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Introduction

Logarithms in critical phenomeana

@ Scale invariance =- correlations are power-law or logarithmic
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Introduction

Logarithms in critical phenomeana

@ Scale invariance =- correlations are power-law or logarithmic
@ Two possibilities for logarithms:
@ Marginally irrelevant operator:
Gives logs upon approach to fixed point theory.
@ Dilatation operator not diagonalisable:
Logs directly in the fixed point theory.
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(2) Non-diagonalisable dilatation operator

@ Happens when dimensions of two operators collide
@ Resonance phenomenon produces a log from two power laws
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(2) Non-diagonalisable dilatation operator

@ Happens when dimensions of two operators collide
@ Resonance phenomenon produces a log from two power laws

Cf. Frobenius method for solving second-order differential equations.

When the two roots of the indicial equation collide, a log is produced in
one solution.
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(2) Non-diagonalisable dilatation operator

@ Happens when dimensions of two operators collide

@ Resonance phenomenon produces a log from two power laws

Cf. Frobenius method for solving second-order differential equations.

When the two roots of the indicial equation collide, a log is produced in

one solution.

Where do such logarithms appear?
@ CFTwithec=0 [Gurarie, Gurarie-Ludwig, Cardy, ...]

e Percolation, self-avoiding polymers (¢ — 0 catastrophe)
@ Quenched random systems (replica limit catastrophe)

() Logarithmic minimal models [Pearce-Rasmussen-Zuber, Read-Saleur]

@ For any d < d,, the upper critical dimension
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Logarithms and non-unitarity [ 1999]

Standard unitary CFT

@ Expand local density ®(r) on sum of scaling operators (r)

@(e(0) ~ Y 0

Ul

@ Aj o 6; by conformal symmetry (royakov 1970]
@ A; > 0 by reflection positivity
@ Hence only power laws appear
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Logarithms and non-unitarity [ 1999]

Standard unitary CFT
@ Expand local density ®(r) on sum of scaling operators (r)

@O ~ Y ks

Ul

@ Aj x d; by conformal symmetry (eolyakov 1970)
@ A; > 0 by reflection positivity
@ Hence only power laws appear

| \

The non-unitary case
@ Cancellations may occur
4 SUppOSG Ajj ~ _Ajj — oo with A,','(A,' — Aj) finite
@ Then leading term is r—22ilog r

v
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Geometrical models

Q-state Potts model

@ Definition interms of spins o; =1,2,...,Q

z=3" ]

{o} (iNeE

@ Reformulation in terms of Fortuin-Kasteleyn clusters
Z=> @WE 1A
ACE
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Geometrical models

Q-state Potts model

@ Definition in terms of spins 0; =1,2,...,Q (colours)

z=3" ]

{o} (iNeE

@ Reformulation in terms of Fortuin-Kasteleyn clusters (black)
Z=> @WE 1A
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Geometrical models

Q-state Potts model

@ Definition in terms of spins 0; =1,2,...,Q (colours)

z=3" ]

{o} (iNeE

@ Reformulation in terms of Fortuin-Kasteleyn clusters (black)
Z=> @WE 1A
ACE

US & UAAACHNC
2 ®®Ec§‘>’é
210 O e
@ Here shown for Q = 3 e

@ The limit Q — 1 is percolation SO

>
@ Surrounding loops (grey) satisfy IB@(Is boE==20¢
the Temperley-Lieb algebra &%&&?@E&gﬁ %&55

(A )
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Logarithmic correlation functions for 2 < d < dj.

Reminders

@ 2 and 3-point functions in any d from global conformal invariance
@ This is supposing only conformal invariance!

@ Extra discrete symmetries must be taken into account as well

@ Physical operators are irreducible under such symmetries (caray 199)

o O(n) symmetry for polymers (n — 0)
e S, replica symmetry for systems with quenched disorder (n — 0)

.
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Logarithmic correlation functions for 2 < d < dj.

Reminders
@ 2 and 3-point functions in any d from global conformal invariance
@ This is supposing only conformal invariance!

@ Extra discrete symmetries must be taken into account as well
@ Physical operators are irreducible under such symmetries (caray 199)

o O(n) symmetry for polymers (n — 0)
e S, replica symmetry for systems with quenched disorder (n — 0)

| A,

Correlators in bulk percolation in
@ 2 and 3-point functions in bulk percolation
@ Limit Q — 1 of Potts model with Sg symmetry
@ Structure for any d; but universal prefactors only for d = 2
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Symmetry classification of operators

@ N-spin operators irreducible under Sg and Sy symmetries
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Symmetry classification of operators

@ N-spin operators irreducible under Sg and Sy symmetries

Operators acting on one spin

@ Most general one-spin operator: O(r;) = O(o}) = 2221 Oaba,0,

1 1
63,0’[ — 6 + <5a,0',' - 5)
reducible ~ —

1nvariant 4,03(0',‘)

@ Dimensions of representations: (Q) = (1) & (Q—1)

o Identity operator 1 = 3" _ 64,
o Order parameter (o) satisfies the constraint >, pa(ci) =0
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Operators acting on two spins

@ Q x Qmatrices O(r;) = O(0j,07) = 94 251 Oavdac,0b,,
@ The Q operators with o; = o; decompose as before: (1) © (Q — 1)

@ Other 241 operators with g; # o;: (1) +(Q — 1) + (M)
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Operators acting on two spins

@ Q x Qmatrices O(r;) = O(0j,07) = 94 251 Oavdac,0b,,
@ The Q operators with o; = 0; decompose as before: (1) & (Q — 1)

@ Other ( 1) operators with o; # oii (1) +(Q—1)+ (M)

Easy representation theory exercise
E= 50,-7501' =1- 50,-,0',-
Ga = 50,-750,' (‘Pa(o'i) + 903(01'))

wab = 50,‘,350/-713 + 50,-,b50,-,a -

2

¢a+ ¢b) — 55— E

-2l QQ 1)

v
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Operators acting on two spins

@ Q x Qmatrices O(r;) = O(0j,07) = 94 251 Oavdac,0b,,
@ The Q operators with o; = 0; decompose as before: (1) & (Q — 1)

@ Other ( 1) operators with o; # oii (1) +(Q—1)+ (M)

Easy representation theory exercise
E= 50,-7501' =1- 50,-,0',-
Ga = 50,-750/ (‘Pa(o'i) + 903((7]))

wab = 50,‘,350/-,b + 50,-,b50,-,a -

2
m(%-i-(ﬁb)— mE

@ Scalar E (energy), vector ¢, (order parameter) and tensor ¢4

@ Highest-rank tensor obtained from symmetrised combinations of
0’s by subtracting suitable multiples of lower-rank tensors

e Constraint 9 , ¢, = 0 and > a(£b) Dap =0

v
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General decomposition of symmetric N-spin operators

= in: [ X
@ N=1spin: [TT] HEBu

= ins: (T T1] (I 1]
o N Zsplnsuuu@u @m

@ Rank-k tensor corresponds to k = 0,1,..., N boxes in second row
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General decomposition of symmetric N-spin operators

@ N=1spin: (I TT-11]& [IT-T]

]
@ N=2spins: [(IT1 -1 & [T & ]I T]
N spins @U @Lu
@ Rank-k tensor corresponds to k = 0,1,..., N boxes in second row

General decomposition of N-spin operator

@ Require all spins to be different (or take N = #different spins)
@ Any Young diagram with Q boxes, of which > Q — N in first row
@ Boxes beyond the first row determine the Sy symmetry of spins
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General decomposition of symmetric N-spin operators

@ N=1spin: (I TT-11]& [IT-T]

]
@ N=2spins: [(IT1 -1 & [T & ]I T]
N spins @U @Lu
@ Rank-k tensor corresponds to k = 0,1,..., N boxes in second row

General decomposition of N-spin operator

@ Require all spins to be different (or take N = #different spins)
@ Any Young diagram with Q boxes, of which > Q — N in first row
@ Boxes beyond the first row determine the Sy symmetry of spins

Poles for Q =10,1,2,...

@ What does this mean, and how do we cure these divergences?
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Geometrical interpretation in terms of FK clusters

One-spin results

{I(r)1(0)) =1,

(ealr)on0) = 5 (a0 = 5 ) P (D |
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Geometrical interpretation in terms of FK clusters

One-spin results

) IO) =1,
(palrhonlO) = g (G20 - ) P (D .

@ In general we do not know exactly (even in d = 2) the probability

P (D that the two spins belong to the same FK cluster.

@ But its large-distance asymptotics is predicted from CFT.
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Two-spin results

<E(r)E(0)>=(QC‘,1> ( ()H@ | )+QP< )
(6a(r)6e(0)) = Qof(aab z) (QC‘, <[.)+2P (H))

<72ab(r)7zcd(0)> o3 <5acdbd + daddbc —

.

2(5ac + Opd + 0ad + Ibc)
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Two-spin results

o5 00) ) 550)
0a()06(0) = 222 (d00 - 5) <QQZP <[ ) +2p (H))

<72ab(r)720d(0)> o3 (5305bd + daddbc —

Q-
(Q 2)0 ()

2(5ac + Opd + 0ad + Ibc)

Physical interpretation
@ For highest-rank (k = N) tensor makes N clusters propagate
@ In 2D equivalent to 2/N-leg watermelon operator (cf. Coulomb gas)
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Continuum limit

Energy operator ¢; = E — (E), with E = §,,,,., invariant

((ne(0)) = (Q— NAQ)r 224,
@ All correlators of ¢; vanish at Q = 1 (true already on the lattice)
@ In 2D: exponent A.(Q) = d — v~ known exactly
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Continuum limit

Energy operator ¢; = E — (E), with E = §,,,,., invariant

((ne(0)) = (Q— NAQ)r 224,
@ All correlators of ¢; vanish at Q = 1 (true already on the lattice)
@ In 2D: exponent A.(Q) = d — v~ known exactly

Two-cluster operator ¢ (0}, 7j41)

. . 2A(Q 1
(Van(r)eq(0)) = 2AQ) dacObd + addbe — (0ac + dad
Q2 Q-2
2
Sp + 6 2009
+ bC+ bd)+(Q1)(Q—2))X 9
CFT part
@ In 2D: exponent A, = % known from Coulomb gas

v
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Percolation limit Q — 1

Avoiding the Q — 1 catastrophe

@ The “scalar” part of (¢a5(r)eq(0)) diverges
@ ButA,=A.=3atQ=1in2D

e And actually & df;, .. =v ' forall2 < d < d,.. conigio 1982
@ So we can cure the divergence by mixing the two operators:

Fap(r) = Danlr) + ﬁsm.
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Percolation limit Q — 1

Avoiding the Q — 1 catastrophe

@ The “scalar” part of (¢a5(r)eq(0)) diverges
@ButA,=A.=3atQ=1in2D

e And actually & df,, .. =v 'forall2 <d < d,.. wcongio1ss2
@ So we can cure the divergence by mixing the two operators:

&ab(r) = 7/A)ab(r) +

2
a@-1"

Using (¢ape) = 0, we find a finite limit at Q = 1

(Pan(r)bea(0)) = 2A(1)r=>/2 (8ac + Sad + dbe + dbd + JacObd + daddbe)

2\/§r—5/2
7T

+4A(1) x logr,

where we assumed that A(1) = A(1).

v
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Where does the log come from?

1 “2A.(Q) _ —205(Q) d(Ap — A,)

@ We need 2D only to compute this derivative (universal prefactor)

r=5/2logr
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Where does the log come from?

1 _2A.(Q) _ ,—205(Q) d(Az — A) _5/2
0_1(r —r > 27dQ o:1r log r

@ We need 2D only to compute this derivative (universal prefactor)

v

Geometrical interpretation of this logarithmic correlator?

@ Idea: Translate the spin expressions into FK cluster formulation

@ In addition to the above results, it follows from the representation
therry that A A
(evab) = (e¢a) = (Yavdc) = 0, and also (Yap) = (da) = (¢) = 0.
@ All correlators take a simple form in terms of FK clusters

Jesper L. Jacobsen (LPTENS) Logarithmic correlations 113th SMC, May 2015 15/20



Recall that:

~ N

<¢ab(0i1,0i1+1 )"pcd(Uig,UigH )> (&8 ]P)Z(r =n - r2)‘

ip i+l

iy i+l

Jesper L. Jacobsen (LPTENS)

Po(ry —r2) =
(i1,i +1) ¢ same cluster
P | (io,lp+ 1) ¢ same cluster
two clusters 1 — 2

This probability should thus behave as
Y
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@ Recall also the divergence-curing combination

~ ~ A 2
Vab(ri) = thav(0i; 0iv1) = Yav(0i; oir1) + mt?(ffi, Oit1)
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@ Recall also the divergence-curing combination

- - A 2
Vab(li) = Vav(0is 0it1) = Yap(oi, oig1) + m«g(ai, Oit1)

@ Expression in terms of simple percolation probabilities

P2:P< [),P1 :IP)([.>,Po:P<..>,andP¢EP(0’,‘7§UI+1)
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@ Recall also the divergence-curing combination

~ ~ A 2
Yab(ri) = Yav(0i, 0iv1) = hav(0i, 0iv1) + mdai, Tjt1)

@ Expression in terms of simple percolation probabilities

PZZP( [),P1 :IP’G.),IP’O:IP’<”>,andIP’¢:IP’(a,-7éa,'+1)

Exact two-point function of ¢, at Q = 1

($ab(r1)Pca(r2)) = 2 (6ac + Sad + Obc + Obd + SacObd + daddbe) X Pa(r)
+ 4 |Po(r) + P4(r) — 2P,(r) — P5
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Putting it all together

Exact two-point function of ¢, at Q = 1

(Vab(r)hed(r2)) = 2 (Sac + dag + Obc + dbd + dacdbd + Saddbe) X Pa(r)
+ 4 |Po(r) + P4 (r) — 2P,(r) — PZ| .
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Putting it all together

Exact two-point function of ¢, at Q = 1

(Yab(r1)Pca(r2)) = 2 (6ac + Sad + Sbe + b + SacObd + daddbe) X Pa(r)
+4 [Po(r) Py (r) — 2Po(r) — Pg‘é} :

v

Reminder: CFT expression

(Pab(r)beda(0)) = 2A(1)r=>/2 (8ac + Sad -+ dbe + Sbd + dacObd + daddbe)
2\/_ —5/2

+4A(1)— x log r,
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Comparison with the CFT expression yields geometrical interpretation

_Po(N+Pi()-P2 243

F(r)= Ba) ~ -

universal

logr,
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Comparison with the CFT expression yields geometrical interpretation
_Po(N+Pi()-P2 243

F(r)= ~ log r,
(" Po(r) w0
universal J
Numerical check

O 300x300
4r o 200x200

25 3

0.5 1 1.5

2
log r

v
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Conclusion

@ Logarithmic observables in Potts model for 2 < d < d.
@ Occursforall Q=0,1,2,...
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@ Prediction of logarithmic structure for any d
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Conclusion

@ Logarithmic observables in Potts model for 2 < d < d.
@ Occursforall Q=0,1,2,...

@ Prediction of logarithmic structure for any d

@ Universal prefactor given by derivative of critical exponents
@ Hence only explicit values in d = 2
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Conclusion

@ Logarithmic observables in Potts model for 2 < d < d.
@ Occursforall Q=0,1,2,...

@ Prediction of logarithmic structure for any d

@ Universal prefactor given by derivative of critical exponents
e Hence only explicit values in d = 2

@ Logarithmic dependence can be checked numerically
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Conclusion

@ Logarithmic observables in Potts model for 2 < d < d.
@ Occursforall Q=0,1,2,...

@ Prediction of logarithmic structure for any d

@ Universal prefactor given by derivative of critical exponents
e Hence only explicit values in d = 2

@ Logarithmic dependence can be checked numerically
@ Classification of all (Sg, Sy) operators (cf. Young diagrams)
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