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about the talk
 Foundation of equilibrium statistical mechanics 

based on pure quantum mechanical states in 
macroscopic isolated quantum systems

 Here we shall

von Neumann 1929, Goldstein, Lebowitz, Mastrodonato, Tumulka, and Zanghi  2010

 formulate the notion that a pure state represents 
thermal equilibrium

 show
 the typicality of thermal equilibrium in the 

microcanonical energy shell
 the approach to thermal equilibrium 

(thermalization) under suitable assumptions



Why isolated systems?
Standard (fashionable) answer

We can realize isolated quantum 
systems in ultra cold atoms
clean system of 10   atoms at 10    K7 –7
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Why isolated systems?
Standard (fashionable) answer

We can realize isolated quantum 
systems in ultra cold atoms

My (old-fashioned) answer
This is still a very fundamental study, very very far 
from practical applications
We wish to learn what isolated systems can do
(e.g., whether they exhibit thermalization)
After that, we may study the effect played by the 
environment

clean system of 10   atoms at 10    K7 –7
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Settings and 
assumptions



✦ Particle system with constant 

Macroscopic system
Quantum system in a large volume V

✦ Quantum spin system

Normalized energy eigenstate
Ĥ|ψj� = Ej |ψj�

�ψj |ψj� = 1

Hilbert space Htot

Hamiltonian Ĥ

ρ = N/V



Microcanonical energy shell

microcanonical average of an observable

�Ô�mc :=
1
D

D�

j=1

�ψj |Ô|ψj�

Ô

microcanonical energy shell
|ψj� j = 1, . . . , Dwith the space spanned by

Fix arbitrary    and small       , and consider the energy 
eigeneigenvalues such that

j = 1, . . . , Drelabel j so that this corresponds to  

u ∆u

u−∆u ≤ Ej/V ≤ u

Hsh

D ∼ eσ0V



Pure state which represents thermal equilibrium
Suppose that we are interested only in a SINGLE 
observable (thermodynamic quantity) Â = O(V )

Â/Vprecision for measuringδ > 0

projection

DEFINITION:  A normalized pure state                 
represents thermal equilibrium if

α > 0
�ϕ| P̂

�
|Â− �Â�mc|/V ≥ δ

�
|ϕ� ≤ e−α V

|Ameasured − �Â�mc|/V ≤ δ

with probability ≥ 1− e−αV

if we measure      in such       , then|ϕ�Â

one almost surely gets the equilibrium value!

a fixed constant

for simplicity

|ϕ� ∈ Hsh
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Basic assumption

simply says large fluctuation is exponentially rare 

THERMODYNAMIC BOUND (TDB):
There is a constant            , and one has for any Vγ > 0

expected to be valid for ANY pure equilibrium state, 
but has been proved in limited situations

Extensive physical quantity of interestÂ = O(V )
Â/Vprecision for measuringδ > 0

statement in statistical mechanics

“the global large deviation upper bound for the MC ensemble”

�
P̂

�
|Â− �Â�mc| ≥ V δ

��

mc
≤ e−γ V



Example 1: Two identical bodies in thermal contact

THEOEM: Suppose that the system is not at the  
tricritical point.  Then one has for any            thatδ > 0

γ � δ2

2kBT 2c(T )

Ĥ1 Ĥ2

Â = Ĥ1 − Ĥ2

we focus on the energy difference

with

proof: elementary method in the large deviation theory

Ĥ = Ĥ1 + Ĥ2 + Ĥint

Examples

�
P̂

�
|Ĥ1 − Ĥ2| ≥ V δ

��

mc
≤ e

−γ V



, one has 

with γ � (4χ̃)−1 δ2

THEOEM: When             χ̃ :=
�

i�Ŝ
(z)
o Ŝ(z)

i � < ∞
δ > 0for any            that

�
P̂

� ���
i Ŝ(z)

i

�� ≥ V δ
��

mc
≤ e−γ V

Examples
Example 2: Ferromagnetic Ising model
under transverse magnetic field 
in any dimensions 

we focus on the magnetization

Ĥ = −
�

i,j JijŜ
(z)
i Ŝ

(z)
j − h

�
i Ŝ

(x)
i

Â =
�

i Ŝ(z)
i

More examples from quantum LD (quantum spin chains, ...)
proof: correlation inequalities (Lebowitz, Newman)

–7.5



Typicality of pure 
states which represent 

thermal equilibrium



Measure on     
a state
can be regarded as a point on the unit sphere of

α∗
jαk =

1
D

δj,k

dα := d(Reα) d(Imα)

(· · · ) :=

�
dα1 · · · dαD δ

�
1−

�D
j=1 |αj |2

�
(· · · )

�
dα1 · · · dαD δ

�
1−

�D
j=1 |αj |2

�

From the symmetry

with
CD

a natural (basis independent) measure on         is
the uniform measure on the unit sphere 

corresponding average

Hsh � |ϕ� =
�D

j=1 αj |ψj�

Hsh

�D
j=1 |αj |2 = 1

Hsh



Average over       and mc-average
operator
quantum mechanical expectation value

Another way of looking at the microcanonical average

�ϕ|Ô|ϕ� =
�

j,k

α∗
jαk �ψj |Ô|ψk�

=
1
D

D�

j=1

�ψj |Ô|ψj� = �Ô�mc

�ϕ|Ô|ϕ� =
D�

j,k=1

α
∗
jαk �ψj |Ô|ψk�

Ô |ϕ� =
�D

j=1 αj |ψj�normalized state

average overHsh
α∗

jαk =
1
D

δj,k

Hsh
–10



Average over       and mc-average
operator
quantum mechanical expectation value

Another way of looking at the microcanonical average

�ϕ|Ô|ϕ� =
�

j,k

α∗
jαk �ψj |Ô|ψk�

=
1
D

D�

j=1

�ψj |Ô|ψj� = �Ô�mc

�ϕ|Ô|ϕ� =
D�

j,k=1

α
∗
jαk �ψj |Ô|ψk�

Ô |ϕ� =
�D

j=1 αj |ψj�normalized state

average over

average over D energy eigenstates

Hsh
α∗

jαk =
1
D

δj,k

Hsh
–10



Average over       and mc-average
operator
quantum mechanical expectation value

Another way of looking at the microcanonical average

�ϕ|Ô|ϕ� =
�

j,k

α∗
jαk �ψj |Ô|ψk�

=
1
D

D�

j=1

�ψj |Ô|ψj� = �Ô�mc

�ϕ|Ô|ϕ� =
D�

j,k=1

α
∗
jαk �ψj |Ô|ψk�

Ô |ϕ� =
�D

j=1 αj |ψj�normalized state

average over

average over D energy eigenstatesaverage over 
infinitely many 

states in the shell

Hsh
α∗

jαk =
1
D

δj,k

Hsh
–10



Typicality of thermal equilibrium
Assume Thermodynamic bound (TDB) provable for 

some models
�ϕ| P̂

�
|Â− �Â�mc|/V ≥ δ

�
|ϕ� =

=
�
P̂

�
|Â− �Â�mc|/V ≥ δ

��

mc
≤ e−γ V

THEOREM: Choose a normalized                     randomly
according to the uniform measure on the unit sphere.
Then with probability ≥ 1− e−(γ−α)V

�ϕ| P̂
�

|Â− �Â�mc|/V ≥ δ
�

|ϕ� ≤ e−α V

|ϕ� ∈ Hsh

Almost all pure state                     represents thermal 
equilibrium!!

|ϕ� ∈ Hsh

Markov inequalityour version of well-known theorem

–11.5



Typicality of thermal equilibrium
Almost all pure state                     represents thermal 
equilibrium!!

|ϕ� ∈ Hsh

the microcanonical energy shellHsh

a concrete formulation of the general picture that 
“Thermal equilibrium is a property shared by 
an overwhelming majority of states in the 
energy shell”

equilibrium

nonequilibrium
nonequilibrium

nonequilibrium
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thermalization
or

the approach to 
thermal equilibrium



Time evolution
initial state
time-evolution

oscillates (assume no degeneracy)
�ϕ(t)|P̂≥|ϕ(t)� =

�

j,k

c∗jck ei(Ej−Ek)t�ψj |P̂≥|ψk�

lim
τ↑∞

1
τ

� τ

0
dt�ϕ(t)|P̂≥|ϕ(t)� =

�

j

|cj |2�ψj |P̂≥|ψj�
long-time average

Hsh � |ϕ(0)� =
�D

j=1 cj |ψj�

|ϕ(t)� = e−iĤt|ϕ(0)� =
�

D

j=1 cj e−iEjt |ψj�
expectation value of the projection P̂≥ = P̂

�
|Â− �Â�mc|/V ≥ δ

�

related to                and very small?�P̂≥�mc



under suitable conditions one can prove
Thermalization

t

0

B

τ

there exist a (large) constant     and a subset
such that for any

B ⊂ [0, τ ]τ

with |B|/τ ≤ e−αV t ∈ [0, τ ]\B
�ϕ(t)| P̂

�
|Â− �Â�mc|/V ≥ δ

�
|ϕ(t)� ≤ e−α V

for most    in the long run
|ϕ(t)� represents thermal equilibrium 

t thermalization

limτ↑∞
1
τ

� τ
0 dt�ϕ(t)|P̂≥|ϕ(t)� ≤ e−αV /2

Markov inequality
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Tasaki 1998
Reimann 2008 
Linden, Popescu, Short, Winter 2009 
and many others

von Neumann 1929
Goldstein, Lebowitz, Mastrodonato, Tumulka, Zanghi  2010
Deutsch 1991, Srednicki 1994, ...

Two strategies for the proof

STRATEGY 2:  based on the assumption that 
the initial state has a “broad energy distribution”

STRATEGY 1: based on the “energy eigenstate
thermalization hypothesis” (ETH)

–15
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Strategy 2

Expand the initial state as |ϕ(0)� =
�D

j=1 cj |ψj�

coefficients are mildly distributed in the sense that

�D
j=1 |cj |2 = 1

Deff :=
��D

j=1 |cj |4
�−1 ≥ e−ηV D

thermodynamic bound (TDB)

j �= j� ⇒ Ej �= Ej�no degeneracy

provable 
for some 
models

�
P̂

�
|Â− �Â�mc| ≥ V δ

��

mc
≤ e−γ V

with 0 < η < γ

with

the effective number 
of contributing levels

There are plenty of             satisfying the condition|ϕ(0)�

ASSUMPTIONS:



Thermalization

coefficients are mildly distributed in the sense that
Deff :=

��D
j=1 |cj |4

�−1 ≥ e−ηV D

thermodynamic bound (TDB)

j �= j� ⇒ Ej �= Ej�no degeneracy

provable 
for some 
models

�
P̂

�
|Â− �Â�mc| ≥ V δ

��

mc
≤ e−γ V

with 0 < η < γ

THEOREM: For any             satisfying the above, |ϕ(t)�
represents thermal equilibrium for most    in the long run

|ϕ(0)�
t

thermalization has been 
established for a class of initial 
states in concrete models! 

Ĥ1 Ĥ2

-16.5
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A puzzle ?
THEOREM: For any             satisfying the above, |ϕ(t)�
represents thermal equilibrium for most    in the long run

|ϕ(0)�
t

thermalization has been 
established for a class of initial 
states in concrete models! 

Ĥ1 Ĥ2

–17.5



A puzzle ?
THEOREM: For any             satisfying the above, |ϕ(t)�
represents thermal equilibrium for most    in the long run

|ϕ(0)�
t

thermalization has been 
established for a class of initial 
states in concrete models! 

Ĥ1 Ĥ2

??

 two bodies NOT in contact

where thermalization can NEVER take place!!
in these trivial models,           represents thermal 
equilibrium to begin with

|ϕ(0)�

the theorem is also valid for trivial models like 

 Ising model with
Ĥint = 0

h = 0

–17.5



The condition for  
Expand the initial state as |ϕ(0)� =

�D
j=1 cj |ψj�

coefficients are mildly distributed in the sense that
Deff :=

��D
j=1 |cj |4

�−1 ≥ e−ηV D

|ϕ(0)� –19



future issue!
 we expect (but cannot yet prove) that nonequilibrium
           typically satisfies the condition|ϕ(0)�

The condition for  
Expand the initial state as |ϕ(0)� =

�D
j=1 cj |ψj�

coefficients are mildly distributed in the sense that
Deff :=

��D
j=1 |cj |4

�−1 ≥ e−ηV D

|ϕ(0)�

Ĥ = −
�

i,j JijŜ
(z)
i Ŝ

(z)
j − h

�
i Ŝ

(x)
i

|ϕ(0)� =
��↑↑↑↑↓↑↑↑↑↑↓↑↑↑↑↑

�

example: Ising model under transverse field

a nonequilibrium initial state
trivial case with h = 0

h > 0nontrivial case with
|ϕ(0)� is an energy eigenstate

|ϕ(0)� =
�D

j=1 cj |ψj� with smallcj

Deff = 1

–19
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strategy 1
j �= j� ⇒ Ej �= Ej�no degeneracy

“energy eigenstate thermalization”
|ψj�Each         represents thermal equilibrium

 
j = 1, . . . , Dfor each

suggested (but not guaranteed) by the typicality of 
thermal equilibrium (von Neumann, Goldstein et al.)

ASSUMPTIONS:

thermal equilibrium for most    in the long run
THEOREM: For ANY                         ,

t

�ψj | P̂
�

|Â− �Â�mc|/V ≥ δ
�

|ψj� ≤ e−κV

κ > 2α

|ϕ(0)� ∈ Hsh |ϕ(t)� represents

–20



Comparison of the two strategies

STRATEGY 2
requires a NONTRIVIAL assumption about the “mild 
energy distribution” in the initial state
the other conditions (thermodynamic bound and 
non-degeneracy) can be verified in concrete models

STRATEGY 1
works for an ARBITRARY initial state
the “energy eigenstate thermalization” is not yet 
proved in any nontrivial concrete systems

initial state |ϕ(t)� = e−iĤt|ϕ(0)�|ϕ(0)� ∈ Hsh

for most    in the long run
|ϕ(t)� represents thermal equilibrium 

t thermalization

–21



Summary
 TYPICALITY: In a macroscopic quantum system, 

an overwhelming majority of pure states (in the 
energy shell) represent thermal equilibrium

 THERMALIZATION: With suitable assumptions, 
one can show that a purely quantum mechanical 
time-evolution in an isolated system brings the 
system towards thermal equilibrium

 Verify the assumptions in concrete models
Remaining issues

 Treatment of more than one thermodynamic 
quantities (how far can we go?)

 The time scale of thermalization
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