The ideally polarizable interface: Integral equations
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The integral equations used in the microscopic theory of the electric double layer are
extended to the case of an impermeable interface separating two conducting media
{ionic solutions or plasma). This system is a model for an ideally polarizable

interface. Exact relations are given for the contact values of the one particle density
function, and also for the pair correlation functions. We solve numerically the
Poisson—Boltzmann (PB), the hypernetted chain (HNC), and mean spherical (MSA)
approximations, and compare the results to the exact solution of the one component

plasma in two dimensions.

I. INTRODUCTION

In previous work," we discussed the difference between
the nonpolarizable interface, in which some of the charge
carriers, ions or electrons, can cross the interface,>* and the
ideally polarizable interface (IPI), in which no carrier can
cross the interface. The fact that the IPI must be ideally
impermeable* was illustrated by a model of two interacting
conducting media separated by a membrane of zero width.
The equilibrium statistical mechanics was solved exactly in
the special case of two classical one-component plasmas
(OCP) in two dimensions at the reduced temperature 2.' Al-
though the OCP-OCP interface is not a realistic description
of the metal—electrolyte interface or of the interface between
two electrolyte solutions (ITIES), the behavior of this model
exhibits a remarkable resemblance to that of real systems.
For instance, the natural external variable is the total poten-
tial drop across the interface and other quantities such as the
surface excess charge are given as functions of the potential
drop. This is close to the actual laboratory situation, where
the potential is externally controlled, and the charge is not
measured directly, but computed from other measurements,
such as the capacitance or the surface tension.

The most interesting feature of our treatment is that we
deal with the statistical mechanics of both sides of the inter-
face and take into consideration the conducting nature of
both media (see also Ref. 6). We must remark on the contrary
that in much of the theoretical work on the metal—electrolyte
interface, the metallic nature of the electrode is neglected or
approximately described by boundary conditions (image
forces) which, moreover, are not treated exactly. This is the
case for the Gouy—Chapman theory”® and for the more re-
cent treatments using the Born—Green-Yvon (BGY), hyper-
netted chain (HNC), and modified Poisson-Boltzmann
(MPB) integral equations.’
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The purpose of the present work is to extend these inte-
gral equations used in the electrical double layer theory to
our model of the IP1. The basic feature of our equations is
that the fugacity of every component is not necessarily the
same on both sides of the interface. We showed in Ref. 1 that
the existence of an impermeable membrane permits us to fix
different values for the fugacity on both sides and produces
the characteristic surface charge potential drop curve of the
IPI. We must remark that there is a subtle difference
between the screening behavior of polarizable and nonpolar-
izable interfaces that is not at all present in previous theoreti-
cal discussions. In both cases the two-body correlations have
afast decay in the direction parallel to the interface, in accor-
dance with Jancovici’s conjecture® concerning the correla-
tions at the interface between two conducting media. They
obey the perfect screening theorems!®'? concerning the
nonexistence of multipoles, that is, any finite sized fixed mul-
tipole will be perfectly screened. But in the nonpolarizable
interface where all charge carriers are free to move every-
where, even an infinite distribution of fixed charges, as for
instance a charged plane or a layer of solvent dipoles, will be
totally screened out by the mobile charges and give no con-
tribution to the total potential drop and the capacitance.
This surprising behavior is discussed in detail in Ref. 2 using
as an example the exactly solvable two-dimensional one-
component plasma. This is not true for the impermeable in-
terface and the potential drop and the surface charge are not
independent quantities any more.

Our basic approach is to write a separate equation for
the one-particle density function, valid for each side of the
interface. The solution of these equations is subject to a
boundary condition at the membrane which is derived in
Sec. I1. We then get a closed system of equations. However,
because of fluctuations induced by correlations between par-
ticles on different sides of the interface, the equations for the
right and left sides are coupled to each other. Only in the
mean field approximation' will they be decoupled.
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In Sec. III we will discuss two types of equations: those
derived from the BGY equation, which are dynamic equa-
tions derived from force balance, and those derived from OZ
(Ornstein—Zernike) type equations, derived basically from
fluctuation theory. We apply these equations to the OCP-
OCP interface model and in the last section, in the case of a
uniform background, we show under which conditions the
HNC, MSA (mean spherical) or PB (Poisson-Boltzmann)
approximations are valid.

Il. DISCONTINUITY RELATION FOR THE ONE-
PARTICLE DENSITY FUNCTION

Consider a mixture of ions of different charges e,, sizes
d;, and concentrations p® in a background of constant
charge density — a™*® (Fig. 1). The labels L, R indicate the
left or right side of the impermeable membrane located at
x = 0 (see Fig. 1). In this model the background is discontin-
uous across the membrane. This is not a necessary feature in
our treatment but only a convenient one since we could also
treat the case of a smoothly varying background.'? Consider
now the one-particle density function p,(x). We expect this
function to be discontinuous across the membrane and we
wish to find the magnitude of this discontinuity. Once this is
done, we can solve the appropriate coupled equations for
each side of the interface in the field of the other side.

The expansion for p=&(x)'*'¢ is

prRx) = z"Rexp( Bu, (x)+g+‘?+ ) n

The fugacities z- and z® are defined by

zit =exp[Bui® + e ™)), (2)
where u1] and uX are the bulk chemical potentials and @ is the
electric potential at infinity. S = 1/kgt is the usual Boltz-
mann thermal factor. u,(x) is the single particle potential
which takes into account the existence of the impermeable
membrane

u,(%) = uj(x) + uj(x), (3)
where #(x) is the infinitely repulsive part of the potential (see
Eq. 5.21 of Ref. 1). u; may be some non-Coulombic adsorp-
tion potential.

In Eq. (1) thefield pointsare X, f dr p,(r), the-bonds are
Ji;{r) =exp[ — Bu;,(r)] — 1 where u,; is the pair potential.
h;;(r} and higher order functions are the correlation func-
tions of the inhomogeneous system.'” For a planar interface
the first diagram is
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FIG. 1. System’s geometry.

- s [5. p,5005, =
J,-j(lxl —X,|)= J:ﬂdqﬁ J(‘)“’ dR,R,, 2 (712)- (4)

Clearly J;(|x, — x,|) is a continuous function and p, (x) has a
finite discontinuity across the interface. It can be shown that
a similar argument holds for the higher order graphs. There-
fore, at x = 0 we get

piOexp{ —B [pf +ep” —ui(0)]}
=pfOexp{ — B[ pf +ep* —u{0)]} (5)

which is the continuity condition for the one-particle direct
correlation function'®

i ®(1) = Bur (1) + In[pr*(1)/z0*]. (6)

Relation (5} is in general, not restricted to zero-size ions.
However, in the case of charged hard spheres (d;#0) and
rigid interfaces it is only a condition for the function
yi&x) = prA(xjexp[Bui*(x)] which remains finite
throughout the interface.' We will discuss this problem in a
future application of the present work. In order to get a rela-
tion for the contact density we must use approximations: the
simplest of these approximations consists of adding to the
potential drop a contribution due to the field in the gap se-
parating the two phases:

pH(— d,/2)/pR(d./2)

=exp{ — B [pf —pl +elp® — ") —e4rad,]},

(7)

where d, is the width of the gap separating the two sides of
the system (Fig. 1) and o, the excess charge defined by

o= [ drlal) —a*1 = —f dxlqlx) — "] ()

where

glx) = Ze pilx)-

In Eq. (7) and in the rest of this paper we assume for the sake
of simplicity that u(x) =

Relation (7) is really a mean field approximation, simi-
lar to that of Ref. 1. When d; = 0, or equivalently the ions
are point charges and can approach the interface from both
sides infinitely close, then

pi(0)/pF(0) =z, ©
where

zo = exp[Bu; —pui — e;Ap)]
and

A¢ =p* — @t
which is an exact relation in any dimensionality, but has

been proven to be true for the two-dimensional OCP at re-
duced temperature 2.

Ill. DYNAMIC EQUATIONS
A. The BGY equation

The BGY equation for the left and right side of the
membrane can be written in the form'®:
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— ks T Vp,(1) =e;p,(1)Ve (1)

+zfdzp (12)Vu,,(1,2)

+;fd2p,.j(1,2)Vu?,(l,2), (10)

where p,(1) is the one-body density. p,;(1,2) is the two-body
density. Furthermore, the truncated two-body density is

pi(1,2) = p;;(1,2) — pi(1)o; (2). (11)
w;;(1,2) is the Coulomb potential, #7,(1,2) is the short range
potential and (1) is the local electrostatic potential which
satisfies the Poisson equation

a%p(1
———af‘ L= _4rlglx) —at*]

(27 for two dimensions). (12)
If the ions are of finite size, then the distance of closest ap-
proachisd,/2, and Eq. (10} is valid for x > d,/2 (right side) or
x < —d;/2 (left side).
Quantities of electrochemical interest are the excess
charge density on each side of the interface [Eq. (8)] and the
differential capacitance of the system

C, =do,/d4¢. (13)

The following contact theorem was proven in Ref. 1 for
the OCP-OCP interface:

PE—PE=[a"—a®][p(0)— Yo"+ "]

+ila" +a®]4p + &y TE [F(0) — p(0)],

(14)

where P* and P * are the bulk pressures on both sides of the
interface. We will show that Eq. (10) yields exactly the same
theorem with the bulk pressure of the approximation used to
calculate the pair correlation function. This can be done by
simple integration.'®! Let us first integrate Eq. (10) from
—d,;/2 to apoint — x,, deep inside the bulk phase L:

kaT 3 [pF — pH -

= -.f_x dx, g(x,) —L &p(xl) J_ dx, J.a'Z

12 ai' 12
x| 3 (12)% pult2) 200al]

d./2)]

L 2 2
(15)
Here we have used the fact that p;(x) =0 for x, > —d,/2.
The first term of the right hand side yields
—x P
[ a0 225~ ot o1 g (0 + L £70),
o Ix, 8
(16)

where we have used the Poisson equation (12) and
E(— ) =0 [E (x) is the local electrostatic field]. Now we
integrate Eq. (10) from d,/2 to x, and sum over i:

kaT'Y [pF — pFidi/2)]

— _ R R __ ____1_ 2 _ T
= —a* g~ g0l +-— B0 - [ ax a2

[Zp'!(l g) izl ,j( 12) +pi(1,2) au?j(’lz)'
(17)
Subtracting Eq. (17) from Eq. (15) we get
kT Slet—pt] - [ “an[a2
x| Z P =5 ”( 24 py12) ‘9"?"('”’]
X2
=a [¢(0)—¢> ]—a [p(0)— "]

e

The integral in the right-hand side of Eq. (18) can be written

zjf dxlfd2:>
—277'2[ dxl[

Xfl | dri; [pf(L2) wijlro) + piy(1,2uf(r0) ] (19)

The integrand is antisymmetric and therefore the middle in-
tegral is zero. Since we are arbitrarily far away from the
interface we can replace p, ;(1,2) by its bulk value. After some
simple transformations we see that the integral is the one in
the expression of the virial pressure:

1
R =k,T LR _ JdZ
TP 52

wij(rlz)

— X

dx, + dx2 + f

*b

dxz]x12

d du;;(r,)
X [P:'Tj(rxz) P +Pij(’12) —
12 12

where p,;(r,,) is the homogeneous density pair correlation
function. From here we get

PL—PR=aL[¢)(O)-—¢L]

+ kBTz [PzL(

For d; =0 we recover Eq. (14) which is the contact
theorem for point ions.

Combining these expressions with the discontinuity re-
lation (9) we get some interesting sum rules for the pair inho-
mogeneous correlation function: Dividing both sides of Eq.
(10) by p,(1) and then integrating from — x, toOandOtox,.
we see that

keT In[g4OVER0)]
= —edp-3 f_:bdxl p»(i.) fdz

X [Pz?;'(l:z)wi'j(’lz) +pij(1’2)u?j(rl2)] (22)
with g,(1) = p,(1)/p; so that
kpT In[g{(0)/g}(0)]
= —edo+ Pi/p; — P{/pf +1, (23)
with

‘Tz, (20)

—a®[p(0)—@®]

—d,/2) — pR(d,/2)]. (21)
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_p, RkBT__zJ-dZ

Ow, ;(r,) Aul;(r2)
3;1212 “Tia+pi;(r) 8:‘1212 ‘Iz,

I, =2n dxldxlzpj(xl)xlzf dry,

X [pf,-(ru)

X [hu(l 2)"’:;(’12) +g11(1 2)“ (r12)]
and
gij(l’z) =Pij(192)/Pi(l)Pj(2)§ hij =gi; — L
If Eq. (9) holds, then this is equivalent to
ur —ut =ksT In[p;/pf]
+ PE/pt — PR/pf + 1, (24)
This equation expresses the force balance across the inter-
face.!®?° If the bulk densities are the same on both sides then
Egs. (9) and (24) imply
I, =0. (25)
Finally we remark that the contact theorem (24) takes a

particularly simple form when the background density is
zero (ITIES):

PE—PR=k,TY [pH—d./2)—pNd./2)].  (26)

The interesting feature is that in this equation the electro-
static Maxwell tensor term of the single wall case?"** has
disappeared.

B. The WLMB equation

From the dynamic BGY hierarchy of equations we
can derive the Wertheim-Lovett—-Mou-Buff equations
(WLMB).'®2 For systems with long range forces we have'%:

dpi(l) dp (1)
o Bep,(1) ——— o,

o3 [d2ppe) Zctna, @

where C9 7#(1,2) is the short ranged part of the inhomogeneous
direct correlatlon function

CH(1,2) = C;(1,2) + Bay(ry,). (28)

This equation must be solved for the left and right sides
separately, subject to the jump condition [Egs. (5), (7), and
{9)]. By a calculation analogous to that of the previous sec-
tion we can derive a sum rule for the unknown C{;(1,2):

BLPE—PR] =5 bt —pf) = 3 [dripix)

x [ a2pe) -0, 29)

where we used Eq. (21). If relation (9) holds then we get also
Bluf —uf)= In[pf/pf]

ad
-3 [ @ axapnd dR -

Iy = {xIZ’R12}’ (30)

C?j(lvz)’

which for equal bulk densities implies

a
S [dndnp )| ara -
J X2

The WLMB equation is an exact equation but contains
the unknown function CY;(1,2). For systems with uniform
background we may simply replace this function by the bulk
direct correlation function, and because of the fact that Eq.
(31) is automatically satisfied, get quite a good approxima-
tion. Unfortunately this is not true for the general case of a
discontinuous interface.

co1,2)=0. (31

C. The Poisson-Boltzmann approximation (PB)

The simplest approximation is to ignore the effect of the
pair correlations. Then we get the PB (GC) equation:

Viglx) = — koY zviRle T — 1], (32)

where

P(x) = Peg (x)
2 g = 4Bl

VR =g /phR kR =3 pht

z; =e;/e.
K.z is the inverse Debye length and e is the elementary
charge. This equation can be integrated using the standard
trick of multiplying by 29%/9x;
ad IPpx — ;P x

o ol ISE R0 Y CRaR e T  PAEY
Integrating between x and co in the right side, and — o tox
in the left side we obtain

[ Ip(x) 1 L Sy bR ot — 7 -]
+2,[@x) -] -1} (34)
For the OCP-OCEP interface, we get
— BeE (x) = ai(x_)
ox
+‘/§{KL[e_[‘7""’_‘7’L]+¢(x)— 1] x<0
T T kg [e PR L ) — R — 1] x>0
(35)
The charge conservation condition
E(0)= —4m -0, (27 -0,in 2 dimensions) (36)
yields, together with Eq. (35) the set of equations
|o,| =2ep" /e +u— 11" (37)

|| = V2ep® /g e~ 4% +u —AF — 1'% (38)

where u = § (0) — §* and AP = Pedp.
We can establish, then, a relation between the quantities

u and A for this model:

e “[m*—e*®] + (u—1)m* — 1)+ 4§ =0, (39)
where

m? =a"/a®. (40)
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We observe that this equation is merely the contact
theorem (14) with the ideal gas pressures P“% = p“®k, T.
Clearly the contact densities are

p(0)=pe " (41)

pR(0)=pFe="+ 4%, (42)
which shows that for the OCP-OCP model the jump condi-
tion (9) is not satisfied, except when m = 1.

The asymptotic behavior of the PB approximation for
large Ag and for small A is easily obtained. For small A$

Pl =221 50 k<o) @3)
14+m
d A~ — KpX —~
Pox)= — LT LR (x50), (44)
14+m
and
L ~ . . .
eg, =——— A4 1/27 in two dimensions). (45
Beo. 4ﬁ(l+m)¢)(ﬁ ) (45)

This gives for the differential capacity at the point of
zero charge

Cp =k, /4m(1 + m). (46)

Notice that in the exact solution for the 2D case’ the
potential at the point of zero charge is zero only if the back-
ground is uniform. For large A we find

o, ~2ep" [k, VAT ) (47> 0)

o~ —\2ep" ik m| —AP) (4§ <0). (47)
(0, and A@ are of the same sign.) This yields

Cp~Bep" /247 ) (45> 0),

Cp~Be'p"/k m{ —24%) (4§ <0), (48)
which we believe is the correct asymptotic behavior of the
capacity.

IV. HNC AND MSA FOR UNIFORM BACKGROUND OCP~
ocP

Assume that cy(r,,r,) = cy{r,,) in the WLMB equation
(27). After integrating we obtain the HNC closure of the
Ornstein—Zernike (OZ) equation

(B —5" k<0
In[1+ A (x)] = «(x) [577(?‘)—51( (x>0 (49)
where
Kl =p [de, Cutrih e
=plx) =plh(x) + 1]. (50)

If & (x)is small then we can linearize the logarithm of the
left-hand side. This yields the MSA, which, clearly, is valid
only for small values of the potential drop.

A. Linear regime: The MSA equation

When A¢ = 0 and the background is uniform the sys-
tem acts as if there were no impermeable membrane. This is
so because we are dealing with point charges, and in this case
there are no position dependent forces acting on them. This

means that p(x) =constant. Hence for small Ag,
ol 1) ~€o(7y2) even in the vicinity of the interface. We con-
jecture that for the uniform background case the MSA is
asymptotically exact. Although we lack a general proof of
this statement, we show in the Appendix that this conjecture
is true for the exactly solvable case in two dimensions.

The MSA can be readily solved by Fourier transforma-
tion. We find

hik)y= — A /ik [1 —pi(k)], (51)
where

hik)= f dx e*h (x) (52)
and

ok)= f dr e*c(r); (53)
hence

~ 0 + i8 — ikx
hix)= —22 < (54
2miJ - wvis k[1—pélk)]

with 6 > 0.

Since «(x) is continuous for x = 0, we have

hR(0)—hL(0)=4p. (55)
From Eq. (54) we find that

h(—x)= —hix) (56)
and therefore

REO)= —hR(0)=145 (57)
so that the jump condition (9) is satisfied in the linear regime
zo=1-—49.

We have also

elp(0)—o*) = 47re2pJ0 dx xh (x)

= 4me’p f dx xh (x)
0
= —e[qy(O) —¢R] =%eA<p. (58)

Furthermore the contact theorem (14) is also satisfied in
the linear approximation.

In the MSA the excess charge density, and therefore the
differential capacity, are calculated in closed form;

o

o, =p dx h(x)
_ Bedg (" 1
T pJ(; KT o] 59
and
_Be [ !
o= pJ(; rsTT AT (60)

In the 2D solvable model these are the exact values for
49 =0.

If we take ¢4(k ) = O, i.e., pék ) = — «*/k ? then we re-
cover the PB resulit Eq. (32).
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B. The HNC equation

The HNC equation (49) can be solved numerically by an
iterative procedure. It is also clear that for the uniform back-
ground case the jump condition (9) is also satisfied by the
HNC. Toinsure electroneutrality during the numerical inte-
gration of the OZ equation, it is convenient to write the HNC
equation in terms of the potential.**

Adding 3%@(x)/dx* to both sides of Eq. (49), and re-
grouping the terms we get a second order differential equa-
tion
[In[1 + & (x)] — «(x) — & (x)]

_dp kz{cp(x)—pr x>0
dx? px) -t x<0
= T(x) (61)

which is integrated subject to the boundary conditions

¢"(0) =@ *(0),
(62)

x L
to yield

plx) = ——

AM

1ML

101

0 ! | [
0 1 2 3 6

FIG. 2. Potential drop vs charge for the OCP~OCP model. For m = 1: (1)
exact; (2) MSA; (3) HNC; (4) PB. Unitsaree = 1;p = 1/7

4
3
> 2L
g i
[T
[a]
0
Pl RS NI B T S I W T T
-35-30‘2520-1510 5 0 .5 101520253035

X

FIG. 3. Density profile for m = 1 and 4¢ = 5 for the OCP-OCP model;
h(x)=gx)— 1.

As a test of the accuracy of this solution we have per-
formed the numerical integration for the exactly solvable
case in two dimensions: the comparison of the approximate
theories to the exact result obtained in Ref. 1 for the charge
o, as a function of the potential drop A¢ is shown in Fig. 2.
The agreement is really good for large potential drop. In Fig.
3 we compare the density profiles /4 (x) of the HNC to the
exact result for Ap = 5: at the scale of the figure the results
are indistinguishable from the exact values. The contact val-
ues are prnc(0) = 1.617, pExacr(0) = 1.602; pfinc(0)
=1.173X 1072, pRyacr(0) = 1.080X 102 For large po-
tential drop the approximate and exact curves become paral-
lel, which means that the slope (which is the differential ca-
pacitance) must be the same, and also equal to the result of
the PB equation. The PB is really not a bad approximation,
although it is certainly worst for low couplings.
Notice also that for the uniform background case Eq.
(39) has the simple solution

u=1n "A‘Pfl], (64)
which yields
_ i A@ _ A@ _ 172
o = 82 ()]

It is amusing to note that the PB contact values are the exact
ones for this case,!

AP Z
L0)= ¢ __ 9 Inz,
p-(0) Par_1 P %
AG 1
R(0) = A In z,,. 66
P*(0) e P % (66)

APPENDIX: THE EXACTLY SOLVABLE CASE IN THE
LINEAR REGIME

From Ref. 1 we know that the exact density for x > 0 is
i — e+ xJ2p
2 f dr e
w2 ) erfe(t) + z, erfe( — )
where erfc(t ) is the complementary error function and the

plx) = (A1)

density is p = 1/7. In the linear regime
Zo=1—24¢/¢; (A2)
hence
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p(x) - 1/7r’!/2f dte—(t+x\/5)’[1 + _Aierfc( — [)]
fw e

- 1/7[1 n —A—gerfc(x)]. (A3)
e
Similarly for x < 0 we find
plx)=1/m[1— Ag /e erfc{ — x)]. (Ad)
This gives for the Fourier transform of 4 (x)
hik)=242; f dx erfelx)sin kx
e )
= _He -y (AS)
e
But (Ref. 25),
pelk)=e = 7*/(e= k7% —1) (A6)
so that
b= =24 _ 1 (A7)

ik e 1—pék)
which is the solution of the MSA equation (51).
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