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The East model on Zd 
• Spin ηx ∈ {0,1} at each vertex of 
Zd  

• With rate 1  to each spin a new 
value is proposed from the 
Bernoulli law:                               
P(0)=c, P(1)=1-c. 

• The new value is accepted IFF  
at least one of the “S-W 
neighborhood” is 0 S-W neighbors 
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Motivations
• The 1D model (East model) prototype for a 

constrained system with glassy dynamics 
(broad spectrum of relaxation times, dynamic 
heterogeneities, slow relaxation,….)  

• The d-dimensional version plays a key role in 
realistic models for glass formers (D. Chandler, 
J. Garrahan and co-workers)  

• Some non-rigorous conclusions are not fully 
justified and some surprises came from a more 
refined math analysis.  
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Some  facts
• The zeros are the facilitating spins. 

• The infinite volume process is always ergodic. 

• Detailed balance w.r.t. the trivial product law  π 
with π(0)=c=e-β/ (1+e-β)   and π(1)=1-c. 

• In Λ⊂Zd  (finite/infinite) there are irreducibility 
issues. Need boundary conditions. 

• Energy barrier logarithmic in the spatial scale.
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Boundary conditions

Maximal boundary  
conditions 

Minimal boundary  
conditions

= Frozen 0
= Frozen 1
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• Dynamics in the 1st 
quadrant with min 

boundary conditions. 

• Initial condition:  all 1’s 

• Only the spin at x=0 
can initially flip 

• Colored sites = 
updated sites. 
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Min boundary 
conditions 

q=0.005
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General Observations
• Trel(Zd) = Relaxation/Equilibration Time ( 𝝉  in the 

physics literature ) 

• East model on Zd  less constrained than an 
infinite array of 1D East models. 

• Thus  Trel(Zd)  ≤  Trel(Z)   for d=2,3,… (not sharp !) 

• In a box with ergodic b.c. the analogous 
statement holds.
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Theorem   Let V be a LxL box.   Then  

r

TEast(L)  Tmin
rel (V )  TEast(2L)

Consider a directed spanning tree ST 
of V  rooted at the origin

On ST define the East model 
with constraint: 

1. the root is free to flip 
2. a vertex can flip iff the 

ancestor is 0

Upper Bound :
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The East model on the spanning tree is 
more constrained than on V

Trel(V )  Trel(ST)
⬇

Theorem (Cancrini, M., Roberto,Toninelli  2009)

Lower bound:

x

y

Along the x,y axes 
Dynamics=East Dynamics 

in d=1
10

Trel(ST )  TEast(longest branch)



Some heuristics about  Trel(Zd)

• Interesting case: low density of facilitating sites (β >>1) 

• Mean equilibrium distance Lc between zeros is  

                                Lc  ~ Exp( β/d ).  

• If we assume a “quasi-one dimensional ” behavior  
then 

Trel(Zd)~TEast(Lc)
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Theorem [CFM, 2013]   Let  L= 2n . Then  
 

T
East

(L) ⇣
(
e�n ⇥ n! 2�(

n
2), L  e� ,

e�
2/2 log 2 L � e� .

• exp(βn) is the usual Arrhenius term with n being the 
logarithmic energy barrier.

•              is an entropic contribution produced by 
the number of ways to overcome the energy 

barrier. 

n! 2�(
n
2)

Relaxation time for d=1



Remarks
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• Saturation at the equilibrium scale Lc = eβ .  

• In the physics literature (Evans-Sollich) only the 
energy barrier was considered. 

• The formula also proves time scale separation 
for scales L =O(eαβ) with α<1; 

• Contrary to what assumed in [Evans-Sollich] 
there is  NO time scale separation at the 
equilibrium scale (CFM ’12) !
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 WRONG !

Trel(Zd) ⇣ e
�2( 2d�1

2d2 log 2

)
.

Using  Lc  ~ Exp(β/d), 
the quasi-one dimensional assumption gives

Trel(Z
d)

The dynamics at low temperature is not quasi-one 
dimensional

Back to 



Theorem [CFM 2014]  

As 𝛽⇾∞ 

Proof. 
• Upper bound via “renormalization group” ideas. 
• Lower bound via an algorithmic construction of a sharp 

bottleneck in configuration space + resistor networks 
methods. 
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T
rel

(Zd) ⇣ e�
2/2d log 2 ⇣ T

rel

(Z)1/d

Conclusion: dimensional effects are important.



The Knight 
Chain:

A
B

C
With rate 1 each 
block (e.g. A) is 
refreshed with 
equilibrium iff 

there is a vacancy 
in  

B ∪ C
| {z }

`
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The Knight Chain 
consists of 3 independent 

copies of the  
East-like block chain

AB

C

Block A with rate 1 goes to equilibrium IFF at least one 
vacancy in BUC
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Two key results
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Step 1. Trel(Knight Chain) = Trel(Z
d;�e↵)

Recall that c(β)= e-β/ (1+e-β).

where

Step 2. (East Chain versus Knight Chain)

Trel(Z
d
)  const.⇥ TEast(3`)⇥ Trel(Knight Chain)

c(�e↵) = 1� (1� c(�))`
d
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• Thus we obtain the RG inequality

with an explicit 

(*)Trel(Z
d;�)  f(`;�)⇥ Trel(Z

d;�e↵)

f(`;�)

• Using the initial bound  

and the freedom in       (*) can be solved to get 
the required upper bound.

`

Trel(Z
d)  Trel(Z)



Boundary/bulk effects on the 
relaxation time in finite volume
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For simplicity consider a box V of side Lc =eβ/d.

With minimal boundary 
conditions the slow relaxation 
along the boundary dominates

:

With maximal boundary 
conditions the relaxation time 

is governed by the bulk 
dynamics

:

Tmin
rel (V ) ⇣ TEast(Lc)

Tmax

rel

(V ) ⇣ T
rel

(Zd)



Persistence Times
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Setting: 

• At t=0 only one vacancy. 
• Minimal boundary conditions. 
• T(v):= Mean Survival Time of the initial zero at v.

v

Main Question: 
does the asymptotics as             of the persistence 

time only depends on ||v||1 ?
� ! 1



• In case (A) the origin 
must send a wave of 0’s 
along the x-axis to 
remove the initial 
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• In case (B) same ||v||1 
but many more ways 
to reach       

(A)

(B)

Two different cases:

vA

vB
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Theorem.  

• If   ||v||1 ∈ (2n-1, 2n]  with n=O(1) as β→∞, then 

T(v)≍eβn . 

• If ||vA||1 = ||vB||1  ≍ Lc = eβ/d  then 

T(vB)≍Trel(𝚭d) 

    T(vA)≍T(vB)(2-1/d)

Dynamics proceeds much faster along the diagonal !

quasi-1D behavior

dimensional effects



Remarks
• In d=1 (East model), up to the equilibrium  

scale Lc the relaxation time, mixing time and 
persistence time have ratios in [a,1/a] for 
some universal constant a independent of 
β ! 

• False in higher dimensions. The persistence 
time along the diagonal is much shorter than 
the relaxation time ~ persistence time along 
the x-axis.  

• Thus the system reaches the right/upper 
most corner without having mixed in the box. 
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Beyond the equilibrium scale 
at fixed temperature
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Run the dynamics at inverse temperature β on 𝚭d  
starting from e.g. an infinite temperature configuration. 

Theorem. The time dependent 
density of the vacancies  c(t) → c 
as  t → ∞  (with a stretched exp 

bound)
Not known for other 
KCM’s !

Theorem. Fix a box of side L. Then 
the Mixing Time scales like L as 

L→∞.
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In particular the set  St  of the 
visited sites up to time t  

grows “linearly” in t

Problem #1: 
prove a “shape theorem”: 

St /t → S  as   t→∞ .

d=1  ✓ 
Shape Th. (O. Blondel ’13)  

Gaussian Fluctuations (Ganguly, 
Lubetzky, M. ’14)

Problem #2: 
compute the boundary 

fluctuations 
around the limiting shape .


