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Abstract. We analyze large networks, with variable constraints,
as if they were statistical mechanics mean field models, and derive
various phase transitions as the constraints vary.
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Mean field analysis has been useful to analyze the liquid/gas tran-

sition, for instance the van der Waals and Curie/Weiss models.

I am interested in a mean field analysis of the fluid/solid

transition. By ‘mean field’ I mean ‘infinite range’ in an appro-

priate sense. Specifically consider the following network model,

the ‘edge/triangle’ model. Infinite range is effected by leaving out

length and angles in the graphs; one can still have triangles, just

not ‘equilateral’ or ‘right’ triangles.
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Consider simple graphsG with vertex set V (G) of (labeled) vertices,

with |V (G)| = n, edge set E(G), and adjacency matrix g(i, j).

For a simple graph H , with |V (H)| = ℓ < n, its “density” in G is

1

nℓ

∑

x1,···,xℓ
∈V (G)

∏

(i,j)∈E(H)

g(xi, xj), (1)

For instance if H is a triangle, its density in G would be

1

n3

∑

x1,x2,x3∈V (G)

g(x1, x2)g(x2, x3)g(x3, x1). (2)
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Using H to measure ‘energy’, the phase space ΩH is then the set of

accumulation points of the pairs (ǫ, τ) of densities ǫ of edges, and

τ of H , in all graphs G of all sizes n. Think of edges as particles

and the energy in a graph as the number of the triangles, so these

two density constraints on the graph G replace the mass density

and energy density constraints in the microcanonical ensemble of

statistical mechanics. (As is common in a mean field model, one

loses information in other ensembles.)

By definition (ǫ(G), τ(G)) ∈ [0, 1]2, but in fact when H is a triangle

the boundary of ΩH is (Razborov, 2008):
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triangle

of h(ǫ)
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The unique graphs achieving the corners are complete, balanced

‘multipartite’: the set of vertices decomposes into k equal size sets

and the edges are between vertices in different sets. The graphs

achieving densities on the rest of the boundary are also known.

These are results in extremal graph theory, started by Turán (1941).

Next we extend to the interior of ΩH , determining ‘most’ graphs

with given constraints.

Our main tool is the partition function Zn
ǫ,τ , the number of graphs

G with densities ǫ(G) = ǫ, τ(G) = τ.
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Since Zn
ǫ,τ grows like es(n

2), we normalize as ‘entropy density’:

s = snǫ,τ =
ln(Zn

ǫ,τ )

n2
; s(ǫ, τ) = lim

n→∞

snǫ,τ . (3)

We conjecture s(ǫ, τ) is piecewise smooth in general, but can only

prove it in some models.

Key definition: A phase is a maximal connected set of

densities (ǫ, τ) where s(ǫ, τ) is analytic.
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To determine the phase structure we proved a variational principle

for the entropy, as follows.

We work in the probabilistic ‘graphon’ framework for dealing with

asymptotics in network size, developed by Lovász et al, 2006-2011,

which uses a generalization g(x, y) of adjacency matrices g(i, j), in

which the ‘vertices’ x now vary over the interval [0, 1]. It is designed

to compute the asymptotics of densities of any given graph H in

graphs G of increasing size n. The only tricky part is the metric on

graphons. Explicitly, a graphon is a symmetric, measurable func-

tion on [0, 1]2 with values in [0, 1]. Its value g(x, y) is interpreted
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as the probability that vertices x and y are connected.

Chatterjee/Varadhan (2011) proved a large deviations theorem with

rate function I(g):

I[g] =
1

2

∫

[0,1]2
g(x, y) ln[g(x, y)]

+ [1− g(x, y)] ln[1− g(x, y)] dxdy.

(4)

Introducing gǫ,τ for a generic graphon g satisfying ǫ(g) = ǫ and

τ(g) = τ , our variational principle is s(ǫ, τ) = −I[g̃(ǫ, τ)], where

g̃(ǫ, τ) is any minimizer of I(gǫ,τ ), i.e.
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s(ǫ, τ) = −min
gǫ,τ

1

2

∫

[0,1]2
gǫ,τ (x, y) ln[gǫ,τ (x, y)]

+ [1− gǫ,τ (x, y)] ln[1− gǫ,τ (x, y)] dxdy.

(5)

The precise nature of typical large, constrained networks can thus

be read off from g̃(ǫ, τ), so one needs to understand the entropy

optimizers g̃(ǫ, τ) for all (ǫ, τ).

The main advantage of these network models over tradi-

tional statistical mechanics models is that we have a much

better understanding of the optimizing g̃ǫ,τ for (5) than for

Gibbs states in statistical mechanics.
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Specifically, we have recently shown in all simulated models (and

proved in some) that the optimizing g̃ǫ,τ in (5) are ‘multipodal’:

piecewise constant in one variable whenever the other is held fixed.
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This defines a partition of the interval [0, 1] of vertices into a finite

number of clusters Cj : g(x, y) = g(x′, y′) if x and x′ belong to some

Cj and y and y′ belong to some Ck. Vertices in the same cluster

are called ‘fraternal twins’; intuitively, vertices which are fraternal

twins have the same connections probabilistically.

For example for the triangle model in phase II the opimizing graphon

g̃ǫ,τ , as a function of (x, y), is:

g̃ǫ,τ (x, y) =

{

ǫ− (ǫ3 − τ)1/3, x, y < 1/2 or x, y > 1/2

ǫ+ (ǫ3 − τ)1/3, x < 1/2 < y or y < 1/2 < x
(6)
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