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Bootstrap Percolation

(also called: diffusion percolation,

jamming percolation, k-core percolation,

neuropercolation, quorum percolation...).

Models for metastable behaviour;

growth, fracture, nucleation, glasses, the brain,

contagion...

What are we talking about?

We consider variables σti = 0,1, living on a

lattice, so i ∈ Zd, at discrete times t.

Dynamics deterministic in discrete time.

Cellular Automaton rule:

σt+1
i = f({σtj, j ∈ N(i)}.

Depends in general on choice of function f

and choice of neighborhood N .

We choose f increasing (the more 1’s at time

t, the more 1’s at the next step), and allow

only the change from 0 to 1 (empty to occu-

pied, or healthy to sick).
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Choices

Possible neighborhood choices:

isotropic, e.g. NESW(standard)

or anisotropic NEESWW in d = 2:

Possible transition (choice of f) only if an

empty (= healthy) site has at least half oc-

cupied (=infected) nearest neighbours.

Questions:

Start with i.i.d initial conditions,

probability of being sick is p,

of being healthy is 1− p.

Only probability is in the beginning.

What happens in the long run?

Is there a threshold (critical) value of p, above

which everyone gets infected?

How big is it? What happens if one has a

large but finite box?
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Model(s) and notation:

d = 2, (a, b)-models;

Neighborhood N with a neighbours in x-direction,

b neighbours in y-direction.

Growth if at least half of the neighborhood

sites are occupied.

Main example: (1,2)-model (Gravner-Griffeath).
•

N = • • 0 • •
•

Just as in standard-(isotropic) BP, on infinite

lattice for every p everyone will get sick, so

pc = 0 (Schonmann).
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Mechanism of Growth, upper bound:

From ”critical droplet”(nucleation center).

First attempt (right order of magnitude)

(standard), Aizenman-Lebowitz:

Growing squares to size N = O(1
p),

Observation:

Single occupied site next to occupied interval

fills up next interval.

Vertical double line of length (anisotropic),

Gravner-Griffeath and vE-Hulshof:

N = C
p ln 1

p
Observation: single occupied site next to dou-

ble vertical interval fills up next interval; to fill

up new horizontal interval requires pair of oc-

cupied sites.
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Results: The minimal linear size L of a vo-

lume to show the ” infinite-volume”behaviour

(to contain a critical droplet of size N with

large probability) is

L = e
O(1

p) (standard) versus

L = pO(N) = e
O(1

p ln21
p)

(anisotropic).

Inversely, pc = O( 1
lnL), versus

pc = O(ln2 lnL
lnL ),

large finite-size correction.

(Related question: How long till a critical

droplet in infinite volume reaches the origin?)
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Iteration Lemma, lower bound.

The opposite (hard) direction of the proof

(that one can’t do much better) extends, and

is based on, an Iteration Lemma of Aizenman

and Lebowitz for the standard model.

Call a rectangular box ” internally spanned ”

if it fills up from the inside.

The AL Lemma says that for a large box

(size N) to be internally spanned, there has

to be a moderately large box, that is with size

of longest side at least half as big (to be pre-

cise, N
2 − 2), which also is internally spanned.

Then establish for which size the probability

for a box to be internally spanned is minimal,

and for which sizes it grows to 1.

Provides lower bound on pc(L).
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Sharp constants:

L = e
Cst1p+o(1

p)
(standard, Holroyd)

with Cst = π2

18, versus

L = e
Cst1p ln21

p+o(1
p ln21

p)

(anisotropic, vE,Duminil-Copin)

with Cst = 1
12.
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”Sharp threshold property”:

Statistical error (ε-window)

much smaller than systematic error.

Hence numerical values of Cst are way off

from the true ones.

Disastrous for computational physicists.

Theorems by Balogh-Bollobas, based on

Friedgut-Kalai theorem.

Statistical error (ε-window) is

O(ln lnL
ln2L

) (standard) versus

O(ln3 lnL
ln2L

) (anisotropic).
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Sharper Thresholds:

Results on systematic error

pc(L) = Cst 1
lnL +O( 1

(lnL)
3
2

)

(Holroyd-Gravner and Morris, standard).

Our main result:

Lc(p) = e
1

12
1
p ln

21
p+C2

1
p ln

1
p+o(1

p ln
1
p)

.

Sharper threshold by inverting, which gives

Two-(for-One) extra terms

vE,Duminil-Copin, Morris and Hulshof,

(ms in preparation):

pc(L) = 1
12

ln2 lnL
lnL − 1

3
ln lnL ln ln lnL

lnL

+C ln lnL
lnL +O(ln2 ln lnL

lnL )

(with C = −1
6 ln 2

9e).

The ε-window is MUCH smaller,

of order O(ln3 lnL
ln2L

).

(Boerma-Klooster,

Groningen bachelor thesis).
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Obtainable by choosing better anisotropic

strategy, by changing shape of growing

critical droplet.

Proof uses estimate via sequence of rectang-

les Rn,p with sides

p
−1− 3n

(ln 1
p) by n

p ,

with n growing from some initial value to 1
3 ln 1

p.

At each stage, more or less same probability

to grow in x-direction or y-direction

from n to n+ 1.
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Question? (Related to anisotropic Ising mo-

del (Kotecký-Olivieri)? Difference is that Ising

model always has ”standard”2d scaling.)

Standard BP closely related to T = 0 Ising

model. Critical droplets are squares (Wulff),

in both situations.

Sizes:

What is the necessary size for the systematic

error to be 1 percent?

Standard case N = 103000 versus

Anisotropic case N = 10101400

Beyond astronomical sizes..
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Possible extensions:

1: Two dimensions?

General (a, b)-models.

E.g. (1, b)-models leading term is

pc = ( (b−1)2

4(b+1) + o(1)) 1
lnLln2 lnL.

Next two terms combinatorial.

Even more general critical 2d-models are

either ”balanced”, like isotropic models,

or ” unbalanced”like anisotropic models.

(Bollobas,Duminil-Copin,Morris, Smith).

No general sharp-threshold results known.

+ 13



+ +

Higher dimensions?

Anisotropy in high dimensions,(a, b, c)-models.

No sharp threshold known in any anisotropic

cases.

Neighborhood with

a neighbours in x-direction,

b neighbours in y-direction,

c neighbours in z-direction,

a ≤ b ≤ c (AvE.-A. Fey).

Answer for order of magnitude:

Double exponent.

One side via Schonmann’s induction-on-dimension

argument. Other side via generalisation of

Aizenman-Lebowitz Iteration Lemma (Cerf-

Cirillo).
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Known order-of-magnitude results: (1,1,2)-

model: upper and lower bounds on L, of the

form ee
O(1

p)
, also for (1,1, c)-models, (just as

Cerf-Cirillo proved for (1,1,1) models).

(1,2,2)-model: upper and lower bounds on L

ee
O(1

p ln
2p)

, also for (1, b, c)-models.

(a, a, c)−model: upper and lower bounds on L

ee
O( 1

pa
)

, also for

(a, b, c)−model: upper and lower bounds on L

if a is less than b

ee
O( 1

pa
ln2p)

.

Second-level exponent is the first-level expo-

nent of ”reduced”((a, b)-model.
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