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One dimensional homology group and fat graph

H, (2,,,) = 2%

SRR ()



Intersection number of cycles +1, -1
mapping class group M,
Integral symplectic group Sp(2g,7) (elements are +1,-1)

o : M

g > Sp(28,2)

*Kernel of this homomorphism is Torelli group Tg.

(Johnson homomorphism; tensor module(abelian group) from one dimensional
homology group for g>2)



(1) Random matrix model with an external source
provides orbifold Euler characteristics, which is

intersection numbers of curves with s marked
points for moduli space Mgs. in the limitof p -> -1

of p-spin curve).

“Intersection numbers” are the numbers of zeros
of the sections.



External source A = diag(ai,....,ay)

N
7 = f dMexp[——-trM? + NtrAM] (16)
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U(oq,...,05) = N < tre?IM .. tretsM - (17)

Connected part is taken. The exact expression of this
Wilson loop for finite N, and for arbitrary A is given by
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The external source aq takes values of p — 1 different
: N
values with =T degeneracy , ai,...,ap_1,

A =diag(a1,...,a1, ------ -,ﬂp_lg--——ﬂp—l)v

EE

U(o) = ;:1 wo Soh— paplog(aa—u—0)-3 5 Jrlog(an—u)

with the conditions, Y & =p—1, YA 7z =0, (m =
4, ---1?5'): Z&‘p—]—-l—l #* 0,

U(o) = 1 d_u.e—ﬁ[(u-k%g)pﬂ_(u_%g)pﬂ] (20)
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For p = 2, Kontsevich Airy matrix model, p = 3 Pearcey
model, p > 3 higher Airy matrix model. For p = —1,
orbifold Euler characteristics.
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Bpg is Bernoulli number, By = %,54 = % (Harer-

Zagier, Penner).



intersection numbers of p-spin curve
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Euler characteristic of arithmetic group

x(Sp(2g,2)) = N<=e  _, T( 1- 2k) = N (- B, /2k)
which is Gauss-Bonnet theorem for volume of arithmetic
subgroup of Semi simple Lie group (Harder(1971)).

Gauss-Bonnet theorem

fﬂf KdA + fﬁﬂf k‘gdS = 271'%(11'.{{)

K: Gauss curvature, kqg: geodesic curvature of 9M (boundary).
dA i1s elementof area.

Mapping class group and arithmetic subgroup have similarities.



(2) CP! Gromov-Witten invariants

mapping from CPi(sphere) to Riemann surface 2,
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Gaussian random matrix theory, M is N x N Hermitian
matrix,

N
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Exact expression for finite N is obtained by
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the limit N — oo, genus zero becomes
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For finite N, exact expression gives
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In the limit N — oo, (4) is derived.



In the large N limit,
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The intersection numbers of curves on Riemann sur-
faces

)
{Tnl...TnS }:& H ﬂ’;,:li (11)

q.8 1:1

1 is first Chern class.

The intersection number (Gromov-Witten invariants)
is zeros of sections, and corresponds to " measure’” of
path integral of quantum field theory (matrix model).

Gromov-Witten invariants for C' Pl case (mapping from

sphere to Riemann surface). 7(1) and 7(w). Norbury-
Scott (arXiv: 1106.1337)
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The last equation is derived by the application of devisor
equation.




Gromov-Witten invariants for CP1 (B-model, Kontsevich-
type model)

Z = f DMetr(e +gem¥)+trMA (26)
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which agrees with Norbury-Scott result.



(3) Open boundary (open intersection numbers)

Kontsevich-Penner (Airy + log potential) model



Kontsevich-Penner model
1 3

This model describes the disk insertion on Riemann
surfaces, and provides the open intersection numbers.
Physical interpretation is a string theory on boundary
(D-brain). (R.Pandharipande, Solomon and R. Tessler).

By the formulation of U(g),

Uo) =2 [ D —5l(u=0)*~(ut0)*]+[log(u—0)~log (uto)]
oJ 2mi
(24)
The intersection numbers for open disk boundary agrees
with Virasoro equation by BH (2012). p-spin curve with

a open boundary is also described by

U(J)zl du & [(u—0)PT—(uto)PT1]4-k[log(u—0)—log(uto)]
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negative p (analytic continuation)

p=-2 unitary matrix model with an external
source C

Brezin —Gross model ( 1980)

7 _ j 7 t(UCHUtC)

SU(Z)/U(Z) ---> SL(Z,R)/O(Z) = H? (upper half plane)



A fatgraph is a tool for Riemann surface. Recently
Kontsevich-Penner model attracts interest (Andersen,
Chekov, Penner, Norbury, arXiv: 1501.05867 (2015)).

BH formula of U(o1,...,05) in contour integrals have re-
lation to topology based on Kontsevich-Penner model.



Gaussian mean

< trMFrer k2. Ltk S

has a rich structure. Applications are chord diagram,
structure of RNA, knot theory, protein foldings, Chern-

Simons, string theory, .....

When M is Lie algebra, Sp(N) or O(N), non-orientable
Riemann surface.
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Summary:

Gaussian random matrix with an external
source is a useful tool for duality and topology,

and many applications.
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