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Liouville Propagator



eiLt is Unitary

df (�, t)
dt

=
! f (�, t)

! t
+ iLf (�, t) = 0

��t = ��0

Some Properties of Liouville Operator

L = �i { . . . , H } is Hermitian

Liouville Theorem

f (! , t) = f (! , 0)

Time Reversible

e! LteiLt = eiLte! iLt = öI



Reversible	
  and	
  SymplecEc	
  Integrators	
  

iL = ẋ@/@x+ F (x)@/@p = iL1 + iL2

ei(L1+L2)t = (eiL1t/2P eiL2t/P eiL1t/2P )P +O(t3/P 2)
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Trotter Factorization of Propagator:

Single Time Step Propagator Propagator:

Time Reversibility:

ei(L1+L2)�t = eiL1�t/2eiL2�teiL1�t/2 +O(�t3)

Preserves measure in phase space.



iL = ẋ@/@x+ F (x)@/@p = iL1 + iL2

ea@/@yf(y) = f(y + a)
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This is the Velocity Verlet Integrator (Andersen)
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ẋ(�t)

�
=


x(0) + �t

2 [ẋ(0) + ẋ(�t)]
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We call this the position Verlet integrator (Berne et al 1992)

Another Time Reversible MD Integrator
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 Long and Short Range Forces 
 
 
 

S(R)

Rc

F(R)

 
F(R) = S(R)F(R) + [1 - S(R)]F(R) 

 
 

Fs(R) = S(R)F(R) 
 

 
Fl(R) = [1 - S(R)]F(R) 

 
 

F (R)s

F (R)l
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Reversible RESPA with long range force

Subdivision of Forces

Subdivision of Liouvillian

Propagator

where �t = n! t

eiLs

�t =
⇣
e

�t

2 F

s

@

@p e! t úx @

@x e
�t

2 F

s

@

@p

⌘
n

F (x) = Fs(x) + Fl (x)



v  v + F

( l ) �t
2m

do i = 1, n

v  v + F

(s) �t
2m

x  x+ v �t

v  v + F

(s) �t
2m

end do

v  v + F

( l ) �t
2m .

Short and Long Range Force Breakup



Ewald with RESPA

Separate the real-space andk-space parts ,

V el
ij = V rs

ij + V ks
ij ,

V rs
ij = (1 ! �ij ) qiqj

erfc(rij )
rij

V ks
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Use rRESPA split:

F(f )
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F(s)
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ij ,

This is reasonable but not best split.



Systems consisting of high frequency oscillators coupled to low frequency 
oscillators or slow baths,’ and systems consisting of massive (slow moving) 
particles interacting with light (fast moving) particles.  

Disparate Mass System

System is subdivided into fast and slow degrees of freedom labeled x 
and y, respectively. 
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where �t = n! t

Systems with fast and slow degrees of freedom
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Propagator

Subdivision of Liouvillian
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Disparate Mass System



J. Chem. Phys. 97, 199-2001 (1992) 

M/m = 100



The unnormalized velocity correlation functions as a function of time 
for the light particles and for the heavy particles in the LennardJones 
mixture for RESPA (solid line), velocity Verlet (dashed line), and for 
TJMTS (dash-dot line).  
 
Cannot tell difference between v-Verlet and RESPA! 

simulation of a mixture of Lennard-Jones spheres consisting of 824 
heavy spheres of mass M = 100 and 40 light spheres of mass m = 1. 
the two time scales are   �tf =

q
m1�2

1 / ✏1 and �ts =
q

m2�2
1 / ✏2

light heavy 



The mean-square for the light for 
RESPA (solid line), velocity Verlet 
(dashed line), TJMTS (dash- dot 
line), and for motion of the light 
particles in a fixed heavy particle 
matrix 

The mean square displacement for the 
heavy particles as computed by RESPA 
(solid line) and TJMTS (dashed line). 

For light particles DVerlet= 2.00x10-2, DRESPA = 2.00x10- 
 
For heavy particles D = 1.72x10-2.  
 



Free	
  Energies	
  from	
  Thermodynamic	
  
Cycles

ΔΔGbinding   = ΔG2 – ΔG1 
    = ΔGB – ΔGA 

 

A	
  

B	
  

1	
   2	
  



Example	
  1:	
  structural	
  reorganizaEon	
  in	
  protein	
  upon	
  ligand	
  binding	
  
	
  	
  	
  (induced	
  fit	
  effect)	
  

Nonpolar	
  binding	
  pocket	
  of	
  T4L/L99A	
  
Key	
  residue	
  Valine	
  111	
  

ConformaEon	
  of	
  Val_111	
  
Apo:	
  trans	
  
Binding	
  complexes	
  of	
  small	
  
ligands:	
  trans	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  e.g.:	
  Benzene,	
  toluene	
  
Binding	
  complexes	
  of	
  larger	
  
ligands:	
  gauche	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  e.g.:	
  p-­‐xylene,	
  o-­‐xylene	
  



Example	
  2:	
  structural	
  reorganizaEon	
  in	
  ligand	
  upon	
  alchemical	
  transiEon	
  

CDA	
  

CDB	
  

The	
  pyridine	
  ring	
  flips	
  with	
  the	
  addiEon	
  of	
  the	
  methyl	
  group.	
  
CDA/complex:	
  F-­‐out	
  
CDB/complex:	
  F-­‐in	
  

Thrombin	
  



Free	
  Energy	
  PerturbaEon:	
  The	
  Abstract	
  λ-­‐
Coordinate	
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Free Energy Perturbation (FEP) 

λ=0 λ=λ1 λ=λm-1 λ=1 λ=λm/2 
… … 

The ligand and the protein 
residues surrounding the 
binding pocket 

For example: E(�) = (1� �)EA + �EB

Thermodynamic axis, alchemical transition



U1(x)	
  

U2(x)	
  

ΔF1	
   ΔF2	
  
ΔF	
  

Quasi-­‐nonergodicity	
  problem	
  in	
  brute	
  Force	
  FEP	
  

e! ! (F2! F1) = he! ! (U2! U1) i1



T4 
T3 
T2 
T1 
T0 

Temperature Replica exchange methods (TREM) 

n !
!

f

P(X m; ! m)P(X n; ! n)T(m ! n) = P(X n; ! m)P(X m! n)T(n ! m)

T(m ! n)
T(n ! m)

=
P(X n;�m)P(X m;�n)

P(X m;�m)P(X n;�n)
= e��nm

! nm = ( �m � �n )(E (X n ) � E(X m )) = ! �! E

Tm 

ordinary 



E4 
E3 
E2 
E1 
E0 

Replica Exchange with Solute Tempering (REST) 

Tm 

REST 

Note: The w-w interaction doesn’t appear

Wang, Lingle; Friesner, R. A.; Berne, B. J.  JPCB, 115, 943, L.; 1–9438, 2011 
Liu P., Kim B., Friesner R.A., Berne B.J., PNAS 2005, 13749-13754 

 

P(X m ; ! m )P(X n ; ! n )T (m ! n) = P(X n ; ! m )P(X m ! n )T (n ! m)

T (m ! n)
T (n ! m)

=
P(X n ; ! m )P(X m ; ! n )
P(X m ; ! m )P(X n ; ! n )

= e! ! nm

β1	
  

β0	
  

T m !"!" Eww



(a) In TREM high T replicas are unfolded and low temp replicas remain
folded, thus no exchange between high and low temp replicas.

(b) In REST the high temperature replicas fold and unfold and there is very
e! cient replica exchange up and down the ladder.

Em
T m!1

!" Eww

(c) In REST a much smaller number of replicas needed compared TREM.

(d) REST is excellent for ligand binding especially when combined with FEP.

ΔE	
   ΔE	
  



λ=0 
Th=T 0 

RESPA/REST 

λ=λm/2 
Th=T h 

λ=λ1 
Th=T 1 

λ=λm>Ù1 
Th=T 1 

λ=1 
Th=T 0 

A B 
alchemy 

λ=0 λ=1



Combination of REST into FEP: FEP/REST 

λ=0 
T=T0 

λ=λ1 
T=T1 

λ=λm-1 
T=T1 

λ=1 
T=T0 

λ=λm/2 
T=Th 

… … 

Thermodynamic axis, alchemical transition 

Increasing the “temperature” of the hot region 

The ligand and the protein residues 
surrounding the binding pocket are 
in the hot region, the rest of the 
system stay cold. 

Lingle Wang, Richard A. Friesner, and B. J. Berne, On achieving high accuracy and reliability in the calculation of relative protein-ligand binding affinities, 
Proc. Nat. Acad. Sci. USA, 109, 1937-1942 (2012) 



Accurate and Reliable Prediction of Relative Ligand Binding Potency in 
Prospective Drug Discovery by Way of a Modern Free-Energy Calculation 

Protocol and Force Field 
Lingle Wang et al, J. Am. Chem. Soc. 2015, 137, 2695−2703  
 

Here, we report an approach that achieves an unprecedented level of accuracy across a broad 
range of target classes and ligands, with retrospective results encompassing 200 ligands and a wide 
variety of chemical perturbations, many of which involve significant changes in ligand chemical 
structures. In addition, we have applied the method in prospective drug discovery projects and found 
a significant improvement in the quality of the compounds synthesized that have been predicted to 
be potent. Compounds predicted to be potent by this approach have a substantial reduction in false 
positives relative to compounds synthesized on the basis of other computational or medicinal 
chemistry approaches. Furthermore, the results are consistent with those obtained from our 
retrospective studies, demonstrating the robustness and broad range of applicability of this 
approach, which can be used to drive decisions in lead optimization. 
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