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Overview

• Liquid/glass transition and glassy dynamics

• Kinetically Constrained Models (KCM): East model

• ”Glassy” features: heterogeneous dynamics,
coexistence of mobile and blocked regions

• → Non-equilibrium first order phase transition

• Our results:
• finite size effects around the transition,
• study of the surface tension among mobile and blocked

regions and phase coexistence
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Liquid/glass transition

How can you manufacture a glass?

• Take a liquid and cool it rapidly in order to prevent
nucleation of the ordered crystal structure;

• relaxation times increase dramatically, the liquid falls out
of equilibrium and enters a metastable phase;

• the molecules move slower and slower:
your liquid is now a thick syrup..

• and finally get trapped in a structureless solid:
here is your your glass.
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Liquid/glass transition: a missing theory

”The deepest and most interesting unsolved problem in solid
state theory is probably the theory of the nature of glass and
the glass transition.” [P.W. Anderson 1995]

• liquid/glass transition is not a standard equilibrium first or
second order transition;

• huge divergence of timescales not due to creation of long
range order;

• glasses display properties of both liquids and solids;
• dynamical heterogeneities: coexistence of frozen and mobile

regions, cooperative relaxation with non trivial
spatio-temporal fluctuations. . .
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Huge relaxation times and heterogeneities
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Cage effect

Rough idea:

in order to move a molecule we should escape ”the cage”
formed by neighbours

When density increases there are typically more neighbours:

• motion becomes increasingly cooperative

• blocked structures may appear and cause divergence of
relaxation times
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Kinetically Constrained Models (KCM)

• KCM are interacting particle systems on lattices

• key property: local constraint in order to allow moves

• trivial thermodynamics

• rich dynamical behavior: anomalously long times, ageing,
heterogeneous relaxation, . . .→ glassy dynamics

• mathematically challenging: several invariant measures,
ergodicity breaking transitions, emergence of non random
shapes, . . .→ standard tools cannot be applied
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The East model [Jackle, Eisinger ’91]

One dimensional KCM with Glauber (birth/death) dynamics
configurations : η = {ηi}1≤i≤N with ηi ∈ {0, 1}

Kinetic constraint: update only if right neighbor is empty

If constraint satisfied: 0
ρ−→ 1 and 1

1−ρ−→ 0

ρ 1− ρ

Empty boundary condition: N -th site is unconstrained.
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East model: properties

Trivial thermodynamics: reversible w.r.t. product measure:
µ(η) =

∏N
i=1 µρ(ηi), µρ(1) = 1− µρ(0) = ρ → µ is invariant

• If ρ 6= 1: relaxation time is finite, exponential decorrelation
and convergence to equilibrium
[Aldous,Diaconis ’02; Cancrini,Martinelli,Schonman, T. ’10]

• Huge divergence of relaxation times:

τ ∼ 1

1− ρ

c
1−ρ

c = 1/(2 log 2)

[Cancrini, Martinelli, Roberto, T. ’08;
A.Faggionato, P.Chlebloun, F.Martinelli ’14, ]

• This talk: Heterogeneous relaxation

C.Toninelli Dynamical phase transition for kinetically constrained particle systems



What do we mean by ”heterogeneous dynamics”?

• Spatial segregation of updated/ non-updated sites;

• coexistence of frozen and mobile areas;

• dynamical correlation length: huge increse as ρ ↑ 1.

[Berthier Garrahan 2003]
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What do we mean by ”heterogeneous dynamics”?

→ Dynamics occurs on a first-order coexistence line between
active and inactive dynamical phases

• how can we describe this dynamical transition?

• which is the natural order parameter?
activity = number of birth and deaths of particles
[Garrahan,Jack,Lecomte,Pitard,van Duijvendjik,van
Wijland ’07]

• is there a dynamical free energy to describe glassiness?
the large deviation deviation function of the activity
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Activity

A(t) :=

N∑
i=1

Ai(t)

Ai(t) := {Number of config. changes at site i in time interval [0, t]}

Mean istantaneous activity : lim
N→∞

lim
t→∞

Eµ(A(t))

Nt
= 2ρ(1−ρ)2 := A

Deviations from mean activity:

Pµ
(
A(t)

Nt
' a

)
∼ exp (−f(a)Nt)

with 0 < f(a) <∞ for a 6= A ?

NO! f(a) = 0 if a < A: the cost to lower activity is subextensive
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Blocking mechanism

NO Ring

E := {at t = 0 each site is filled ∩ no flip on site N in [0, t]}
→ site N is never updated, always filled
→ site N − 1 can never be updated, always filled
→ site N − 2 can never be updated, always filled . . .

E ⇒ A(t) = 0

Zero activity with probability ≥ ρN exp(−(1− ρ)t) ⇒ f(0) = 0

Using this blocking event in time interval [0, (1− a/A)t] we can
realize at subextensive cost also A(t)/tN ' a

→ f(a) = 0 ∀a < A
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Large deviations of the activity

Moment generating function:

ψ(λ) = lim
N→∞

lim
t→∞

1

Nt
logEµ

(
exp

(
λA(t)

))

First order phase transition at λ = 0

ψ(λ)

λ

ψ(λ)= dynamical free energy
λ corresponds to inverse temperature

• λ > 0 histories with mean activity larger then A;

• λ < 0 histories with finite number of active sites
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Large deviations of the Activity: Finite Size Scaling

Zoom around λ = 0 via a rescaled moment generating function:

ϕ(α) := lim sup
N→∞

lim
t→∞

1

t
logEµ

(
exp

(
αA(t)

N

))

Phase transition shifted at αc = −Σ
A < 0:

• for α > αc it holds ϕ(α) = αA
• for α < αc it holds ϕ(α) = −Σ

T.Bodineau, C.T. (CMP 2012)
T.Bodineau, V.Lecomte, C.T. (JSP 2012)

ϕ(α)

α

α0α1

αc
−Σ
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What is Σ?

Pµ
(
A(t)

Nt
' 0

)
' exp(−Σt)

f(u) = (1− u)Σ for u ∈ [0, 1)

We derive a variational formula for Σ.

Σ = cost of the interface per unit time, i.e. surface tension
bewteen active and inactive region
The interface fluctuates: Σ < 1− ρ

T

No(N)

Effective model + numerics
T.Bodineau, V.Lecomte, C.T 2012:
size of active region: o(N) ' N

1
3
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East in dimension d ≥ 2

x updated only if x+ ei is empty for at least one i ∈ [1, d].

Several possible choices of ergodic boundary conditions

Different cost for blocking mechanism

→ different scaling of large deviation for reduced activity:

Pµ
(
A(t)

N2t
' uA

)
' exp(−N cf(u)t)

(i) c = 0, (ii) c = 1.
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Dynamical emergence of non random limit shapes

Start from a completely filled configuration
Rt =set of sites updated at least once before time t

Conjecture [Kordzakhia, Lalley ’06] for North East model

limt→∞
Rt
t = non random shape (b.c. and constraint dependent)

[Chlebloun, Faggionato, Martinelli ’14]
Is there a connection with the dynamical phase transition and
surface tension among active and inactive regions?
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Ingredients of the proofs

Key ingredients:
• Donsker-Varadhan large deviation principle
→ variational formula for ϕ(α)

• Positivity of spectral gap
→ exponential convergence to local equilibrium
→ large regions have density either ρ (mean activity) or 1
(completely filled, zero activity).

• we identify surface tension between active/inactive regions
(as for equilibrium phase coexistence)
→ variational formula for Σ ϕ(α)

α

α0α1

−Σ

C.Toninelli Dynamical phase transition for kinetically constrained particle systems



Summary and perspectives

• KCM: first order dynamical phase transition for the large
deviation function of the activity;

• we identify the finite size scaling;

• variational formula for the interface cost Σ in d = 1

Open issues

• complete the phase diagram, αc = −Σ/A?

• description of the interface

• N1/3 active sites in the inactive regime?

• KCM in d ≥ 2

• Link with geometric properties of heterogeneities?

• Is there a connection with the emergence of non random
limit shapes?

C.Toninelli Dynamical phase transition for kinetically constrained particle systems



Bibliography

Dynamical phase transition for KCM:

• T.Bodineau, C.Toninelli, Comm. Math. Phys. Vol. 311, N.
2, 357-396 (2012);

• T.Bodineau, V.Lecomte, C.Toninelli, J.Stat.Phys., Vol.
147, N. 1 (2012);

• J.P. Garrahan, R.L. Jack, V. Lecomte, E. Pitard, K. van
Duijvendijk, F. van Wijland, J. Phys. A 42 075007 (2009)

Review on rigorous results for the East model :

• A.Faggionato, F.Martinelli, C.Roberto, C.Toninelli Markov
Processes and Related Fields, Vol. 19, Issue 3, 407-452

C.Toninelli Dynamical phase transition for kinetically constrained particle systems



Numerics

ϕN (α) for N=4,5,6,7,8,9,10,16,32,64
Bodineau, Lecomte, C.T ’12
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Numerics

ϕN (α) ∼ −Σ + c(ρ,α)

L2/3 for α < αc

Plot of L2/3(ϕL(α) + Σ) as a function of −α:
data collapse on a master curve c(ρ)|α|2/3
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λ < λc

Heuristics for the N−2/3 correction to ψ(λ)
↔ i.e. the N1/3 extension for the active region

• ”Small active island” near the unconstrained boundary.

• x(t)= position of the boundary among active and inactive
(=leftmost zero)

• x(t) performs a biased r.w.:
• rate 1− ρ to move interface to the left,
• rate ρ to move to the right iff next site is empty, 0 otherwise.
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ϕN (α) = lim
t→∞

1

t
Eµ(exp(

α

N
A(t))) = −Σ− C(N,α)

C(N,α) = lim
t→∞

1

t
log

< exp(α/NA
∫ t

0 x(s)ds >

< δ(x(t) = 0) >

<>= mean over the biased r.w. trajectory constrained to stay
positive.
Use Feynman Kac and symmetrize the random walk..
C(N,α) = largest eigenvalue of the spectrum of

−1

2
∂2
x + V (x)

V (x) = λx for x > 0; V (x) = −∞ for x ≤ 0,
λ = c1(p, q)αA/N

C(N,α) = cλ2/3 = c2(p, q)/N2/3

related to the results of Velenick and Hryniv ’04 on the
interface above a hard wall penalized according to the area.
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Sketch of the proofs: a variational formula for ϕ

Flip rate at i:

ci(η) := (1− ηi+1)[ηi(1− ρ) + (1− ηi)ρ]

Time-changed dynamics with rates accelerated by exp(λ)

ci(η)→ exp(λ)ci(η)

It holds

E (exp(λA(t)) = Eλ

(
exp

(
(exp(λ)− 1)

∫ t

0
ds

N∑
i=1

ci(η(s)))

))

with Eλ the mean over the accelerated process.
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Sketch of the proofs: a variational formula for ϕ

Feynman - Kac formula

lim
t→∞

1

t
logEµ (exp(λA(t))) =

= sup
f

{
(exp(λ)− 1)µ(f

N∑
i=1

ci(η))− exp(λ)DN (
√
f)

}
with f ≥ 0, µ(f) = 1 and DN the Dirichlet form:

DN (g) =

N∑
i=1

µ
(
ci(η)

(
g(ηi)− g(η)

)2)

⇒ ϕ(α) ' sup
f

{
αµ

(
f

N

N∑
i=1

ci(η)

)
−DN (

√
f)

}
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Surface tension

ΣN := inf
f
DN
(√

f
)

with µN (f) = 1, µN (fη1) = 1, DN the Dirichlet form.

ΣN < ΣN ′ if N > N ′

Interface energy
Σ := lim

N→∞
ΣN
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Lower bound on ϕ

B := {ηi(s) = 1,∀i ≤ N −K,∀s ≤ t}

N K N1

Eµ
(

exp(
α

N
A(t))

)
≥ Eµ

(
exp(

α

N
A(t))1B

)
≥ exp(α

K

N
)Eµ (1B)

1

t
lim
t→∞

logEµ (1B) ≥ − exp(α/N) inf
f
DN (

√
f) ≥ − exp(α/N)ΣK

with µ(f) = 1, µ(fη1 . . . ηN−K) = 1

We let N →∞ then K →∞

ϕ(α) = lim sup
N→∞

lim
t→∞

1

t
logEµ

(
exp(

α

N
A(t))

)
≥ − lim

K→∞
ΣK = −Σ
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