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Molecular dynamics (‘Newton')

@ Event-driven molecular dynamics for hard disks:

wall collision pair collision
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o Alder & Wainwright (1957).

o Converges towards equilibrium. Dparemert
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Markov-chain Monte Carlo (‘Boltzmann')

o Local Markov-chain Monte Carlo for hard disks:
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e Metropolis et al. (1953).

o Converges exponentially towards equilibrium.



2D melting transition
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@ Generic 2D systems cannot crystallize (Peierls, Landau 1930s)
but they can turn solid (Alder & Wainwright, 1962).

@ Nature of transition disputed for decades (quid KTHNY?, r s
quid hexatic?) UG



Possible phases in two dimensions
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Phase  positional order orientational order

solid algebraic long-range

hexatic short-range algebraic

liquid short-range short-range L
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same disk
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@ T exists, but it is large (7 > 25600000 000).



Detailed balance and global balance
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Lifting - two hard spheres
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o Liftings rather than rejections.
@ Flow in = Flow out (global balance)
e Full discussion: Michel, Kapfer, Krauth (JCP 2014).
Lifting: Diaconis, Holmes, Neal (Ann. Appl. Prob. 2000). pq o
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Liftings - multiple overlaps
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@ Multiple overlaps must be avoided: Infinitesimal moves

e Liftings rather than rejections.
e Full discussion: Michel, Kapfer, Krauth (JCP 2014) U e
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Event-chain algorithm
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@ Bernard, Krauth, Wilson PRE (2009) (hard-sphere potentials).
@ Rejection-free, fixed total length 2.

@ Implemented as in Bortz, Kalos, Lebowitz (1975).

°

Global balance OK, detailed balance violated (never return if

pbc).

Fx:(l Département

de Physique

@ {ﬂ Ecole normale

supérieure



Pressure formula - Two lengths

initial

l el = 2:)

Zfinal — ZTinitial

Length 1: Total displacement .

Length 2: Total span Xfinal — Xinitial-

Pressure oc Length 2 - Length 1.

Holds for arbitrary potentials. .

Full discussion: Michel, Kapfer, Krauth (JCP 2014). Ui
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Event-chain algorithm in 3d hard spheres

@ Crystallization from liquid initial configurations
(v = 0.548, N = 1Mio).

| Equilibirum Qg
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o Isobe & Krauth (arXiv 201505XXXX) (soon) @F% E:"YEW
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Event-chain algorithm for general potentials
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@ Infinitesimal physical moves (avoid multiple overlaps).
e Liftings rather than rejections.

For other potentials, replace the Metropolis rule (1953) by a new
factorized filter (Michel et al., 2014):

o pMet(a — b) = min {1,EXP(_ﬂ Zi<j(El§? B Ei))]

o pPt(a = b) = H,—<j min [1,exp(—ﬁ(E,-§’ - Ej))] PR Y
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Event-chain algorithm in XY model, in XY spin glass

@ Event-chain algorithm for continuous spin systems with
factorized Metropolis filter:
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@ Rejection-free, infinitesimal moves.

@ Implemented as in Bortz, Kalos, Lebowitz (1975).

o Efficient.

@ All rotations counter-clockwise, even for spin glass.

o Michel, Mayer & Krauth (arXiv 201505XXXX). @%



Hard-disk configuration

@ 10242 hard disks
o circular color code for orientational order
e Bernard, Krauth (PRL 2011)
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equation of state
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e First-order transition (Bernard, Krauth 2011)

@ Fully confirmed by Engel, Anderson, Glotzer, Isobe, Bernard,
Krauth (PRE 2013) (parallel MC on GPU, event-driven MD),

Qi and Dijkstra (2013), Kierfeld et al (JCP 2014). RR sl
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Possible phases (again)

Phase  positional order orientational order

solid algebraic long-range
hexatic short-range algebraic
liquid  short-range short-range
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Spatial correlations at = 0.718 and 0.720
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Two-dimensional pair correlations, sample-averaged.

At n = 0.718; hexatic.

At n ~ 0.720: solid.

Bernard, Krauth, (PRL 2011). ¥ o

Confirmed by Engel et al (PRE 2013), and several others. D8 Somme
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Soft disks

e Soft disks: V o (a/r)".
e Event-chain algorithm using factorized Metropolis filter.
@ n — oo: hard disks.
@ Scale free.
' Soft disk: '
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Conclusions

o Hard disks:

o Classic model, much studied.

o Hexatic phase exists, first-order liquid-hexatic transition.
o Hexatic-solid transition is KT.

o Communities A and B were wrong.

@ Soft disks, continuous potentials:
o Hexatic phase quite extended.

e Two liquid-hexatic transition scenarios possible.
o Generic phase diagram now established.
@ Event-chain:
o New paradigm for Monte Carlo computations.
o Arbitrary potentials via factorized Metropolis filter and lifting.
o Very efficient for hard & soft disks, hard spheres, XY, XY spin
glasses.
e Many extensions, both for physics and for algorithms.
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MOOC (2nd edition: 2 February 2015)

STATISTICAL
4 MECHANICS:

ALGORITHMS AND
COMPUTATIONS

see https://www.coursera.org/course/smac

see WK 'Coming home from a MOOC (CSE 2015)
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Hexatic: Positional order
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b) glx. y) c) config ()

@ Quasi long-range orientational order.

@ Short-range positional order.
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o Caricature hexatic for soft interactions (n 2 6). P B
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Soft disks and generic continuous potentials
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e Two melting scenarios for soft disks.
e Two melting scenarios for Yukawa.

e Fit of models through fit of potential.

o Département
wad de Physique

Ecole normale
supérieure

&,
e}





