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Physiological signals often return to pre-stimulus values

photoreceptor response
(rod receptors in Xenopus laevis)
5ms/491nm wavelength light pulses
dark-adapted conditions
(& model, De Palo et al. 2013)

olfactory neuron responses
(Ambystoma Tigrinum salamander)
20ms/0.1mM IBMX chemical pulses
(& model, De Palo et al. 2013)

E. coli chemotatic pathway
attractant stepwise addition/removal
30µM α-methylaspartate (MeAsp)
(Sourjik & Berg 2002)



Common trait: stable response to stimulus

input may be short-lived (impulse, pulse): stable behavior, or

persistent (step, periodic): perfect adaptation, disturbance rejection

to help distinguish meaningful information from background,

mechanisms shift amplitude window for signal detection

many examples . . .

I human eye senses across 9 orders of magnitude

I touching object (e.g. palm resting on table)

I hearing passing cars in city

I clothes being worn

I bad smells

I boring lecturer . . .



Adaptation is a steady-state property

6= focus today: input-symmetry invariance of transient response

I phenomenon from psychophysics to molecular signaling

I classical Weber’s law: weight, vision, . . .
I bacterial chemotaxis
I EGF and Wnt signaling pathways inside cells

I precise formulation of invariance condition

I characterization theorem (PDE)

I examples: feedforward, integral feedback, log-linear systems

I consequences for navigation, predictions

I experiments suggested & confirmations



Scale-invariance

From behavior to internal structure

E. coli chemotaxis

Other chemotaxis examples

Population models



Robustness to scaling in signaling pathways

signaling protein P

slow expression/degradation

total P + Pactive ≡ PT

u(t) = Pactive(t)

u̇(t) = kon(w(t))(PT − u(t))− koff (w(t))u(t)

note: for all p > 0, v(t) := pu(t) satisfies

v̇(t) = kon(w(t))(pPT − v(t))− koff (w(t))v(t)

so PT 7→ pPT results in input pu(t) to downstream system (scaling)

downstream response to w(t) will be robust to uncertainty in PT

provided response is independent of scalings of input u
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Eukaryotic signaling: Wnt, EGF pathways

embryonic patterning, cell division, . . .
disregulation ; cancers



Wnt: Goentoro and Kirschner, Mol Cell’09

β-catenin measurements in mammalian cells

gene expression and phenotype in Xenopus



Wnt: Goentoro and Kirschner, Mol Cell’09

β-catenin measurements in mammalian cells

gene expression and phenotype in Xenopus



Adaptation, Weber-Fechner, scale invariance

responses to
scaled inputs

adapting same peaks (Weber-like) equal transients

in last case, can only detect FOLD changes u(0+)/u(0−)
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Invariance of response to a group of input symmetries “P”

response for u(·) ?
= response for π(u(t))

(starting from steady-state for t < 0)

example:

P = (R>0, ·)

u 7→ pu

dilations

=⇒ same output

so response can only depend on “fold change”
u(t)

u(0)
=

pu(t)

pu(0)

[ “fold change detection” (FCD); w/Shoval and Alon, PNAS’10 ]
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A simple example: nonlinear integral feedback

ẋ = αxy − βx

ẏ = γ
u

x
− δy

if input u(t) replaced by p u(t):

p x(t) and same y(t) solve:

˙(px) = α(px)y − β(px)

ẏ = γ
/pu

/px
− δy

so, same output when scaling input

(does not work if no “x” self-loop; e.g. classical linear integral fdb)



Two incoherent feedforward loops

- -
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ẋ = αu − δx
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⇒
˙(px) = α(pu)− δ(px)

ẏ = β
/px
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⇒ SI

?
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ẋ = αu − δx

ẏ = βx − γu y

no way to get scaling

(there is none)
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Precise formulation

ode’s [pde’s, d-t, . . . ] w/ inputs & outputs

ẋ1 =
dx1(t)

dt
= f1(x1(t), . . . , xn(t),

u1(t), . . . , um(t)

)

...

ẋn =
dxn(t)

dt
= fn(x1(t), . . . , xn(t)︸ ︷︷ ︸

states

,

u1(t), . . . , um(t)︸ ︷︷ ︸
inputs

)

y(t) = h(x(t), u(t)) ← output variables

xi (t): concentrations of chemical species (proteins, mRNA, metabolites)

ui (t): stimuli, external signals, controls, forcing functions

yi (t): responses, measurements, read-outs, reporters

e.g. y(t) = xn(t), read-out of concentration species n
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Setup
P = group of transformations (”symmetries”)

acting transitively on input values:

π : U→ U , u 7→ π(u) written just “πu”

e.g. rotations, translations, dilations, . . .

small-print technical assumptions:

ẋ = f (x , u)

y = h(x) (or y = h(x , u)) f , h ∈ Cω

u : [0,∞)→ U ⊆ Rm , x : [0,∞)→ X ⊆ Rn , y : [0,∞)→ Y ⊆ Rq

assume ϕ(t, ξ, u) := x(t) w/input u(t) & x(0) = ξ defined ∀ t ≥ 0

and, ∀ u constant:

I ∃ unique steady state, σ(u): f (σ(u), u) = 0

I σ(u) GAS for u(t) ≡ u
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Rigorous definition of P-invariance:

ψ(t, u) = ψ(t, πu) , ∀ u : [0,∞)→ U, π ∈ P, t ≥ 0

where ψ(t, u) = h(ϕ(t, σ(u(0)), u))

output starting from steady state at t=0

note at t = 0: h(σ(u)) = h(σ(πu))

action π transitive ⇒ ∃ common output value s.t.:

h(σ(u)) = y0 ∀ u

i.e., perfect adaptation (disturbance rejection) to constant inputs



Equivariances (conjugacy)

coordinate change x 7→ z = ρπ(x)

transforming solutions with input u to solutions with input πu,

while preserving outputs

-

? ?

-

H
HHH

HHHj

�
��

�
��
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X

X

X

X
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x · u

x · πu
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Obviously, equivalent infinitesimal PDE formulation

Definition.

{ρπ : X→ X}π∈P equivariance family for (system,P):

f (ρπ(x), πu) = ρ′π(x)f (x , u)

h(ρπ(x)) = h(x) ∀ x ∈ X u ∈ U

ρπ’s diffeomorphisms, ρ′π = Jacobian

first order quasilinear PDE on components of ρπ

characteristic curves ∼ solutions with given inputs

[steady-state mapping σ interlaces π & ρπ: ρπ(σ(u)) = σ(πu) ]



Main result

Theorem: P-invariance ⇐⇒ ∃ P-equivariance family

i.e., check symmetry invariance by solving PDE system

(“⇐” quite trivial; “⇒” nontrivial)

no need to solve ODE’s for all possible inputs, etc

moreover: equivariance unique, if ∃

assuming irreducibility (⇒ characteristics span & no crossings)

• no conservation laws (accessibility: interior of R(x) 6= ∅)

• observables separate points (Lie-algebraic criteria for checking)

Shoval et al., SIAM J Applied Dyn Sys 2011

control system equivalences – Sussmann’77, EDS’79, EDS/ICM94

note: theorem false if only C∞, not Cω
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Accessibility from initial states

accessibility Lie algebra:

Fla = {f (·, u), u ∈ U}la

(smallest Lie algebra of vf’s; [f , g ] = ∂g
∂x f − ∂f

∂x g

accessibility rank condition:

Fla(z0) = Rn for every z0 ∈ X

interior {points reachable from any state} 6= ∅ (Nagano-Sussmann)

(eliminate conservation laws before applying)



Observability from measurements

no two distinct states can give identical temporal responses:

ψ(t, z0, u) = ψ(t, z̃0, u) ∀ u, t ⇒ z0 = z̃0

observation space:

O := {Lf (·,u1) . . . Lf (·,uk )hj}span

span of Lie derivatives of outputs wrt controlled vf’s

observability condition:

z0 6= z̃0 ⇒ (∃H ∈ O) H(z0) 6= H(z̃0)

O separates all states
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Chemotaxis

movement in response to chemical gradients

• E. ecoli’s search for nutrients

• formation of aggregation patterns in slime molds

• morphogenesis and tissue organization in embryonic development

• tumor angiogenesis

• wound healing

• metastatic invasion



Model system: E. coli chemotaxis

“run/tumble” stochastic gradient search in nutrient-potential landscape

E. coli tumbling: flaggela apart running: flaggela in bundle

small, ≈ 2 µm ⇒ sensing requires motion

sense increase in attractant (i.e. movement in correct direction)
⇒ lower tumbling frequency, so tend to continue in same direction



Signaling pathway

(picture from Sourjik’04)

receptors / adaptor protein CheW / histidine kinase CheA

phosphoryl group CheA ; response regulator CheY

CheY-P diffuses to flagellar motors, biases CCW → CW (tumbling)

adaptation via methyltransferases CheR & methylesterase CheB(-P)



Mathematical model ⇒ SI in large ligand range

(Shoval et al., PNAS’2011)

activity ∼ CheA phosphorylation state

attractant binding inhibits CheA autophosphorylation

methylation (four glutamyl residues per receptor monomer):

increases CheA activity & decreases sensitivity to attractants

feedback by CheB phosphorylation through CheA

receptors: MCP (methyl-accepting chemotaxis protein)
e.g. Tar gene: MCP-II = L-aspartate receptor



Internal protein measurements (cheY-P FRET)

[L]0 = 0.018− 2.9 mM

(Lazova et al.,PNAS’2011)



Periodic inputs

(Lazova et al.,PNAS’2011)



And motility behavior

(Lazova et al.,PNAS’2011)
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R. sphaeroides chemotaxis example

model system for bacterial photosynthesis

more complicated chemotaxis circuit than e.coli

new model predicts FCD behavior

(Hamadeh-Ingalls-EDS, Royal Soc Interface 2013)

partially verified in companion expt paper, Wadham’s group @ Oxford



Experiments with tethered cell assays
chemotactic responses to step decreases in propionate

absolute vs % change suggests Weber

cells grown aerobically [grey]

or photosynthetically [black]

time response: adaptation times

roughly constant under scaling

Kojadinovic/Armitage/Tindall/Wadhams

Proc. RS Interface 2013



A “bonus”: in studying FCD, we got better model ¨̂
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An eukaryotic chemotaxis signaling pathway

Dictyostelium discoideum (slime mold, soil-living amoeba)

secreted cyclic adenosine monophosphate (cAMP) ; aggregation

Takeda el al., Science Signaling’2012:

model of activation in Ras pathway (localized ; chemotaxis)

experiments via microfluidic devices, input = cAMP

almost perfect adaptation in wide input range (10−2 nM to 1 µM)



Model by Takeda et al.

IFFL: chemoattractant binds to two types of GPCR’s, which activate
RasGEF (activator of Ras) and RasGAP (inactivator of Ras)

dR1/dt = kR1(u + r1)(Rtot
1 − R1)− k−R1R1

dR2/dt = kR2(u + r2)(Rtot
2 − R2)− k−R2R2

dGEF/dt = kGEF û − k−GEF GEF (û := R1 + R2)

dGAP/dt = kGAP û − k−GAPGAP

dRasGTP/dt = kRAS GEF (RAStot − RasGTP)− k−RAS GAP RasGTP

dRBDcyt/dt = koff
RBD (RBDtot − RBDcyt)− kon

RBD RasGTP RBDcyt

theory from Skataric & EDS, PLoS Comp Bio’2012 predicts FCD

when r1, r2 � u(t), eqs for R1,R2 approx linear, so view û as input
to 3-var system described by GEF , GAP, output = RasGTP

(RBDcyt = GFP-tagged reporter depends on RasGTP , so also FCD)



Simulation of full model confirms theoretical analysis

using step from 1 to 2 nM of cAMP, compared to 2 to 4 nM.

so suggested experiments . . .



. . . experiments contradict our theoretical prediction!

what did we learn from this example?

model was wrong (at the least, parameters far from correct)

FCD useful as dynamic phenotype to invalidate models

a broad phenomenon is tested, not precise parameter fits
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Navigation

• output y(t) of deterministic system controls (stochastic) steering

• input obtained by sampling local environment

individuals (bacteria, vehicles, etc) w/dynamics

ẋ = f (x , u)

y = h(x)

and stochastic steering depends only on output y



Jump-Markov process modeling

jumps in velocities v ∈ RN : Poisson process w/intensity λ(y)

when jump occurs:

Ty (v , v ′) = Prob{v ′ ; v | input is y}

c(t, s, v , x) = concentration of individuals

at time t, location s, having internal state x and velocity v

transport (Fokker-Planck, forward Kolmogorov) equation:

∂c

∂t
+∇s ·cv +∇x ·cf = −λ(y)c +

∫
V
λ(y)Ty (v , v ′)c(t, s, v ′, x) dv ′

velocity-jump process (Othmer/Erban, Grünbaum, . . . )
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Symmetries in input field

now consider symmetries π in sensory field

[scaling, rotations, image illumination, projective transformations . . . ]

do behaviors (e.g. search patters) depend on π’s ?

formally: time-varying marginal distribution of space locations

n(t, s) :=

∫
X

∫
V

c(t, s, v , x) dµX(x) dµV (v)

Theorem: invariance of y(·) ⇔ invariant marginal distributions
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From individual (“Lagrangian”) to population (“Eulerian”)

assume 1-d motion (for simplicity), velocities = ±ν
Kolmogorov equation ; two coupled 1st order PDE’s

∂c

∂t

+

+ ν
∂c

∂s

+

+
∂

∂x

[
f (x , u) c+

]
= λ(y)[−c+ + c−]

∂c

∂t

−
− ν

∂c

∂s

−
+

∂

∂x

[
f (x , u) c−

]
= λ(y)[c+ − c−]

telegraph-type process
time-varying marginal distribution of space locations:

n(t, s) =

∫
(c+(t, s, x) + c−(t, s, x)) dx

for shallow chemoeffector gradients ; advection-diffusion



Working out expansions (and moment truncation)

dx

dt
= px(q − a)

y = RaH where a =
1

1 + K

(
u + KI

(u + KA)x

)N

⇒
∂n

∂t
=

∂

∂s

(
D
∂n

∂s
− Vn

)
where

D :=
ν2

2RqH

V :=
(KA − KI )u′

(KA + u)(KI + u)
V0

V0 :=
NH (q − 1) ν2

Npq(q − 1)− 2RqH



In ligand regime KI � u � KA have SI (FCD)

for ẋ = p x(q − a), a = (1 + K ( u
x )N)−1, y = x , λ(y) = RaH :

∂n

∂t
=

∂

∂s

(
ν2

2RqH

∂n

∂s
− NH (q − 1) ν2

Npq (q − 1)− 2RqH

u′

u
n

)
.

in exponential u(s), constant coeffs: nt = Dnss − Vns ;

(point source, infinite interval): n(s, t) = N (s + s0 − Vt, 2Dt)

theoretical, vs agent-based simulations; params from literature

u(s) = ce0.1s , ν = 0.0165,N = 6, q = 0.5, r = 1280,H = 10,K = 0.000740, p = 0.017, u(center) = 100 [µM, s,mm]



Single fit of formula to aerotaxis data
(Bacillus subtilis, Filippo Menolascina @ Stocker’s lab, MIT)
single fit of parameters to all experiments V = Au′

(K1+u)(K2+u)



Discussion

• “transient dynamical phenotypes”

are qualitative features of time-dependent response

that allow discrimination between models (or large parameter regimes)

different from “parameter tuning” to “best-fit” data

testable qualitative behavior, can be invalidated

• example: scale invariance (or “fold change detection”)

far stronger than perfect adaptation

• rich mathematical theory

• experimental confirmations / model invalidation

E. coli chemotaxis, B. subtilis aerotaxis, NFκB & Wnt pathways,. . .

• current work: synthetic circuit implementations; eukaryotic
examples
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