
Recent progresses in the mean-field approach
to the structural glass transition

Francesco Zamponi
10 years of collaboration with Giorgio Parisi (2005 → · · · )

CNRS and LPT, Ecole Normale Supérieure, Paris, France

113th Statistical Mechanics Conference
Rutgers, May 10, 2015

Francesco Zamponi (CNRS/LPT-ENS) Mean-field theory of glasses 113th Statmech conference 1 / 10



Outline

I will review a theory of structural glasses (atomic glasses, polymers, colloids, granular glasses)
based on mean field theory

As a by-product of this, we obtain a theory of random jammed sphere packings (aka random
close packing), with interesting connections to mathematics and computer science.

I hope that the influence of Giorgio’s ideas about spin glasses, that find here a very interesting
application, will become evident during the talk

The aim of this talk is to put past and ongoing research into context – I will have to skip a lot
of important information

What are the differences between spin glasses and structural glasses?

1 Structural glasses have no quenched disorder: the disorder is self-induced

2 The variables are continuous, they are the particle positions

3 Two distinct universality classes
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A path towards a theory of the glass transition

Theory of second order PT (gas-liquid)

• Qualitative MFT (Landau, 1937)
Spontaneous Z2 symmetry breaking
Scalar order parameter

• Quantitative MFT (exact for d →∞)
Liquid-gas: βp/ρ = 1/(1− ρb)− βaρ

(Van der Waals 1873)
Magnetic: m = tanh(βJm)

(Curie-Weiss 1907)

• Quantitative theory in finite d (1950s)
(approximate, far from the critical point)

Hypernetted Chain (HNC)
Percus-Yevick (PY)

• Large-scale fluctuations
Ginzburg criterion, du = 4 (1960)
Renormalization group (1970s)
Nucleation theory (1960s)
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Qualitative MFT of the glass transition

A path towards a theory of the glass transition

Theory of second order PT (gas-liquid)

• Qualitative MFT (Landau, 1937)
Spontaneous Z2 symmetry breaking
Scalar order parameter

• Quantitative MFT (exact for d →∞)
Liquid-gas: βp/ρ = 1/(1− ρb)− βaρ

(Van der Waals 1873)
Magnetic: m = tanh(βJm)

(Curie-Weiss 1907)

• Quantitative theory in finite d (1950s)
(approximate, far from the critical point)

Hypernetted Chain (HNC)
Percus-Yevick (PY)

• Large-scale fluctuations
Ginzburg criterion, du = 4 (1960)
Renormalization group (1970s)
Nucleation theory (1960s)

Theory of the liquid-glass transition

• Qualitative MFT (Parisi, 1979; KTW, 1987)
Spontaneous replica symmetry breaking
Order parameter: overlap matrix qab
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Qualitative MFT of the glass transition

The Sherrington-Kirkpatrick model
H[S] =

∑
ij Jij Si Sj with Jij independent Gaussian random variables

Continuous phase transition, RS → fullRSB

Order parameter:
overlap matrix qab → distribution q(x)

FullRSB phase is marginally stable
(vanishing replicon mode)

Theoretical tools:
replicas, TAP/cavity, dynamics

[Sherrington, Kirkpatrick, de Almeida, Thouless, Anderson, Palmer, Parisi, 1977 - 1980]
[Ghirlanda, Guerra, Toninelli, Contucci, Lebowitz, Talagrand, Panchenko, 1995 - 2015]
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Qualitative MFT of the glass transition

The 3-spin model: RFOT universality class
H[S] =

∑
ijk Jijk Si Sj Sk with Jijk independent Gaussian random variables
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Equilibrium: RS → 1RSB → fullRSB

Dynamics: arrested for T < Td

Relaxation time τ ∼ (T − Td)−γ

Off-equilibrium: aging for T < Td

Metastable states for TK < T < Td

Complexity Σ(T ) ∼ A(T − TK)

[Gross, Mézard, Gardner, Cugliandolo, Kurchan, Franz, Parisi, 1984 - 1995]
[Montanari, Ricci-Tersenghi, Krzakala, Zdeborova, Rizzo, 2003 - 2015]

[Guerra, Franz, Tria, Talagrand, Panchenko, 2000 - 2015]
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Qualitative MFT of the glass transition

The RFOT theory of the glass transition
Conjecture #I: same qualitative mean-field theory for glasses and the 3-spin → RFOT theory

[Kirkpatrick-Thirumalai-Wolynes, 1987-1989]
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Conjecture #II: Hard Spheres in d →∞ are exactly described by a RFOT phase diagram
[Kirkpatrick-Wolynes, 1987]
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Infinite-dimensional hard spheres

A path towards a theory of the glass transition

Theory of second order PT (gas-liquid)

• Qualitative MFT (Landau, 1937)
Spontaneous Z2 symmetry breaking
Scalar order parameter

• Quantitative MFT (exact for d →∞)
Liquid-gas: βp/ρ = 1/(1− ρb)− βaρ

(Van der Waals 1873)
Magnetic: m = tanh(βJm)

(Curie-Weiss 1907)

• Quantitative theory in finite d (1950s)
(approximate, far from the critical point)

Hypernetted Chain (HNC)
Percus-Yevick (PY)

• Large-scale fluctuations
Ginzburg criterion, du = 4 (1960)
Renormalization group (1970s)
Nucleation theory (1960s)

Theory of the liquid-glass transition

• Qualitative MFT (Parisi, 1979; KTW, 1987)
Spontaneous replica symmetry breaking
Order parameter: overlap matrix qab

• Quantitative MFT (exact for d →∞)
Kirkpatrick and Wolynes 1987
Kurchan, Parisi, FZ 2012
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Infinite-dimensional hard spheres

Exact solution of infinite-dimensional Hard Spheres
Conjecture #II: Hard Spheres in d →∞ are exactly described by a RFOT phase diagram

[Kirkpatrick-Wolynes, 1987]

Argument based on a mixed TAP / dynamical approach with poorly controlled (and eventually
wrong) approximations

A long path to validate this conjecture:

Replica scheme for glassy systems without quenched disorder
[Monasson, Franz, Parisi, 1995]

Replicated liquid/glass theory at 1RSB level
[Mézard, Parisi 1996]

Formulation for hard spheres and limit d →∞
[Parisi, FZ 2005-2010]

Numerical simulations of HS in d ∈ [2, 13]: hints for a better solution
[Charbonneau, Parisi, FZ et al. 2011-2015]

Scaling results suggest the importance of marginality deep in the glass phase
[Wyart et al. 2007-2015]

General formulation in terms of the Parisi overlap matrix allowing for fullRSB; complete
phase diagram

[Charbonneau, Kurchan, Parisi, Urbani, FZ et al. 2012-2015]

Exact solution of the dynamics of infinite-dimensional HS
[Kurchan, Maimbourg, FZ, to appear in 2015]

Final result: exact solution of infinite-dimensional HS under a controlled 1/d expansion
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Infinite-dimensional hard spheres

Exact solution of infinite-dimensional Hard Spheres
[Charbonneau, Kurchan, Parisi, Urbani, FZ, Nature Comm. 5, 3725 (2014)]

[Rainone, Urbani, Yoshino, FZ, PRL 114, 015701 (2015) & in progress]
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Infinite-dimensional hard spheres

Exact solution of infinite-dimensional Hard Spheres
[Charbonneau, Kurchan, Parisi, Urbani, FZ, Nature Comm. 5, 3725 (2014)]

[Rainone, Urbani, Yoshino, FZ, PRL 114, 015701 (2015) & in progress]

equilibrium liquid

1RSB glass

fullRSB glass

jamming line

d
/p

ϕ̂ = 2dϕ/d

(Mean-field) glasses are fullRSB at high density / low temperature → marginally stable

Jamming is fullRSB: a non-trivial scaling analysis of the Parisi equation predicts correct
critical exponents for jamming in all dimensions

New perspectives for a theoretical description of the low-T anomalies of glasses
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Approximate theory in finite dimension

A path towards a theory of the glass transition

Theory of second order PT (gas-liquid)

• Qualitative MFT (Landau, 1937)
Spontaneous Z2 symmetry breaking
Scalar order parameter

• Quantitative MFT (exact for d →∞)
Liquid-gas: βp/ρ = 1/(1− ρb)− βaρ

(Van der Waals 1873)
Magnetic: m = tanh(βJm)

(Curie-Weiss 1907)

• Quantitative theory in finite d (1950s)
(approximate, far from the critical point)

Hypernetted Chain (HNC)
Percus-Yevick (PY)

• Large-scale fluctuations
Ginzburg criterion, du = 4 (1960)
Renormalization group (1970s)
Nucleation theory (1960s)

Theory of the liquid-glass transition

• Qualitative MFT (Parisi, 1979; KTW, 1987)
Spontaneous replica symmetry breaking
Order parameter: overlap matrix qab

• Quantitative MFT (exact for d →∞)
Kirkpatrick and Wolynes 1987
Kurchan, Parisi, FZ 2012

• Quantitative theory in finite d
DFT (Stoessel-Wolynes, 1984)
MCT (Bengtzelius-Götze-Sjolander 1984)
Replicas (Mézard-Parisi 1996)
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Approximate theory in finite dimension

Approximate theory in finite dimension
Several aspects of the d →∞ phase diagram have been described through approximate theories
in finite dimensions:

Spin glasses Hard spheres
TAP approach Density Functional Theory (DFT)

Stoessel and Wolynes, 1984

Dynamics Mode-Coupling Theory (MCT)
Bengtzelius, Gotze, Sjolander, 1984

Replicas Cloned Liquid Theory (CLT)
Mézard and Parisi, 1996

Each of these approaches holds in a limited region of the phase diagram.

Based on the d →∞ solution, we can include corrections systematically through a
diagrammatic expansion (HNC, 2PI, etc.).
Unified approach that gives good quantitative results in d = 3 for all parts of the phase diagram.

[Mangeat, FZ, to appear in 2015]

Truly finite dimensional effects are not taken into account!
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Large-scale fluctuations

A path towards a theory of the glass transition

Theory of second order PT (gas-liquid)

• Qualitative MFT (Landau, 1937)
Spontaneous Z2 symmetry breaking
Scalar order parameter

• Quantitative MFT (exact for d →∞)
Liquid-gas: βp/ρ = 1/(1− ρb)− βaρ

(Van der Waals 1873)
Magnetic: m = tanh(βJm)

(Curie-Weiss 1907)

• Quantitative theory in finite d (1950s)
(approximate, far from the critical point)

Hypernetted Chain (HNC)
Percus-Yevick (PY)

• Large-scale fluctuations
Ginzburg criterion, du = 4 (1960)
Renormalization group (1970s)
Nucleation theory (1960s)

Theory of the liquid-glass transition

• Qualitative MFT (Parisi, 1979; KTW, 1987)
Spontaneous replica symmetry breaking
Order parameter: overlap matrix qab

• Quantitative MFT (exact for d →∞)
Kirkpatrick and Wolynes 1987
Kurchan, Parisi, FZ 2012

• Quantitative theory in finite d
DFT (Stoessel-Wolynes, 1984)
MCT (Bengtzelius-Götze-Sjolander 1984)
Replicas (Mézard-Parisi 1996)

• Large-scale fluctuations
Ginzburg criterion, du = 8 (2011)
Renormalization group (in progress)
Nucleation (RFOT) theory (KTW 1987)
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Large-scale fluctuations

Thanks Giorgio!
A wonderful PhD advisor, a long-standing collaborator, a dear friend

Thanks Gianni!
An inspiring professor and a model for all young students in Rome

Thanks Edouard!
A perfect lab-mate, and an authority at ENS

Thanks Joel for the energy you invest in these events, and for the invitation

Thanks everybody for your attention
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