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Introduction

The study of the statistical properties of random matrices of large size has

a long history. For example,

Wigner used Gaussian ensembles to describe statistically the spectrum of

complex Hamiltonians and derived the famous semi-circle law.

’t Hooft noticed that, in SU(N) non-Abelian gauge theories, tessalated

surfaces can be associated to Feynman diagrams and that the large N ex-

pansion is an expansion in successive topologies.

Later, some ensembles of random matrices in the large size and the so-

called double scaling limit were used as toy models for 2D quantum gravity

coupled to conformal matter and string theory or as examples of statistical

models on some random surfaces.

This has resulted in a tremendous development of random matrix theory,

tackled with increasingly sophisticated mathematical methods and number

of matrix models have been solved exactly.



However, many matrix problems remain unsolved.

Since the solved models exhibit critical points and universal properties,

it is tempting to try renormalization group (RG) ideas with the goal of

determining universal properties, without solving models explicitly (Brézin,

Zinn-Justin).

In this spirit, equations can be written corresponding to a recursive in-

tegration over components of matrices. However, to solve these equations,

even in the large N limit, an approximation scheme is required.

We describe here a new approximate RG implementation. Intriguingly

enough, in all cases (vector integrals, matrix integrals, matrix path or field

integrals in the local approximation), at leading order for large N , RG fixed

points are determined by the same universal algebraic equation.
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One-Hermitian matrix models and random surfaces: a summary

One considers an integral over N ×N Hermitian matrices M of the form

eZ(N,V ) =

∫

dM e−N trV (M), V (M) = 1
2M

2 +
∑

k=3

gk
k
Mk.

The expansion of Z(N, V ) in powers of the gk’s generates a sum of connected

fat Feynman diagrams whose duals are connected tessalated surfaces.

Moreover, Z(N, V ) has the large N topological expansion

Z(N, V ) = N2Z0(V ) + Z1(V ) +
1

N2
Z2(V ) + · · · =

∑

h=0

N2−2hZh(V ),

Zh(V ) being the sum of all surfaces of genus h.

For example, to

V (M) = 1
2M

2 + 1
3g3M

3,

are associated triangulated surfaces and if all triangles have a unit area, the

term of order gn3 is the sum of surfaces of area n.



Fig. 1 Matrix propagator trM3 three-point vertex.

Fig. 2 trM3: duality and triangulated surface.



Continuum limit: the cubic example

The function Z0(g = g23) can be calculated, for example, by diagonalizing the

Hermitian matrices, M = U†ΛU, integrating over unitary transformations

U and evaluating the integral over eigenvalues Λ by the steepest descent

method.

For the cubic example, one finds a critical value gc = 1/12
√
3 of g where

Z0(g) is singular,

Z0,sing.(g) ∝ (g − gc)
2−α.

The specific heat exponent α (called string susceptibility and denoted γ in

the string terminology) is here α = −1/2. At gc the average surface area

A = 〈n〉 = ∂ lnZ0,sing.(g)

∂g
∝ 2− α

g − gc
,

diverges, allowing to define a continuum limit by shrinking the size of tri-

angles to zero.



The double scaling limit

It can be shown that at the same critical value

Zh(g) ∝ (gc − g)(2−α)(1−h).

Setting

τ−1 = N(g − gc)
(2−α)/2

one defines a double scaling limit in which N → ∞ and g → gc at τ fixed.

In the double scaling limit (relevant for string theory), one finds a sum

over continuum surfaces with increasing genus:

Z(N, g) ∼ Z(τ ) =
∑

h=0

τ2−2hfh .



Critical and multicritical points

By tuning one parameter of V , one can only generate a singularity with

α = −1/2 corresponding to pure 2D quantum gravity (central charge c = 0).

By choosing for V a polynomial of degree high enough and tuning a larger

number of parameters, it is possible to reach multicritical points with values

of the (string susceptibility) exponent α = 3/2−m, m > 0.

The Liouville field theory allows relating α to the central charge c by

α = 1
12

(

c− 1−
√

(1− c)(25− c)
)

.



Integrals over several matrices

A class of integrals over several matrices can also be evaluated in the double

scaling limit.

Critical points can then be interpreted as conformal matter on some class

of random surfaces or 2D quantum gravity coupled to conformal matter.

An example is

eZ(N) =

∫

dM1 dM2 e−N trV (M1,M2),

where

V (M1,M2) =
1
2M

2
1 + 1

2M
2
2 − cM1M2 +

1
4g

(

M4
1 +M4

2

)

,

which can be interpreted as an Ising model on a random surface.



The renormalization group (RG) approach

The properties of the double scaling limit are reminiscent of the theory of

continuous phase transitions. This suggests trying to implement here also

RG ideas.

Strategy: determine how, for N large, a variation N 7→ N+δN of the size

of the matrices can be compensated by a variation of the matrix parameters.

However, as in the Wilson’s scheme of partial integration in a momentum

shell, for matrix models the RG generated flow involves also an infinite

number of coupling constants.

Explicit calculations then require approximation schemes and we describe

two below.



The RG flow

We consider an integral over N × N Hermitian matrices φN of an even

function of the form,

eZN ({gk}) =

∫

dφN exp [−SN (φN , {gk}))]

with

SN (φN , {gk})) = N trV(φN ), V(φ) = 1
2φ

2 + 1
4gφ

4 +
∞
∑

3

gk
2k

φ2k .

Flow equations are then obtained by integrating out one line and one row

of φN+1. We set

φN+1 =

(

ψN v
v† ω

)

where ψN is an N ×N matrix .

Terms involving the real number ω are of relative order 1/N and can be

neglected at leading order.



We define

exp
[

−S̃N (ψN , Ṽ)
]

∼ NN

∫

dNv dNv∗ exp [−SN+1 (ψN ,v,V)] ,

with the normalization such that S̃N (0, Ṽ) = 0.

The expansion of trV(φN+1) in powers of v truncated at quadratic order

is:

trV(φN+1) = trV(ψN) + v∗ · V ′(ψN )φ−1
N v.

The integration over v then yields

S̃N (ψN ) = (N + 1) trV(ψN ) + tr ln
[

V ′(ψN )ψ−1
N

]

.

(The corrections of order |v|4 generate products of traces and are large if

V ′(µ)/µ is small.)

We renormalize ψN = ζφN , ζ such that

S̃N =
[

1
2 (N + 1) + g

]

trψ2
N +O(ψ4

N ) = 1
2N trφ2

N +O(φ4
N )

⇒ ζ2 = 1− (2g + 1)/N +O(1/N2).



After renormalization, the variation δV of the function V leads to the flow

equation

NδV(µ) ≡ B(V) = N
∂

∂N
V(µ)

(µ real) and the fixed point equation B(V) = 0 with

B(V) = V(µ)−
(

g + 1
2

)

µV ′(µ) + ln
(

V ′(µ)/µ
)

.

We set ρ = 1
2µ

2 and V (ρ) = V(µ). The equation becomes

B(V ) = V (ρ)− (2g + 1) ρV ′(ρ) + ln
(

V ′(ρ)
)

.

Linear perturbative approximation

In an approximation of small deviation from the Gaussian matrix integral:

V (ρ)− ρ small, the determinant contribution ln(V ′(ρ)) can be replaced by

V ′(ρ)− 1. The fixed point equation reduces to

B(V ) = V (ρ)− (2g + 1)ρV ′(ρ) + V ′(ρ)− 1 = 0 .



Integrating, one finds

V ∗(ρ) = 1− [1− (2g + 1)ρ]1/(1+2g) .

Since V ∗ must be regular function (and assuming g + 1
2 > 0), one infers

1

1 + 2gc
= m, m positive integer ⇒ gc =

1

2m
− 1

2
.

Thus,

V ∗(ρ) = 1− (1− ρ/m)m.

One recovers the results of Brézin–Zinn-Justin (1992).

For m = 1, one finds the Gaussian fixed point.

For m = 2, one finds ρ− 1
4ρ

2 instead of the exact minimal potential ρ− 1
12ρ

2.

For m = 3, one finds ρ− 1
3ρ

2 + 1
27ρ

3 instead of ρ− 1
9ρ

2 + 2
405ρ

3 .

More generally, one verifies the intriguing relation, independent of m,

V ∗
exact(ρ) =

∫ 1

0

ds

s
√
1− s

V ∗(ρs/2).



Stability analysis

Stability is governed by the eigenvalues of the operator δB/δV . For the

m-th multicritical point, the eigenvalue equation reads

δB
δV

h = Ωh− 2δg(h)ρ(1− ρ/m)m−1 = κh with Ω = 1 +
(

1− ρ

m

) d

dρ
,

where h and κ are the eigenvector and eigenvalue. δg is determined by the

condition h′′(0) = 0.

The solution of the equation such that h(0) = 0 is

h(ρ) = 2mδg

[

(1− ρ/m)m−1 1− ρ(1−mκ)

κ(1−mκ)
− (1− ρ/m)−m(κ−1)

κ(1−mκ)

]

.

The function h must be regular for µ2 = 2m and thus

κp = 1− p

m
, p integer , 0 ≤ p < m− 1 .



For m = 1, κ < 0 and the Gaussian fixed point is thus stable.

For m = 2, the only positive value is κ = 1 and one recovers one direction

of instability.

In general, one finds (m − 1) eigenvalues corresponding to relevant per-

turbations (or direction of instabilities). By tuning (m−2) parameters, one

can select the eigenvector corresponding to the smallest eigenvalue κ = 2/m

(p = m− 2). Since

(2− α)/2 = 1/κ ,

one obtains

α = 2 + 2/(−2/m) = 2−m,

in good qualitative and semi-quantitative agreement with the exact value

α = 3
2 −m.



Full equation: Fixed points

The exact fixed point equation as given by the Gaussian integration is

B(V ) = V (ρ)− (2g + 1)ρV ′(ρ) + ln
(

V ′(ρ)
)

= 0 .

Differentiating the equation and setting

∆(ρ) = 1/V ′(ρ)

and thus ∆(0) = 1, one finds the fixed point equation

∆∆′ + 2g∆− (1 + 2g)ρ∆′ = 0 .

The linear approximation corresponds to ∆∆′ 7→ ∆′.

Disregarding the case g = 0 (the Gaussian fixed point), we multiply the

equation by ∆−1/2g−2. It becomes a total derivative and, after integration,

yields

∆1+1/2g(ρ) = ∆(ρ)− ρ .



For ρ → ∞ and g < 0, one finds ∆ ∼ ρ, a regime where the approximation

is presumably poor.

The behaviour for large matrices, V(µ) ∼ 2 lnµ, is such that the matrix

integral no longer converges, potential and measure being of same order.

Moreover, the solution depends on a continuous parameter g while we

expect a discrete spectrum of multicritical points.

A study of the solution seems to indicate that one should then restrict

to functions regular in 1/ρ for ρ → ∞ and this implies g = −1/2(m + 1),

m > 0 integer. The equation then takes a simple polynomial form

∆−m(ρ) = ∆(ρ)− ρ .

A confirmation requires investigating the stability of the solution.

Remarkably enough, the same equation arises in O(N) vector models,

when the same strategy is used.



Path integral

We now consider the Euclidean action for Hermitian matrices φN (t),

SN (φN ) = N tr

∫

dt
[

1
2 φ̇

2
N (t) + V

(

φN (t)
)

]

,

where V(φ) is a general even polynomial.

The generalized method we describe here is also readily applicable to field

theories for dimensions d 6= 2.

Again we set

φN+1 =

(

ψN v
v† ω

)

,

where ψN is a N×N submatrix, and neglect ω. The action SN+1, truncated

at second order in v, becomes

SN+1(ψ,v) = (1 + 1/N)SN + (N + 1)

∫

dt
[

v̇∗(t) · v̇(t) + v∗V ′(ψ)ψ−1v
]

.



After integration over v in the Gaussian approximation, one finds

SN+1(ψ) = (1 + 1/N)SN + tr ln

[

−
(

d

dt

)2

1+ V ′(ψ)ψ−1

]

.

One then rescales ψ and t:

ψ = φ [1− (1 + η)/2N ] , t 7→ t(1− η/N),

in such a way that the coefficient of φ̇2 remains 1
2 .

Local (semi-classical) approximation

We expect that, for N large, a local expansion (which is also a large V
expansion) should be meaningful because the fluctuations of φ(t) are small.

Then,

tr ln

[

−
(

d

dt

)2

1+ V ′(φ)φ−1

]

∼ tr

∫

dt
√

2V ′(φ).



In the local approximation, the variation of the action takes the form

NδS = tr

∫

dt
[

V(φ)(1− η)− (1 + η)φV ′(φ) +
√

2V ′(φ)
]

.

This leads to a scalar flow equation for the function V(µ):

N
∂V(µ)
∂N

= V(µ)(1− η)− (1 + η)µV ′(µ) +
√

2V ′(µ).

Differentiating with respect to µ, one obtains

N
∂V ′(µ)

∂N
= −2ηV ′(µ)− (1 + η)µV ′′(µ) +

V ′′(µ)
√

2V ′(µ)
,

and setting V ′ = 1/2∆2, ρ = µ2/2, one recovers the same fixed point equa-

tion

∆1+1/η = ∆− ρ .



Conclusion

Simple RG transformations reproduce qualitatively and even semi-quanti-

tatively the results of one-matrix models.

Since our initial work, other matrix models and the case c = 1, which

involves the quantum mechanics of Hermitian matrices, have been discussed

in the same spirit.

We have reported here a more elaborated version of our initial method.

Combined with a local approximation of the determinant generated by the

Gaussian integration, it can be generalized to matrix path and field inte-

grals. Within this scheme, the flow equation is universal. However, the

stability properties of fixed point solutions remain to be explored.

A further improved determination of critical and multicritical points of

matrix models may involve more general potentials that include products

of traces, and this is a subtle issue, and non-linear matrix transformations

as the study of the simpler O(N) vector models indicates.


