopic dynamics of the chain are given by the
forced Hamiltonian system with the Hamiltonian given by

2 2.2
1 wiq
Hy@.p =) [”2 + 5@ = gx-)” + 22 (V) + U —qx_o)]
XEZN

2.2)
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friction on both endpoints of the lattice interval and a driving periodic force at x = 0. This
yields

Gt v) = Agy(t; 1) — 05q (13 v) — ¥ 5y (¥) + 85 (X)) (£ v)

- V(V/((/Zx(t§ V) = VU (qx (15 v) — gx—1 (13 V))) + F(t/6)8x0, x €Ly,
(2.3)
with strictly positive parameters y, wo, 6. The Neumann laplacian A and the discrete gradient
V are defined as

Afe = fet1+ fe-1 = 2fx. Vix=feq1— fx, x €2Zn, (2.4)
with the boundary condition
INvi= SN, f-n—1= f-N. (2.5

The assumption that ¥ > 0 is our standing hypothesis and, unless otherwise stated, is in
force throughout the paper.
We let the force be of the form

F(t)9) = Zﬁmeimw’, where Fy = 0 and

R R meZ ., (2.6)
F,, =F_, and 0< Z (m|Fm|) < +00.
meZ
Here
21 2.7
w=—. .
0
In the special instance N = 0, Zg := {0} the above model can be formulated as follows
Go(t; v) = —wjqo(t: v) — 2y o (t; v) — vV (qo(t; v)) + F(t/6) (2.8)

and it constitutes a case of its own interest, see ref. [9, 15] . We will discuss it in Section 4.
We consider the case where the non-quadratic part of the pinning and interacting potentials
V(g), and U (r) respectively, are of C? class of regularity ! with bounded second derivatives,

i.e.
IV loo + 11U loo < +00. 2.9)

Here for a given function G : R — R we denote by

G lloo = sup [G(q)]. (2.10)
q

Examples of such potentials are furnished by

2n
Vig) = T oo -:](xqz” for some o > 0, (2.11D
or
Vig) = Ging)™,  V(g) = (1 +ag???, (2.12)

wheren > 1and§ € (0, 2). Analogous examples of interaction potentials, e.g. U (r) = cosr,
are also covered.

I Our argument actually requires only C ! smoothness and the bounded Lipschitz assumption on the derivative.
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We prove that when all integer multiplicities of w = %” are outside the interval containing

the spectrum of the harmonic chain 7 := [wg, w,], with @, =/ a)% + 4, a unique state of

the system is achieved, as t — 400, for an arbitrary initial condition. In addition, the state

is -periodic and given by a perturbative expansion in the parameter v, that converges for

[v| < vo, uniformly in the size of the system N. More precisely

8y

bR

where 8, := inf [|(ma))2 —wl:meZ we I], and T = ||V [loo + 311U l|oo-
Finding a periodic stable solution of (2.3) by a convergent perturbative series is, we

believe, unlikely for nonlinear anharmonicity that grows faster than quadratic, considered in

[3, 16, 30], and, as far as we know, not proven for any other non-equilibrium system. Our

results do not extend to the case where some integer multiplicity of w lies inside spectrum
of the harmonic chain or |v| > vy.

Vo = (2.13)

3 Main Results
3.1 Definition of norms

To make the above statements precise we define the Euclidean norm
1/2

Iflv = Y 2] <4oo

xX€ZLyn

on the space RZNV+L of all real valued sequences (fy)rezy. Consider the space
Lz([O, 0]; R2N ‘H) of all Borel measurable functions F : [0, ] — R2N+! equipped with the

norm
1/2

1 0
NFllN = (5/0 ||F(t)||?vdf> (3.1

for any Borel measurable F : [0,0] — {2(Zy). We shall also consider spaces
H* ([0, 01; R2N+1 ), fork =1, 2, ..., obtained by the completion of the space of C°°-smooth
functions F in the norm

1/2

k6
1
IF g o= <|||F|||?v +22 fo ||F“’<r>||%dr) : (32)
=1

Here F®)(¢) denotes the £-th derivative. In the following, when no ambiguity would arise,
we drop the subscript N.

3.2 A periodic solution for an anharmonic chain
In the case when y > 0 we state the following existence result, whose proof is fairly routine
and relies on the application of the Schauder fixed point theorem (see Appendix C).

Theorem 3.1 Assume y > 0. For each v € R there exists a 6-periodic solution qp(t; v) =

(qx,p(t; V)) ” of (2.3).

xXe
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3.3 Construction of a periodic solution for an anharmonic chain by perturbative
series

Given a sequence f := (fy)recz,y define
Wi (f) == V'(fx) = VU (fx = fe1). (3.3)

We consider a sequence (Q&Lg (t; v)), x € Zn, L = 0,1, ... of functions, #-periodic in
t, that satisfy

O (15 v) =(A — w5) Q) (15 v) — y (BN () + Sy (x) Q) (15 )

3.4
— oW (OS5 v) + F(1/0)80(x), x € Zy. G

We let
We(05 V@) =0 and Q)i v) =g v), 3.5

where q (t V) = q(o) () is the unique @-periodic solution of (2.3) forv = 0. For L > 1
we deﬁne

a{ 5 v) = vt (0B @) — 0815 v) (3.6)

ie.

0Bt v) = Zq“) (t; )’ (3.7)

A straightforward calculation (see (8.17) below) shows that g (L) (t; v),x € Zy is af-periodic
solution of

Gt v) = AgP (15 v) — w3q D (1 v)

, o (3.8)
— v Pt v)8_n(x) — ygP (15 v)8Nn (x) — vy o1 (55 v),  x € Zy,
where
Ve Lo1(t;v) = %[WX(Q;L*%; V) = We(QF 2w w) . (3.9)
Note that vy o(f; v) = (qp (t; v)).

Since (3.8) can be treated as a harmonic chain with a prescribed periodic forcing, a standard
argument, similar to the one used in Section 5.1, proves that the scheme described above has
a unique 6-periodic solution.

An essential assumption used in our next result is that no integer multiplicity of the forcing
frequency belongs to the spectrum of the harmonic chain on the lattice Z, with no boundary
condition, i.e.

mo ¢ T = [wy, /i +4] forallm € Z. (3.10)
We recall that

5, :inf[l(ma))z —wiimeZ w eI],

(3.11)
T =V lloo + 311U llc-
By taking m = 0 we observe that §, < “’0 Let
o (3.12)
Vo = —. .
Ty
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Our main result can be formulated as follows.

Theorem 3.2 Suppose that 8, > 0. Then, the following estimate holds

1
(SR CRDI IS 70'”‘150(* Wil veR, €=0,1,2,.... (3.13)

In consequence, for |v| < vg the sums Q)(fg (t; v), given by (3.7) converge inthe || - || y .1-norm
(see (3.2)), as L — +o00. The convergence is uniform in N and

+o0 L 0)

v/vol“llgp ¢ I

I e L L=12.... v <w. (3.14)
= = [v/vol

Consequently, for |v| < vg the series,

+o0
Gep(t;v) =Y _ gl vt (3.15)
£=0

defines a 0-periodic solution of (2.3).

Our next result concerns the uniqueness of the 6-periodic solution of (2.3).
Theorem 3.3 For |v| < v the system (2.3) has a unique 0-periodic solution.

Hence, for |v| < vg, (3.15) defines the unique 6-periodic solution of (2.3).
The proofs of Theorems 3.2 and 3.3 are presented in Section 5.

3.4 Global stability of the unique periodic solution in the anharmonic case

Theorems 3.2 and 3.3 hold even in the absence of dissipation at the boundaries (y = 0) in
the case of an infinite chain (N = +00). Of course in the case y = 0 the unique periodic
solution has no stability properties (as can be seen even for v = 0), it is just a very special
solution of (2.3). Stability holds only when y > 0.

For t > s denote by q(7, s, q, p; v) = (gx(t, 5, q, p; v)) the solution of (2.3) satisfying
the initial condition

q(s,s,q,p;v) =q, q(s,s,q,p;v) =p. (3.16)

Then (q(t, s, q,p;v),q(t,s, q,p; v)) tends to the periodic solution constructed in Theorem
3.2,as s —> —o0.

Theorem 3.4 Suppose that (qy(t; v)) is the unique periodic solution of (2.3) constructed in
Theorem 3.2 and y > 0. Then,

 im (IIq(t, $,q,p;v) —qp(; V) + 14, 5,9, p; v) — Gp(7; v)ll) =0 (3.17)
foranyt € R, (q,p) € Qy and |v| < vg, with vy given by (3.12).

We present the proof of this result in Section 8.2.
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3.5 Work done by periodic forcing

The work performed by the force on the system over the period 6 is given by the formula

1 0
Wy (v) = 5/0 F(t/0) pop(t: v)dt. (3.18)

Here px,p(“ V) = éx,p(ﬁ V).
We have the following identity

H (qp(t5 1), dp(t; v); v) — Hy (qp(0; 1), Gp(0; v); v)

t ) t 5 ‘ S
+ )/(/0 Py p(siv)ds +/0 Py p(s: v)ds) :/0 P0.p(s; U)]:(é)ds'

Here Hy (-, -) is the Hamiltonian of the system, see (2.2). A direct consequence of (3.19) is
the following.

(3.19)

Theorem 3.5 Suppose that y > 0 and (qx,p(-; v)) is a O-periodic solution of (2.3). Further-
more assume that the potential U is such that the equation®

r+vU'(r)y=0 (3.20)

has only a finite number of solutions. Then,

% 0
Wi (V) = g(fo P2y p($)ds +/0 pjzv,p(s)ds> > 0. (3.21)
In addition,
lim Wy () = 0. (3.22)
N—+o00

The proof of this result is presented in Section 7.

3.6 Spatial decay of the periodic solutionas N — oo

Theorem 3.6 There exist positive constants Cy, A, p depending only on w, y and indepen-
dent of N such that for |v| < vo A Cy

lgx,p(t; V)| < Aexp{—plx]}, t€[0,0] and

0 (3.23)
/0 py p(t;v)dr < Aexp{—plx[}, x € Zn.
The proof of this result is presented in Section B.2.
3.7 The case of odd harmonic modes: loss of uniqueness
It turns out that in the special case when both potentials V (-), U(-) are even and
Fon =0 forall meZ (3.24)

2 Condition 3.20 means that the interaction potential %rz +vU (r), between the neighboring atoms does not
become “flat” in some intervals, which would prevent the energy transfer in the chain.
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the convergence of the series (3.15) can be extended to all |[v| < Vg = %, where we can
define 7 )
5. ::inf[|((2m— Do)’ —w?|:meZ w eI] > 5. (3.25)

Theorem 3.7 Under hypothesis (3.24) estimates (3.13) are in force for |v| < vy, Conse-
quently in this case the series (3.15) defines a 6-periodic solution of (2.3).

The proof of this result is contained in Section 6.

Remark 3.8 We stress here the fact that Theorem 3.7 does not claim either the uniqueness, or
stability of the solution given by the series (3.15), in the case vp < |v| < Vp. In this interval
the periodic solution defined by (3.15) still exists but it may be neither stable nor unique. As
we shall see in Section 6.1, the system (2.3) may admit more than one 6-periodic solution.
Obviously, in that case, the stability in the sense claimed in Theorem 3.4 cannot hold.

4 The case N = 0: a single anharmonic oscillator with damping

The case when N = 0, i.e. a single anharmonic oscillators with damping and a one mode
periodic forcing (see (2.8)), is interesting in its own right and is an example of what happens
for small N, [15]. It is instructive to look first at the harmonic case (v = 0), where the
equation can be solved explicitly. Assuming for simplicity that F(¢) = F cos(wt), equation
(2.8) is given by

§(1) = —wjq(®) =24 + Feos() , q©0) =qo, ¢O)=po. (41
Its solution when wp # w and y = 0 is given by:

cos(wt) — cos(wot)

0 .
q(t) = qo cos(eot) + L2 sin(wot) + F — 4.2)
wo wy —
When o = wg (the resonance case) we interpret the solution as the limit w — wy.
If y > 0, then denoting A+ =y £ ,/y2 — w(z) we can write the solution of (4.1)
q(t) = ape M+ et
2 2 :
+ wh — o) cos(wt) + 2y w sin(wt 4.3
(a)(z)—w2)2+4y2a)2[(0 )eos(ar) +2ywsin(@n]  (43)
and
1 [ 2)/Fa)2 ] A [ F(w(z) —w?) ]
oy = — — — s
Y N R
At [ F(a)(z) —w?) ] 1 [ 2y Fw? ]
ap = - - -
1 zm 40 (w(Z) _ w2)2 +4y2w2 ) 72 _ a)é (a)(z) _ w2)2 +4y2w2 Po

For y = wp (A4 = A_ = y) we take the limit y — wy to get a finite value.

Remark 4.1 Notice that when y > 0, the system tends to a 6-periodic state for any initial
condition (Re(A+) > 0). However, when y = 0 and w # wp only the specific initial condition

90 = —5 5> po=0
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drives the system to such a periodic state. For other initial data there is no 8-periodic solution.
For w = wy no #-periodic solution exists.

Under the anharmonic perturbation Theorems 3.2 — 3.4 hold with the following modifi-
cations:

84 := inf ¢(m), where
m=0,1,...

2 1/2 “4.4)
d(m) == {(wg - (ma))2> + 4y2(ma))2} .
A simple calculation shows that for wy > /2y
min{¢ (m.), ¢ (m« + 1)}, where
8y = 2 . 2\1)2 4.5)
My = \‘7@%_1}/ ) J
and for wg < «/iy we have
5, = wl. (4.6)

For the situation examined in Section 3.7 (V and U even and only odd forcing modes), in
the case N = 0 the value of 8, is given by formula (4.5), if wp > /@? + 2y and

172
8y 1= {(wz — wé)z + 4(3/0))2] , 4.7)

i /2 2 = . 8
if wgp < v/w* + 2y*. Then we define vy := -

Finally, observe that the values vy (or Vo) for N = 0 depend explicitly on the friction
coefficient y. We expect that an optimal vy would generally depends on y and N and,
therefore, our estimation (3.12) is just a lower bound of all of them, that is indepent of N and

Y-
5 Proof of the convergence of the perturbative series.

We prove in this section the convergence of the perturbative scheme, Theorem 3.2 and the
corresponding uniqueness result, Theorem 3.3.

5.1 Time harmonics of a periodic solution

Consider a #-periodic solution to (2.3), i.e. such a solution (qx,p(t; v)) that satisfies

Gxp(t +0;v) =gy pt;v), tE€R, (5.1
Then, .
Qep(t; v) = ) Golm; v)e™. (5.2)
mez
where
1%
gx(m; v) = 5/ e”m“”qx,p(t; vYdt, meZ,x €Zyn (5.3)
0
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are the Fourier coefficients of the #-periodic solution. They satisfy the system of equations

0= [(wm)* — 0§ + A — iyom(Sy,—n + 8 8)]Gx (m; v) + Fudr o

N 54
+vux(m;v), x € Zy,
with
1 e .
Ty (m; v) = 5/0 e~ Moty (t; v)dr and (5.5)

Ve (13 0) 1= =V (qx p(t: 1)) + VU (qx p(t; V) — gr_1p(t3 V), (m,x) € Z x Zy.

Denote by ¢ n the space of all square integrable complex valued sequences f .=
(fr(m)) (movyezzy SAlisfying f3(m) = fi(~m) equipped with the Hilbert space norm
1/2

Bley:={ D [|1hmF| . (5.6)

(m,x)ELXTLN
Immediately, from (5.4) and Green’s function estimate (A.21) we conclude the following.
Proposition 5.1 Suppose that F € L?[0, 0] and (@x (m; v))(m Nelx Ty

tion of the system (5.4). Then, q(t) = (qx,p(t; v))(t X)eTxTy given by (5.2) belongs to
Hz([O, 01; R2N+1) and is a periodic solution of (2.3).

€ o N is a solu-

5.2 The case of a harmonic chain

Consider first the case of a harmonic chain, i.e. when v = 0. Then equation (2.3) takes the
form

Go(t) = (A — 0§)qx(®) — ¥ (S-n () + 88 (X)) (1) + F(t/0)8x0. x € Zy.  (5.7)
Proposition 5.2 For v = 0 there exists a unique 6-periodic solution.
Proof The Fourier coefficients of a 6-periodic solution satisfy

(wg — A — (mo)® +iymo@_y + aN))ax(m) —Fudro, x€Zy, meZ. (58

Then, the unique solution of (5.8) is given by the formula

Gulm) =FHY) o (x,0) (5.9)
and
Gox(1) = D Gulm)e™™, pp () = ) imeq (m)e™. (5.10)
mez mez

Here H®) (x, y) is the Green’s function of A + a)g —io(6_ny +6N) — A,ie.

—(mw)?,0

W

A0

@) = (40 — A+ioGoy +53) " 8y, (5.11)

where we assume that o, . € R. The computation of the Green’s function is carried out in
Section A.3. O
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Remark 5.3 By (A.15) and Proposition A.1, the solution given by (5.9) is well defined even
if y = 0. However, without the dissipation at the boundaries this will be just a very special
solution without any stability properties, see Remark 4.1. When y > 0 this is a globally
stable periodic solution, c.f. (4.1) and (4.2).

5.3 Proof of Theorem 3.2
Consider the Fourier coefficients of the approximating scheme (3.8)
17,
a';L)(m; V) = 5/ e—lmwtq)(c’Lp)(t; vdt, meZy. (5.12)
0

Coefficients G (m) satisfy (5.4) for v = 0, and for L = 1,2, ...

0=[4+ o) —of —iyma©_y () + sy ) |G m) = T po10miv). x e Zy,

(5.13)
with (see (3.9))
1%
Vy,—1(m;v) = 5/ ey L1 (t; v)dr. (5.14)
0
We have, see (5.11),
7O m; v) = FnH_nay2.ymo (. 0) (5.15)
and
G m:v) = Y H iy yme @ M TpLo1(m), x €Zy, £=1.2,....  (5.16)
YELN
Multiplying both sides of (5.13) by (q( )(m)> and summing over x we get
Y (0 - &= ) o (7 m)" = iy ez om (75 o)’ (5.17)
xeZy
— iy o)z o () + Y Terom (@ )’
xeZy
foreachm € Zand L =1, 2, . ... Observe that
0<— 3 (AL )G m)* = ‘Vq(L)(m)‘ <4 Y @Pm). 618
XEZN X€ZN XEZN
Consequently for the real part of (5.17) we have
> (@ - )G P em P <Re Y Tpr (ms v) (3 0m))
xe€Zn xXeZy (519)
Yk 7).
x€Zn
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Since ZLEL)(—m) = (’q“ﬁL)(m)) we have |2135L)(—m)|2 = |q(1‘)(m)|2 Suppose that 0 <
[m|w < wg. Then

> Y (f-me?)gPmis Y Y[

0<(mw)2<w0 X€ZN 0< (mw)? <y 2 xe€Zn

g om|.
(5.20)

In the case when |m|w > ,/ a)g + 4 we argue as follows. Using inequality (5.18) we have

> Y (e —ef—4) g

(mw)? >w(2)+4 x€Zn

< Y Y [(mer-od)amp - [vaPom|] (5.21)

(mw)?>wi+4 XELN

= Y Y (e + A - e —iymGon () + 8.0 )T 0m) (@8 om)*

(mw)?>w}+4 XELN

=—Ty,L-1(m;V)

= Y Y raamn(@@m).

(mw)?>w}+4 XELN

Hence we can now sum over all m and by (5.20), (5.21), the definition of §, (3.11) and the
Cauchy-Schwarz inequality we obtain

172
5130 G IRy < (B Glle ) (100 E0IR )T 622

Then, by the Plancherel identity,

llgs™ ¢ > = 175 ¢ gy < ||vL 1
Z / [y, L1t v)1Pdz.
er

Using (3.9) and (2.9) we conclude that

1
R = [Vl @5 D @ ) = 0P v)|
+ 10 oo (|94 (@85 15 0) = 052 )| + [V (45 13 v) — 05205 w)) )
= IV locla{5 D 3 0) + 10" o (19%0 570 @ 001 + Va0 v)1) (5.23)

-1 -1
< UV lloo + 10" ol s )] + 10" oo (1053 5 6 031 + 19y @ 1)
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Hence,

(e, L1 P < UV oo + 10" 100)*[g 5" (2 1))

+ UV lloo + 10”110 oo (20 P + 195 D s ) + 197 @ 00?)
(5.24)
+ 200 oo (19 D 0P + 10 D @ wP),
As aresult, see (3.11),
g ¢ IR, < Z f gL @ ) Pde
XEZ
and estimate (3.13) follows for N = 1, 2, .... The remaining conclusions of the theorem
follow from the estimate. O
5.4 Regularity of the periodic solution
From equality (5.13) we conclude that there exists a constant C > 0 such that
ma)* 17 m; vy < C(IGH ms )iy + 10103 V)In), meZ.  (5.25)
From (5.24) we obtain in turn that
llor G wI < DllgsP G wll, L=1,2,.... (5.26)

Combining (5.25), (5.26) and (3.13) we conclude that there exist constants C1, C» > 0 such
that

D 1+ ma)* PIGH oms IR < CL(llgs? G P + s vl

" (5.27)
C2

<CllgGIP < S5p L=1200

Yo

Proposition 5.4 Under the assumptions of Theorem 3.2 there exists a constant C > 0 such
that

C
sup lgy” (5 vy <~ and
R
- c (5.28)
Supllq Mt v)lly < —, L=1,2,....
teR Vo
In consequence, there exists C > 0
sup (II O (e v)llw + 1108 (2 v)IIN) <C, L=0,1,2,.... (5.29)
teR

Furthermore Q}(,L)(ﬁ ) € C? ([(), o1; ]RZN'H) and the series given by (3.15) converges uni-

formlyint to a@-periodic function (qx,p (t; v)) whose Fourier coefficients (?jx (m; v)) satisfy
the system (5.4).
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Proof From bound (5.27) and the Cauchy-Schwarz inequality we have

sup llg$ v liv < Y1 (m: )y
teR

meZ

| o

12 12
g<X:[14’('mt))2]||21V(L)(m;v)||%\,) (Z[1+(mw)2]—1) <&

mez meZ Yo

for some constant C > 0. The proof of the second estimate in (5.28) is similar. These

estimates obviously imply the uniform convergence of the series in (3.15) and bound (5.29).

From (5.27) and its definition (3.7) we conclude also that QI()L)(-; v) belongs to

H2([0,6); R*V+1) and satisfies (3.4). In fact 01 v) € C2([0, 01, R2V+). o
From the proof of Theorem 3.2 we conclude also the following.
Corollary 5.5 Under the assumptions of Theorem 3.2 for any |v| < vy there exists a constant

C > 0 independent of N and y > 0 such that the Hamiltonian Hy (-, -) defined in (2.2)
satisfies

1 6
5/0 H (qp(t; v), pp(t; v))de < C. (5.30)

5.5 Uniqueness: Proof of Theorem 3.3

Proof Consider the mapping 7 of Lz([O, 0]; R2N ‘H) into itself, assigning to each f(¢) =
(f+()) belonging to L*([0, 6]; R*¥*1) an element

(ThH«@) = Z Tf (m)e™, xeZy

meZz
given by
o _ gN) =
fo(m) - H_(mw)z’ymw(.x, O)Fm
~ 5.31
+v Z Hiﬁw)z,ymw(xy Vuy(m; f), (m,x) €Z x Zy. (5.3
YEZN
Here B ‘
fe@)y =" fem)e™, x eZy (5.32)
mez
and

~ 1 0 —imwt /
vy(m;f)z—gfo e [V (f£o0) = VU (f0) = fier ) ]ar.

We have (fj‘x (m)>’k =TF . (—m).
Suppose that £, £@ ¢ L2([0, 61 R*VH). Then, 877 (m) := TF 2 m) — 77 (m)
satsify

0= (A + (mw)? — a)g —iymw(S_y + 81\/)) (Sﬂx(m))-i-
(5.33)
+ v(Tm: fD) =T f D). (mox) €Zx L.
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Multiplying both sides by (8 fj‘ij ) (m)) and summing over x we get

> [(@ = e?)6TT ) + 1577, 0m) ]

XEZN

+iymo(16TF _y(mI? + 1877 y(m)1?)

=0 3 (Telms £O) = Tlms 1)) (577, m))

erN

*

Using the assumption (3.10) and applying the Cauchy-Schwarz inequality on the right hand
side we conclude that

5.3 3 [T o

meZL xeLyn
1/2

1
<l [ XX [ ) e O | (XX o]

meZ xely mezZ xely

/2

In consequence

Iv]
NTF® =T Oy < v—omf@ — FDlly.

By the Banach contraction principle there exists a unique solution of the equation 7f = f
in L2([0, 0]; R*N*1). Then f(¢) given by (5.32) is the unique 6-periodic solution of (2.3).
Hence the conclusion of the theorem follows. O

6 Proof of Theorem 3.7

Using the argument from the proof of Theorem 3.2 one can infer the conclusions of Theorem
3.7, provided it can be shown that

P 2m;v) =0, xeZy, L,m=0,1,2,.... 6.1)
This would follow, if we can prove that
V.1 2m;v) =0, x€Zy, L,m=0,1,2,..., (6.2)

see (5.14). To see (6.2) (and (6.1)) assume for simplicity that U = 0. The argument in the
general case is similar. Since V'(-) is odd and real valued, its Fourier transform % (&) is also
an odd function. To further simplify the argument we suppose that its support is compact.
The general case can be treated by an approximation argument. Thanks to (5.9) and the fact
that I?zm = 0 for all m, we conclude that (6.1) holds for L = 0. Suppose now that (6.2) is
true for some non-negative integer L — 1. Since

+00 o
q)EL—l)(t) _ Z a}gL—l)(zm — 1)el@m=Dor Z <7I§L_l)(2m _ 1))*6_,-(2m—1)wz
m=1

m=1
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we have

Baem =51 [ P [ 2“""”exp{i»;fq)E“)(z)}dt

2760
) o
S N 1 STV
m'=1
M .
X exp {i > e@t T em” — nyreien ”a’f} dr. (6.3)
m'’=1

Denote by C(1) = [z € C : |z| = 1], a contour oriented counter-clockwise. Using contour
integration we can rewrite the utmost right hand side of (6.3) as

li ‘7/ M 2m: £)d h
M,nglﬂofR (&)vyy y(2m; §)ds,  where

L) o) =
UM,N( m; &) : 27_” /C(l)

M N ~(L—1) 1 N
(&(qy ' @m" — 1)) dz
<[] X

n_1\n’ 2m+1
m"=1n' ,=0 (@@= (n;n”)! ‘
m

( Eq(L ])(21’” )Z2m’—1)nm’

Ny!

m'=1n,, /—O

Performing the contour integration we get
N N N N ) )
B = Y P (e
n=0  ny=0n{=0  nj,=0
><8(n1 34+ @M — Dy —2m — () + 30y + ...+ QM — 1)n;w))
M (a‘(L_l)(zm/ ~(L— 1)(2m// _ ]))*)n’/ﬂ//

v — )" G
X l_[ nm/! ) l_[ ( (n;n”)!

m'=1 m" =1

Here 6 (k) = 0, if kK # 0 and 1 if k = 0. The expression above is non-zero only if
ny+nh+.. 40+ +na+ ... +ny iseven.

Since & — v (¢§)isodd and & — 'U\(A,f )N (2m; &) is even we conclude therefore that

/ DL (2m; )48 = 0
R

and (6.2) follows by an induction argument. O

6.1 Remark about non-uniqueness

Suppose that the interaction potential U = 0 and V is even. If v is as in the statement of

Theorem 3.3, then the derivative of the pinning potential ¢ — W (q; v) := % +vV(q)is
strictly increasing. Therefore, the potential attains its unique minimum at g = 0. Our result
states that the periodic solution of (2.3) constructed in Theorem 3.2 is unique.

However, as it has been observed in Remark 3.7, the perturbative scheme may work for a
larger range of the anharmonicity parameter v than considered in Theorem 3.3. In the latter
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case there could exist some periodic solutions of (2.3) other than defined by (3.15). Consider
for example the forcing given by

f(é) = 2F cos(wt). (6.4)

Assume that V () is of C? class of regularity. According to Remark 3.7, by adjusting  to be
sufficiently large, we can make Vg - the range of the convergence of the perturbative scheme
- as large as we wish. Then for some |v| < Vg the potential W (g; v) could admit some other
local minimum, say at g # 0. Then W/(g; v) = a)(zﬁ + vV’(g) = 0. Assume furthermore
that W"(g; v) = @} + vV"(g) > 0. Then, obviously

q,t:0)=¢q, xelZy (6.5)

solves equation (2.3) with F(-) = 0 (corresponding to F = 0). It can be seen, see Section
D of the Appendix, that there will be 6 = 27 /w-periodic solutions (g, (¢; F ))erN of (2.3)

that are close to (g, (1; 0)) for small values of F.

XEZN

7 Proof of Theorem 3.5
7.1 Proof of positivity of the work functional

The fact that Wy (v) > 0 is a consequence of the identity (3.19). The only remaining part
is the proof of strict positivity of the work functional. Suppose that Wy (v) = 0. Then
P-Np(t) = pnp(t) =0,¢ > 0. This implies that gy () = g—n p, gN p(t) = gn,p, for
all 7 > 0, and some constants gy p and gy p. Then gy 11, () must solve the equation

0= CI—N—H.p(t) —4-N,p — a)(z)q—N,p -V [V/(q—N,p) - U/(q—N+],p(t) - q—N,p)]

that implies that gy 1,p(¢) is constant in # and p_y1,p(f) = 0. Consequently

0= p-ns1.p(®) = g-n42p(0) + g-np — (1 + OPI-N41p
—v[V'(@=N+1.p) + U'(G-N42p(1) — g-N+1,p) — U'(G-N+1p — G-N.p)] -

that implies g y42,p(¢) is constant in # and p_y 42 ,(t) = 0. Iterating we have
q4-N+jp(t) =q-N+jp.  P-N+jp(t) =0, j=0,...,N.
Repeating the same argument starting from the other side we obtain
an—jp(t)=qNn—jp, Pn—jpt)=0, j=0,...,N.
This implies for the 0-site

0= ﬁO,p(t) :(q1,p —4q-1p — 2q0,p) - w%CIo,p
—v[V'(qop) + U'(q1p — q0.p(1)) — U'(qop — q—1.p)] + F(t/6)

and we conclude that F(¢/6) = const, which contradicts (2.6). O
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7.2 Proof of (3.22)

To conclude (3.22) it suffices to show that

. 1 [? 2
Nli“ﬁooéfo [p+n.p(t; )] dr = 0. (7.1)

From Proposition 5.4 we have
+00
- (L
pevptiv) = Y vl @),
L=0

where the series converges uniformly in#,as N — 400, for |v| < vg. Using this and estimate
(5.27), to conclude (7.1) it suffices to prove that

1 0
. (L) . 2. ~(L) 2 _
Jlim /0 [aik ps ] e = lim (gL e =0 (7.2)
mez
foreach L = 0, 1, .. .. The latter is a consequence of formulas (5.15) and (5.16) and estimate

(B.10).

8 Global stability of the periodic solution

In the present section we assume that N is finite and q(t; v, q, p) = (qx (t:v.q. p)), is the
solution of (2.3) with the initial condition at s

gx(s:v.q.p) =qx and ¢.(siv.q.p) = pr, x €Zy (8.1)

for any v € R. Let p(t; v, q, p) = (px(t; v, q, p)), where py(t;v,q,p) = ¢x(t; v, q, p).
We omit writing the initial data (q, p), if they are obvious from the context.
We shall also denote by

ap(t:0) = (g0p@0)) o pti) = (peptiv)

xe xX€Ln

a f-periodic solution of (2.3).

8.1 Global stability of the periodic solution in the case of a harmonic chain on Zy

In the case v = 0 equation (5.7), with the initial data at s given by (q, p), can be explicitly
solved. Let us introduce some auxiliary notation. Define a 2 x 2 bloc matrix, with each block
a(2N + 1) x 2N + 1) matrix,

O2n+1 Idon+1 )
A= s 8.2
(A — D}ldon41 —y Ean+i (8:2)

where Id,, is the n x n identity matrix and
Eonyt = [6-n—1(0)8_N—1(3) + Sn+1(X)N11() s, y=—N—1,...N+1-

We denote by o (A) the set of all eigenvalues of A and by Re o (A) the set of all their real
parts. Both here and in what follows by the norm of the matrix M = [m; ;] we understand
its operator norm || M| := supy = [[Mx||, where || - | is the euclidean norm of a vector.
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Suppose that (q, p) € 2y and s < 7. Denote by (7, s) = (gx (7, s)) the solution of (5.7)
satisfying
qx(s,8) =qx, 4x(s,8) =px, x€Zly. (8.3)

Using this notation we can write
aa; s) q(; s)) !
: = A +F(5).
(p(t; S)> (p(t; s) 0 (8.4)
q(s;s) =q, p(s;s)=p.

The solution can be written as

q: )\ ae—-s (4 T A=) i/ /
(p(m)) —e <p>+/s p F(0>ds, (8.5)

where [F(¢) is a vector valued function, with 2(2N + 1) components that are all 0, except the
one corresponding to the momentum co-ordinate at x = 0, where it equals F (t).
In particular, qp(#) the 6-periodic solution of (2.3) is given by

t
(qp(t)) _ / eA(szF(i)ds, (8.6)
pp(0) —o0 0
Define At
1
Ay o= — lim glelly 8.7)
t—>+00 t

It can be shown, see [32, Proposition 1.2] that there exists Co > 0 such that
Co
)\N2m, N=12,.... (8.8)
As an immediate consequence of (8.7) we conclude the following.
Proposition 8.1 There exist C4 > 0 such that
le? || < Cae™N', > 0. (8.9)

We claim that, with the presence of dissipation on both ends of a chain the solution
(a(t,s,q,p).q(t, s, q, p)) tends to the periodic solution as s — —oo.

Theorem 8.2 Suppose that (qp(t)) is the unique periodic solution given by (5.10). Then, for
y >0

im (gt 5,4, p) — @Oy +1d(t, 5,6, P) — @y ) =0 (8.10)
foranyt € Rand (q,p) € Qy.

Proof Using (8.5) and (8.6) we get

(I(t§5)—‘Ip(f)> A(t—s)|:(q> <Qp(s)>]

=e — . 8.11
(p(r; )~ pp) p) " o) @10
The result is then an immediate conclusion from Proposition 8.1. O
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8.2 Global stability via the approximation scheme

Theorem 8.3 Suppose that qp(t; v) is the periodic solution defined in Theorem 3.2 andy > 0.
Then, for each |v| < vg (see (3.11)) and & > 0 large enough we have

+00
lim/ e 5 q(t; s, v) — qp(t; v)||*dr = 0. (8.12)

§—>—=00 Jo

The proof of the theorem is given in Section 8.2.3 below but first we apply it to prove
Theorem 3.4.

Proof of Theorem 3.4 in the case |v| < vg

As a corollary of Theorem 8.3 we conclude that (q( s, v), p(-; S, v)) converges to the

periodic solution (gp(-; v), pp(+; 1)), as s — —oo, in L2 [0, +00). Since the functions are
bounded, together with their derivatives, the family is compact in the topology of uniform
convergence on compact subsets of [0, +00). The L120C convergence allows us to identify the
limit, as the periodic solution, which in particular implies the conclusion of Theorem 3.4. O

8.2.1 Approximation scheme

For fixed (q, p) € Qn and s < 0 define
qP s, q,p,v) = (q;“(z;s,q,p, v)) . 120, L=0,1,2,...
XELN
as the solution of

GOt 5,v) = (A — wf)gV (15 s, v) —y(s N+ v )@ s, v) + F(1/0)80(x),

q\”(0; 5, v) = q:(0; 5,4, p. v) — Zq“><o v,
L=1

d(0;v) = ¢x(0;5,q, p, V) — Zq(L)(O; vk, xezy

(8.13)
andfor L =1,2,...
G (t5,v) = (A — d)giP (55, v) — Y (5-nx +n.x)aE (55, v) — vy L1135, V)
g (0:5,v) =g 0:v), ¢ 05, v) =g 0:v), xeZy.
(8.14)
Here
1
Uy, L—1(t;8,v) = F[Wx (Q(L_l)(t; 5,0)) — Wy (Q(L_z)(t; s, v))] (8.15)

where W is defined by (3.3) and QWP (s; 5, v) = (Q(L) (t; s, v)) 2 is given by an analogue
XELN
of (3.7):

0P (t;5,v) = Zq“)(t s,owf,  1=0, L>0. (8.16)
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By convention W, (Q(’l) (t; s, v)) = 0. Both here and below we suppress writing the initial
data q, p in the notation, when they are clear from the context.
Notice that ZL 20 qXL)(O s, Vvl = ¢.(0; 5, q, p, v). Then for L >0

OB (t;5,v) = (A — ) QP (155, v) — y G-y () + v () O P (15 5, v)
- vW(Q(L_l)(t' 5,v)) + F(t/6)8x.0,

0P (0; 5, v) = g, (0; 5, v) — Z g} (0; vy’ (8.17)
{=L+1

0L (0; v) = g (0; 5, v) — Z a0 vt, x e Zy.
{=L+1
Let
Q1(t,5) = 1QP (1, 5:v) — QLD ;) + 1QP (1, 53 v) — QLD (1, 55 v)
forL=1,2,....

Lemma 8.4 For fixedt, > 0 > s and |v| < vg we have

+0o

sup Qp(t,s) < +oo. (8.18)
L—1 1€l0,1:]

Proof The solutions of (8.17) satisfy

<Q<L><z; 500 = QE Vs, )\ | 1w qé“(o; )
DDt 5,v) — QL V(r;5,v) ) — :
Q'™( )—Q ( ) D0 v) (8.19)

t

- v/ A=) [V(Q(Lfl)(s/; 5,v)) — V(Q(sz)(s’; s, v))]ds’

0
forany L=1,2,...,t > 0.Here V: Qny — Qn x Qy and W : Qy — Qp are functions
defined as

V= (. )e WD =W w ey (320)

(cf (3.3)) and, by convention, V(Q(_l)(s’; s, v)) = (. Hence

t
2.t 5) < IE (a5 G v lloo + 1857 ¢ ) loo) +|v|%/ Q7-1(s'.5)ds’

Ut
<< (15 G oo + 157G 0oe) + 1 (10 6 oo + 15 ) T
(8.21)
1)L
ot (1926 Voo + 1576 wlloo) O
Summing over L we conclude that
+00
sup QL<r,s><(Z|v| (195 €5 9)llow + 165 (5 v)lloc) ) exp {Iv1Dt,)
1= tel0.t]
The conclusion of the lemma then follows from Proposition 5.4. O
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As a consequence of Lemma 8.4 we have for ¢ > 0

+00
Zqﬁ“(r;s,v)v‘: lim QM) (r;5,v) = qu(t: 5. v),

L—+o00
(8.22)
© _ (L)
Zq (t; s, v)v = hm Q (t;5,v) = g (t; 5, ).
L—>+
8.2.2 Approximation scheme for the Laplace transform
Consider the Laplace transforms
+00
PO s, v) = / e MgM (1 s, v)dr.
0
They satisfy the system
0=[A—-w} -2 = yrAB-nx) + v )] TP (s s, )
+ [A+yG-n @) + v D]V (0;5,v) + G055, v) + axoz — . xely
—imw
meZ
(8.23)

andfor L =1,2,...

0= [ - “)o 22— ya(Bon(x) + SN(x))] L)(A; s, V)
+ [y N + o) ]g 0 v) + 450 v) = Te 1A s, v), x € Zy,

(8.24)
with
+00
er1(hss,v) = f e Mug L1 (t5s,v)dr, (8.25)
0
where vx L 1(t; s, v) is given by (8.15).
Let g\ qx (A v) be the Laplace transform of gy g (t; v) and
g (55, v) = qP (155, v) — gL (15 v),
521\;51‘)()“? S,V) = ZI\J(CL)()L; S, V) — Zi)(CLp)()L; V), (8.26)

80 (15, v) i= O (1) — QI (13 v).

ForL =1,2,... we get

Oz[Afw(%f)n — A N(x)+6N(x)):|8qx )i 5, v)— 8051 (Ais,v), x €Zy, with

‘SUXL I(ASV)_UXL 1A s,v) — L 1(}“ V).
(8.27)
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Let A = & +in, where £ > 0 and n € R. Multiplying both sides by (8@5“()»; s, v)) and
summing over x we get

(0 + &2 —n*+2ign) 3 gD s v+ Y |[VesgE i sov)?

X€ELN X€ELN
+y(E+in [\SﬁL,\),(A; 5,0+ [5G 0 s, V)\z] (8.28)
== 3 Shs10ss. u)(azﬁf)(x; s, v)>*.

XEZN

Comparing the real and imaginary parts we conclude that

<w5+§27172> Z ‘57]\)(([‘)()»;&11)|2+ Z |Vx8?i)(cL)(A;s, U)‘2

XELN xeZy
- (829)
+ys[)5aﬂﬁ}(x;s,u)|2+ |5'tj§\,L)(A;s,v)|2} =~ Y Re |:5/1)KX$L_1()»;S,v)((S?]\)(CL)()L;S, v)) ]
xeZy
and
2 2 2
26n Y |G G 5w + v 835 s s 0P 4 (63 G s )
.XEZN
. (8.30)
=~ Y im [5@,L_1(x;s, u)(aa;“(x;s, v)) ]
XEZN

Recall that §, < a)(z). Choose a € (84, a)g). For n2 < a)% —a and all £ > 0 we conclude from

(8.29) that

a Z |521*)((L)()L; S,u)|2<{ Z [8@’1‘,1@; s,v)]z}l/z{ Z \5?13(61‘)()»; s,v)|2}1/2- (8.31)

.XEZN XEZN )CEZN

Forn >, /a)g — a we get from (8.30) that

2% —a 3 PP oss P < | X [ ) 2 s P

x€eZy xeZy XeLy
(8.32)

Ifn < —, /w% — a, then we multiply both sides of (8.30) by —1 and (8.32) is still in force.

Consequently choosing & such that 2£ /wg — a > a we have that (8.31) holds for any 7.
From the above consideration we conclude the following.

—~4__ we have
2, /w% —a

a® 3 [5gPoss < Y [aﬁx,L_l(k;s, v)]z- (8.33)

XEZN XEZN

Lemma85 Fori=&+in,nelR . <a <wéand§-‘ >
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Corollary 8.6 For a and & as in the statement of Lemma 8.5 we have

a? Z / e %! (Sq(L)(t S, v)]

xGZN

mzZ/ e 8q LD s, v)Pde, L=1,2,....

JCGZN

Proof Integrating over 7 in (8.33) and using the Parseval identity we conclude that

(8.34)

a2 Z / —2¢1 3q(L)(t s, v) Z / -2kt 5vX,L,1(t;s,v)]2dt. (8.35)

x€Zn X€ELN

Using (8.15) and (2.9) we conclude in the same way as in (5.23) that
180, 2-1(13 5, V)] < IV lloo + 10" 11s)18¢ 57V (35, 1))
+ 10 oo (18055 55, 0)1 + 1804 Vs 5, 0)1 ).

Hence,

[Sve.L1(t5 5, VT < 1V loo + 10" 100) 2187V (25 5, v)12

+ UV oo + 10" o)1 U” oo (218087 155, 0012 + 18057V 05, 0P + 1807V @35, 0)1P)

+ 200”13 (1807 @ 5P + 180V 50 ).

Combining with (8.35) we conclude estimate (8.34) with I defined in (3.11).

8.2.3 Proof of Theorem 8.3

We start with the following.

Lemma 8.7 For fixed (q,p) € Qn and v we have

sup (Ila(t, 55 q, B, V)| + [P, 55 0, B, V)] ) = Q(q, P) < +o.
t>s

Proof The solution of (2.3) satisfies

(82 s (3) = v

+/S A= ”F(Q)ds

(8.36)

(8.37)

(8.38)

Here V: Qy — Qn x Qp is a function defined in (8.20). Using (8.38) we conclude that

172 B 172
(Na.s: 1P + It s wI7) 7 < 121 (llal? + 1p11?)

t
ol / 1A V(s 55 V) ey s’
S

t o s/
+ [ 1A ONE (S s’
N

@ Springer

(8.39)



Convergent Power Series... Page 25 of 37 34

Thanks to (8.8) we can write

1/2 o 1/2
(a5 1P + e s 0)I2) < Ce ¥ (ql + 1p?)

P (8.40)
+ C/ e N =D gy,
s
Hence (8.37) follows. ]
Consider the equation
i) = (A —0)ac () =y (S-n () + (D)) (1), x=—=N,...,N. (841

Denote by Bg the ball of radius R > 0, centered at O in R2CEN+D apd by q(t) = (qx (t)),
q(1) = (4x(0)).

Lemma 8.8 For fixed R > 0, v and & > 0 we have

+00
lim sup / e %1q2(t)dr = 0. (8.42)
770 (9(0),4(00)€BR ez /O

Proof Using (8.9) we conclude that for r > 0 > s we have
1/2
Yo @2 |  <ce . p). (8.43)

XEZN

From this

+o00 +00 C
Z / e %1q2(ndr < CD2(q, p)/ e PNt = —Q%(q, p) (8.44)
A 0 2N

XEZN

and (8.45) follows. ]

We restore the dependence on the initial data (q,p) € R>GN*D in the notation of
3q§°) (t;s,q, p, v). From Lemmas 8.7 and 8.8 we immediately conclude the following.

Corollary 8.9 We have

+00
lim Y / e %1 [5¢0 155, q, p, v)]'dt =0. (8.45)

Proof Note that Bq(o) ©0;s,q,p,v) = ((Sq,((o) (t;s,q,p, v))erN solves (8.41). According to
Lemma 8.7 there exists R > 0 such that

(Sq(o) 0;5,q, p, v), 54(0) (0; s, q, p, v)) € Bp foralls < 0.

The conclusion of the corollary then follows directly from Lemma 8.8. O
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Notice that % < g := vp. Suppose that |v| < vg. Using Corollary 8.6 we conclude that

for & large enough we have

1/2
> / “%t5qP s, de
X€Zy (8.46)
WL +00 1/2
< (—) {/ _25’[5q(0)(t;s,v)]2dt] , L=1,2,....
a 0
Hence,
1/2
2
Z / ZSt qx(t§ $,V) = qx p(t, V)] de
xeZy
1/2
= Z / _28 Zvedq(a(t s, v)]
x€Zy €20 (8.47)
1/2
+00 )
< Z |v|Z / e 28! Z [(qu)(t; s, v)] dr
£20 xeZn
1 e 2¢ () 2 2
{——— e S8qWV (1 5, v)] dt} .
1—(|v|%/a){/(; .
The conclusion of Theorem 8.3 then follows from Corollary 8.9. O
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Appendix A Formulas for the Green’s function
A.1 Green’s function of the operator 1 + @(2, —AonZ

Suppose that —A € C \ Z. The Green’s function of the operator A — w(z) + A, where A is the
free Laplacian on Z is given by

Grx) = (1 + 0l — &) 80(x) /‘ cos(2mux)du AD
x) = wy — x) = . .
* 0 0 0 A+4sin2(nu) +a)5
Note that
Gu(x) =Gi(x), x€Z, —reC\T. (A2)

Let = x(1) := %(2 + a)(z) + A) and let @ be the inverse of the Joukowski function

g:J(z)z%(z+%>, zeC

considered for |z| > 1. Then z = ®,(¢), ¢ ¢ [—1, 1]. Condition —X ¢ 7 is equivalent with
¢ ¢ [—1, 1]. Furthermore |® (x (1))| > 1. We have then

1—|x]| —|x]
G,(x) = q); (X ()L)) = P+ (X (/\)) , XeZ (A3)
PI(x(M)—1 2P (xM) — xW)]

We can use the mapping ¢ — ®,(¢), ¢ ¢ [—1,1] to define the mapping { > w =
(¢2 =12, ¢ ¢ [—1, 1] by letting

- =00 -¢ ¢ ¢l-1,1] (A4)

In particular,

Ve2—1, when¢ e[, +00),
NN iv/1=¢2, when¢ €i(0,400),
—/¢t2—1, when¢ € (—o0, —1],
—iy/1=1¢2, when ¢ € i(—00, 0)

Here w +— /w is the branch of the inverse of z > z2 such that Re /w > 0, when
w € C\ (—o0, 0]. Furthermore

Di(x) =¢+{* -1 =040

Formula (A.3) can be rewritten in the form

—lx|

{1410+ 0d) + L0+ o)+ 0})'2)

Gnx) = ((+ @) 0 + D)2

recall that w,, = ,/w(% + 4.

, Xe (A.5)
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Suppose that w € R. In case |m|w < wg we have

—lx|
G_ (w2 (x) = % x €Z, with
ELQ) =1+ 2 (03— 2+ D®@) and A6
+(Q) =145 (e + D(Q)) an (A.6)

D(Q) == \/(wg - Q) (02— QY), Q€ [w, vl

When |m|w > w, we have

) ,
G_ w2 (x) = _W’ x € Z, with
1 2 2
§-(Q) =1+ (0 -2~ D), xeZ (A7)

We have

£E,(R2)>1, when 0< Q2 <wy and
£E_(Q) < —1, when Q> ,/4+ ]
A.2 Green’s function on Zy

Suppose that GgN) (x,y) = ()» + a)(z) — A)_I(Sy (x), x,y € Zy is the Green’s function for the
Neumann laplacian on Zy. We have

2N

Y ()Y (y)
GV .y =Y Hl xy e Zy. (A.8)
— Y Or
j=0 J
Here u; = a)?, j=0,...,2N are the eigenvalues of a)(% — A, with
wj = J (A.9)
/ 2N +1

and the dispersion relation w (k) = ,/ a)g + 4sin? (k). The eigenvectors are given by

1 1/2
Yo(x) = <2N+ 1) ,

1/2 | 2x+N)+1
wj(x) = < ) COos (L; . %)

x=-N,...,N, j=1,...,2N.
2N +1

(A.10)

Using the method of images we obtain the following formula for the Green’s function

GV (x,y) =D [Gr(x =y +2@N + 1) +Ga(x+y+ QL+ DN +1)]. x.y € Zy,
LeZ
(A.11)

with G, given by formula (A.5) From (A.3) and (A.11) we conclude the following.
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Proposition A.1 Suppose that there exists § > O such that
h+w| >8>0, VYwe [0} wf+4] (A.12)

Then, there exist constants C, c > 0, depending only on § and such that

GV (x, y)| < exp{—clx —yl}, x,y€Zy. (A.13)

C
1+ A
A.3 Green’s function for A + @2 + ic(6_n + 8 n) —

As before A is the Neumann laplacian on Zy. From (5.11) we conclude that H (N) o (X, y)
satisfies

(At of — AOHN) (x,y) = 8y (x) —io oy () + Sy ) HY (x,y). (A4
Hence

N N N . N N
HY e, y) =6, y) —ioH") (N, )G v, —=N) —ic H) (N, )G (2, N).
(A.15)
For x = —N and x = N we get in particular the following system of equations on
H{M EN, )

HY N, »(1+i06M N, M) +ic BN, 06N (N, N) = 6V (=N, y)
A

(A.16)

Let

ay = (1+i0G" W, N))2 +02(GV =N, N))z,

ANy = (1+i06M W, N))G;N)(—N, » —icGM =N, MGV (N, y).

AN,y = (14106 W, M)GV N, ) —i0 GV N MG (N, ),
Note thatif A € R and o # 0 we have

SO

ImQy =206 (N, N) =20 5 #0. (A.17)
f

j=0

We also have Qx # 0 in the case when A € C, and |Im 1| is sufficiently small.
Then,

Q(—N, AW,
BV N,y = 2EVD gy ) - B (A18)
: QN Qn
Substituting into (A.15) we get
M x,y) = 6N (x, ) —ioG M, ) REND) oy, 2D
Qn Qn
(A.19)
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Lemma A.2 Suppose that ). € R and
A+w =>26>0, we [w(z),wi].
Then, there exist constants Cy, ¢y > 0, depending only on § and such that

Cy

1+ ||

N
1B (0| < exp{—cilx —yl}, x.y€Zy.

Appendix B Exponential decay of the periodic solution in x

B.1 Some auxiliaries

(A.20)

(A21)

Suppose that ﬁiL) (m;v), L =0,1,2,...are determined by the scheme described in (5.13)-

(5.14), see Section 5.3. Let ¢ > 0. Define, by recurrence

ec(x) i=erl(x) = e Pl

and
e;’L'H(x) = Ze‘clx_y‘e;’L(y), x €Z.
YEZL
We also adopt the convention that eg(x) := §p(x), x € Z. Let

1 — e—ZC

/e\c(k) = Ze—c\)d eXp{—Zﬂ'lk.X} = m, keT.
X€L
Then,
~, L « L . 1 — 6726 L
ec’ (k) = Zec’ (.X) exXp {ZJlex} = (m) .
X€eZ
Since

L 1 1 — 8726 L
er (x)=/0 (m) exp [2mikx} dk,

we can easily conclude that

1+e7“\L
0<€Z’L(x)<( Te ) , x€Z.
1—ec
For any g such that
1+e¢

lglh(c) <1, where h(c) = :
1—e¢

we can define therefore

+00
B0 —gec) ) =Y qhertx).
L=0

The series is uniform convergent for all x € Z. We also have the following.

B.1)

(B.2)

(B.3)

B.4)

LemmaB.1 For any ¢ > 0 and |q| < 1/h(c) there exist contstants A(c, q), p(c,q) > O,

depending only on the indicated parameters, such that

0 < (80 — gee) " (x) < Alc, @) exp{—p(c, @)Ixl}, x € Z.
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Proof From (B.4) and (B.2) we conclude that

1

1—e—2¢ ’
=

It is an analytic function in k € T. Therefore, see e.g. [26, p. 27], there exist constants A and
p > 0 such that

o —qe) k) =

(B.6)

0< (80— gee) " (x) < Aexp{—plx|}, x€Z. (B.7)

[m}

Lemma B.2 Suppose that c, > 0 is as in the statement of Lemma A.2. Then, there exist
C, c1 > 0 such that

L
Cefes” (x)

m, X € ZN (BS)

18 (ms )| <
forall N =1,2,..,L=0,1,...andm € Z.

Proof The estimate for L = 0 follows from (5.15) and estimate (A.21) with the constant

C :=Cysup Ifm|,

meZ

where C, > 0 is as in the statement of Lemma A.2 and e:;o (x) = e, Suppose that we

have shown that L
*
Cckes™ (x)

m, X € ZN (B9)

1G4 (m; v)| <

for some L, with the constant ¢ to be determined later on. Then,

q)(CL)(t; 1)) — Z q)({L)(m; U)eimwt

mez

we have

g0 < Y 1P m vl < Cefelb ) Y ——— 1+( (B.10)

mez mezZ )

Therefore

~ 1
[Uy, L (m)| < IVITQ{/ ‘ (Q(L)(t V) — (Q(L ])(t; v))|de

\4 +2||U
} IV llLip : I ||L1p/ WP e

+/0‘ U0 @ v)) = vu' (0P w)|de | <

1

< Ceh(IVilLip + 21U lILipel, ™ (o) Z
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and, thanks to (5.16) and (A.21),

GEV om0 <Y T H o2,y (60 9Ty, (m))|

YELN
1 e*’L'H(x)
< CCuel 1V lip + 21U Iip) ) B.12
et VIt + 2000 ( 2 s [T e B12
m'€Z
B CclLHeZ;LH(x)
o 1 + (mw)?
provided we choose
IVIlLip + 201U llLip
Ccl = C* Z PRI
s 14+ (m'w)
Thus (B.8) follows. O

B.2 Proof of Theorem 3.6

We have

qx,p(t;v) = Z Gx,p(m; v)exp {2wimwt}

meZ
where
—+00
G p(m;v) =y g5 om; vyt
L=0

Using estimate (B.8) we conclude that

Gy )] < —S— S olenybetst (o)
PP 4 (me)? -

C —1,%
= m(%—(l\)lm)m) (x).

This estimate together with (B.5) imply the first bound of (3.23). The second bound follows
from the fact that

1 [? ~
= /0 pr (i v)dt =Y (m)*|gy, p(m; ).

0
meZ
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Appendix C The existence of a periodic solution for a finite anharmonic
chain. Proof of Theorem 3.1

Using the notation of Section 8 for any 6-periodic €2 -valued function q(¢) we can write

t R
[ st 5 [ o
—00 ¢=0"0

+o0 0 0
= Z/ ATV (q(r — 5))ds :/ (I — )~ leV(q(t — 5))ds.
¢=0"0 0

Suppose that ¢ € [0, ]. Then we can write the utmost right hand side of the above equality
as being equal to

o
/ K(t —5)V(q(s))ds,
0

where K is the 6-periodic extension of

(I —e2)les 5€10,0/2),
K(s) =
(I — e29)~1eA0+s) s e [—-0/2, 0.

We conclude the following.

Proposition C.1 If q,(t; v) a 0-periodic solution of (2.3), then it satisfies the equation

4G v\ _ o _ L (S
<p§(,; v)) = —V/O K(t —s)V(qp(s; v))ds +/;ooe ! F(@)ds' (C.D

Conversely, if q(t; v) is a 0-periodic solution of (C.1), then it is a 0-periodic solution of
(2.3).

Proof of Theorem 3.1

On the space Cp, := Cp<[0, 0]; N) of O-periodic, Q2 x-valued functions, equipped with the
topology of the uniform convergence on compact intervals, we introduce the operator

0 t s
TIFI(t) = —v/ K(t—s)V(l'[lF(s))ds—i-/ eA(’_S)F(f)ds.
0 0

—0o0

Here IT; : R2CN+D 5 R2N+1 is given by IT; <g> =q. Wehave T : C, — Cp. Moreover,

T (Cp) is bounded in C;, and, since ¢t — K (¢) is Lipschitz, the set is compact. By the Schauder
fixed point theorem we conclude the existence of a fixed point for 7, which by virtue of
Proposition C.1 is a periodic solution to (2.3). O
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Appendix D An application of the implicit function theorem in the
proof of non-uniqueness of periodic solution

Recall that (ﬁx (t; F ))X T is a 6 = 27 /w-periodic solutions of (2.3) corresponding to the

single mode forcing (6.4). Its time harmonics ic (m; F) solve

0 = [(@m)* — of + A —iyomG_y + 5x)|q, (m; F) + F(81(m) + 51 (m))0(x)

2. D.1)
+va(m;F), (m,x) el x ZN,

with

1 r? .
%’x(m;F)zf/ e~y (t; F)dr and
0

% (D.2)
v (t; F) i= —V/(qupt; ), (m,x) € Z x Ly.
We can rewrite the equation in the space > y (see (5.6)) as follows
o(F.3¢: ) =0, (D.3)
where @ : R x £, y — €2 y is a mapping given by
®(F, [),(m) := fulm) = HY) |, (x, OF(810m) + 81 (m)
-V Z Hilz/,,)m)z’ymw(xa y)’f;(f)y(m), (m, X) e Z x ZN,
YEZN
D.4)

~ 1 r? .
(f)x(m) = 7 / e MY (fe(t))dt and
0
= Y Fempemer, 1 >0,
meZ
For F = 0 equation (D.3) is satisfied by § = (¢, (m; 0)) given by
ic(m? 0) =gém0. (m,x)€Z x Zy.

The Fréchet derivative of the right hand side of (D.3) with respect to the ¢ variable, at (0, 5)
is a linear operator L : £ y — £, y given by

Lh,(m) := hy(m) — Khy(m), where
Ky (m) == vV"@) Y HT) (x, Why(m), (m,x)€ZxZLy.

—(mw)?,ymo
YEZN

It is easy to see that the operator K : €5 y — £ y is compact. We shall show that its null
space is trivial. This would imply, see e.g. [29, Theorem 21.2.6, 238], that L is onto and its
inverse is bounded. Using the implicit function theorem, see e.g. [10, Theorem 4.15.1], we
conclude then that there exists F > 0 such that for any F € (—Fy, F) equation (D.4) has
a unique solution that gives rise to a 6 periodic solution g, (¢; F) of (2.3) that satisfies

}li_r)r}ﬁp,x(t; F)=¢q, xelZy.
To see that the kernel of L is trivial note that if L = 0, then

0 = [(wm)* — wf —vV"@) + A —iyom@_y + 63)|ix(m), x € Zy. (D.5)
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Multiplying both sides pf (D.5) by 71; (m) and summing over x we conclude that

> mw)*|hiy (m))* = 0.

mez

Hence EiN(m) = 0 for m # 0. Arguing as in Section 7, from (D.5) we conclude that
Ex (m) =0forall x € Zy and m # 0. For m = 0 we can multiply both sides of equation
(D.5) by ﬁ;N(O) and sum over x. Since wg +vV”(q) > 0 this allows us to conclude that also
in the case /1, (0) =0 forall x € Zy.
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