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Random Planar Mag Conformal Map
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[Courtesy of N. Curien]
Left: A random triangulation of the sphemRight: Conformal map to the sphere.

In the continuum scaling limit_iouville Quantum Gravity
A.M. Polyakov '81
(See alsal. Teschneés talk)



Random Planar Maps &tatistical Models

Percolation hull§Courtesy of N. Curien].



LIOUVILLE QG
RANDOM MEASURE
u="e"dz
o



Gaussian Free Field (GFF)

[Courtesy of J. Miller]

Distribution hwith Gaussian weighéxp[—3(h,h)g], and
Dirichlet inner product in domainD

(f1. )y = (2n)—1/DDf1(z)-mf2(z)dz
— COV((h,fl)D,(h,fz)D)



LIOUVILLE QUANTUM MEASURE
NNt /2
by = lim explyhe(2)| e /“dz

wherehs(z) is the GFF average on a circle of radajs
converges weakly foy < 2 to a random measure, denoted by
evh(2) gz

[Hoegh-Krohn '71; Kahane '85; D. & Sheffield '11]

Fory = 2, therenormalized one,

Viog(1/e) |explyhe(2)] /2| dz

converges, as— 0, to a positivenon-atomiaandom

measure.
[D., Rhodes, Sheffield, Vargas ’14]



O(n) model on a Random Planar Map

A disk triangulationc, and its local weights(= 1 here).

2=y u/Ow(c), w(C) =n"ghh®,
C

the sum runs over all configuratiogsof a disk of fixed perimete¥; u is
an auxiliary weight pevertex, V(¢ ) denotes the number of vertices of
the map ofc (volumeg; Ty, T, are the numbers of empty or occupied
triangles; the number dbops £ of ¢ is weighted byn € [0, 2].



Phase diagram and critical loci
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Qualitative phase diagram of tki¥n) loop model G € [0,2]) on a

random map. Fou = 1, a line of critical points separates the subcritical
and supercritical phase. Critical points may be in threkegght
universality classeggeneric(pure gravity ), dilute anddense



Random Map Nesting Theorem[Borot, Bouttier, D. '16]

Fix (g,h) andn € (0, 2) such that the model reachediaute ordense
critical point for the vertex weight = 1. In the ensemble of random
pointed disks of volum¥ and perimeteL, the probability distribution of
the numbemr( of separating loopsbetween the marked point and the
boundary behaves as:
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|V L = 4 (InV)~2v - 7P (sphers,

[9\[ _C'va|v = vze} < (InV)~2v-=23P) (disk),

wherel > 0 is fixed, and IV > p, and.:

J(p) = pIn <§ P > + arccot p) —arccosn/2).

n ,/1_|_p2

with ¢ = 1 (dilute), c=1/[1— L arcco 5)] (densd, which decreases
from 2 to 1 am increases from O to 2.



Large Deviations Function

J(p)

J(p) for n= 1 (blue), n= /2 (Ising,green andn = /3 (3-Pottsprangs.



The Conformal Loop Ensemble (CLE)
[Sheffield ‘09, Sheffield & Werner '12]

The criticalO(n)-model on a regular planar lattice is expected to converge
In the continuum limit to SLE/CLE, for

K € (8/3,4], dilutephase

n=—2cos(41/k), ne (0,2,
K € [4,8), densephase

(Loop-erased random walk & spanning trgeawler, Schramm, Werner]|
Ising & percolationfSmirnov] GFF contour linegSchramm-Sheffield)
The same is expected in the critical dilute or dense phasaamdom
planar map, the random area measure being in the scaling limit the
Liouville quantum measure for

y=min{vk,4/VK}.



Nesting in the Conformal Loop Ensemble (CLE)

Nz(€) is thenumber of nested loopsof a CLE,, K € (8/3,8) surrounding
the ballB(z <) in the unit disk.



Extreme nesting in CLIwiller, watson & Wilson '14]
Let Az(€) be the number of loops of a CkEk € (8/3,8)
surrounding the baB(z ¢), and®, the set of pointz where

l@o%(a)/ln(l/a) = V.

dim, ®, =2 — (V)
Ve (V) =VAL(L1/V),Vv > 0; A(X) :=sup(AX—Ag(A))
AER

— Cos(4n/ K)

" cos(m/_ 57+ 2}

Moment generating function of the loop log-conformal rajGardy &
Ziff '02; Kenyon & Wilson '04; Schramm, Sheffield & Wilson 'q9

Ak(A) =




Large Deviations
Euclidean case: for a ball of radigs

P(2G ~vin(1/e) |e) = P(AG ~ vt|t) = V) = expl—ty(v)].

Liouville Quantum Gravity:

t:=—Ing; A:=—y 1Ing, 6::/ Ky (quantum ball
B(zeg)

Conditioned ord, hencéA, perform the convolution
Po (G|A) = | P(2GIt)PEAN:,

whereP(t|A) is theprobability distributionof the random
Euclidean log-radius, given the quantum log-radiua.



Probability Distribution(y = 1/8/3) [A=2; 20, 209
AR()

= 1/A

t=—Ing, A=—y tInd, 6:/ Ly
B(ze)

P(t|A) = \/% exp [—% (A ayt)2]
ay:=2/y—y/2




Large Deviations
t=—Ing, A= —y ‘logd (quantum bal,
N ~—-vIing=vt, A’ = —plnd=ypA
It impliesv = ypA/t.

Py (Az~ ypA|A) ::/O P (A ~ ypA = vt|t)P(t|A)dt

The asymptotic result above then yields, for> 4o,

©° dtA A—at)?
Pq (Az =~ YPA|A) = ] W@@(—( 2ty) —vK(V)t>

= exp—AO(p)| (saddle point att constant

O(p) is the large deviation function for the loop number
around ad-quantum ball scaling aglog(1/9).



Liouville Quantum Large Deviations
In the plane, the Legendre transform gave

1 ONAk(A
V(W) = A —VA(N), = 5)5 ).
In Liouville Quantum Gravity
1 0Nk (N)

O(p) = Uy 1(A/2) — pA(D), P oULA/2)
Y

whereU, *(A/2) := (\/a$ + 2\ —ay) /yis theinverseKPZ
function, with

y=min{vk,4/vk}, ay=2/y-y/2



Nesting in Liouville Quantum Gravity

Theorem [Borot, Bouttier, D. '16]

The quantum nesting probability ofGLE, in a simply connected
domain, for the numbex/, of loops surrounding a ball centeredzatnd
conditioned to have a given Liouville quantum adte#as the large
deviations form,

Po (2~ %{ In(1/3) \ 5) = 55P, 50,

wherec andJ are the same as in the combinatorial result obtained for the
critical O(n) modelin the scaling limit ofiarge random maps



CLE on the Riemann spheg@mppainen & Werner '14]
Theorem [Borot, Bouttier, D. '16]

The nesting probability ICLE, (C) between two balls of raditeg andes
and centered at two distinct punctures, has the large a@avsaform,

PCaC (e1,82) ~VIN(1/(e162))] = (e262)*Y), V>0, e1,62—0.

whereyg (V) is the large deviations function of the disk topology.
Corollary

The nesting probability iﬁ:LEK(@) between two balls of same radigis
and centered at two distinct punctures, has the large aavsaform,

PC (¢ (e,8) mvin(1/e)) < %M, v>0, €0,

whereyi (V) is related to the disk large deviations function by

AN

Yk (2v) = 2y« (V).



Riemann sphere
Theorem [Borot, Bouttier, D. '16]
On the Riemann sphe@ the large deviations functiod® which governs
the quantum nesting probability between two non-overlagptquantum
balls, .

PC (A ~ pIn(1/8)[8) < &%), &0,

IS related to the similar functio® for the disk topology by
©(2p) = 20(p),
So that
& cp c
pC (N ~ = In(1/9) \ 5 o) — 5r(P),

wherec andJ are the same as before.

Perfect matchingof LQG results forCLE, with those for theD(n)
model on arandom planar map, with the correspondence« 1/V,
withd — 0,V — +oo,
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